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AN INVARIANTIVE INVESTIGATION OF IRREDUCIBLE 
BINARY MODULAR FORMS* 


LY 


LEONARD EUGENE DICKSON 


1. A fundamental system of invariants of the group of all binary linear 
transformations in a finite field is shown in §§$ 2-6 to consist of two invariants, 
one the product of the distinct linear forms and the other the product of the 
distinct irreducible quadratic forms, where in each case no two factors have a 
constant ratio. The product 7, of the irreducible forms of degree m can be 
expressed in terms of the fundamental invariants; this is accomplished in 
§$ T-9 by means of the remarkable three-term recursion formula (15). _ 

Two forms shall be said to belong to the same class if and only if one of them 
can be transformed into a constant multiple of the other by a linear transforma- 
tion of determinant unity in the field. It is shown in § 10 that there are as 
many classes of irreducible binary forms of degree m as there are irreducible 
factors of 7, when expressed as a function of a certain pair of invariants. 
The choice of the latter is different in the two cases p = 2, p > 2, where p is 
the modulus of the field; this is due to the fact that, in the respective cases, 
there are one or two similarity transformations of determinant unity. The 
investigation is completed for the values of m less than 8. The difficulties 
encountered increase as the number of factors of m increases. Certain prob- 
lems arise for which the present invariantive theory affords an indirect solution, | 
whereas a direct solution appears to be quite difficult (cf. end of § 10, and end 
of §17). For m= 6, it was necessary to enumerate the irreducible cubics in 


_ the GF’[ p"] whose roots are squares in the G'#’[ p*” | and have a given sum. 


Determination of a Fundamental System of Invariants, §§ 2-6. 


2. Let G be a group of finite order g composed of linear homogeneous 
transformations on m(m > 1) variables with coefficients in any given field /’. 
The term point will be used in the sense of homogeneous coordinates, so that 
(%,, +++, #,,) is identified with (ua,, ---, ux,,), while (0, ---, 0) is excluded. 


* Presented to the Society, September 7, 1910. 
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A transformation which leaves every point unaltered is necessarily a similarity 
transformation 
(1) eam, an 


a 


In fact, by employing the points all but one of whose codrdinates are zero, we 
see that the transformation is of the form 


, . 
C; = a, (i= 1,14 sepa 


at 


Then by employing the points all but two of whose coordinates are zero, we see 
that the a,are equal. Let y be the number of transformations (1) contained in 
G, and setwo=g/y. Weassume that o>1. Any point is one of at most 
@ distinct conjugates under G. <A point is called special if it is one of fewer 
than @ conjugates, that is, if it is invariant under at least one transformation 
other than (1) of the group G’. If a point P is invariant under 7 and if S 
replaces P by P’, then P’ is invariant under S~'7’S. To determine all 
special points it therefore suffices to employ a representative of each set of con- 
jugate transformations other than (1), obtain the points invariant under the 
representative, select the distinct points so obtained, and find the conjugates to 
each under G'. 

3. Let G be the group of all binary linear homogeneous transformations of 
determinant unity in the Galois field GF'[ p” | of order p”. » The order of G is 


(2) g = p"(p™—1). 


Within G any transformation with irreducible characteristic determinant 
A(p) is equivalent to a transformation * 


a —1 4 
eal: a A(p) = p’— pa+ 1. 


The only points invariant under 7’ are (p, 1), where A(p)=0. The trans- 
formations of G' which leave (p, 1) unaltered are 


ee 
( i) —abe+c=1, 


ec b0—¢a 


namely, the transformations commutative with 7. The quadratic condition 
may be written in the form 


(b— poy =1, 


where p is a root of A(p) = 0, and hence has p" +1 sets of solutions in the 
GF [p"]. Thus (p,1) is one of p?”—p” conjugate points under G. The 
resulting system of special points is therefore (ep + /, 1), where e is any element 





* These Transactions, vol. 2 (1901), p. 117. 
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+ 0 of the GF[p"] and / is any element. Such a point together with 
(ep + f, 1), where p is the second root of A(p) = 0, determine a quadratic 
form «+ --- which vanishes only for these two points. Hence a relative 
invariant under G is given by the product @ of the }(p*" — p") irreducible 
quadratic forms w7+ ---. We have* 


p2n— l pn 


= DD ote D ay ( 8 p™— 1 ) y 


j=0 


gopn—t oa y 


(3) CS 


xo — y° 


Consider next a transformation S for which 


Ba cP a8) (0 mead 


where « is in the G#’[ p"]. There exists a linear function 7 which S replaces 
by «i. If «+1, S is therefore equivalent within G with (* °,), which 


0 K 


leaves only (1, 0) and (0, 1) unaltered. If «x? =1, S is equivalent to 


ania 0 
Seo sane ). 
Since S, is of type (1), we may set 8 + 0; then S, leaves only (0, 1) invariant. 
Hence when A(p) is reducible, the resulting system of special points is com- 


posed of the p” + 1 points (1, 0) and (a, 1), where @ ranges over the field. 
There results the relative invariant 


(4) L=y][(@— ay) = xy — xy”. 


4. Lemma. Jf an integral function is invariant under the group G of all 
m-ary linear homogeneous transformations of determinant unity in the 
GF p"], it is an absolute invariant of G. 

The group G is generated + by transformations of the type &,,,, which alters 
only one variable w,, replacing it by «+ Aw,. If B multiplies a function by 
», B? multiplies it by uv”. Now B is of period p. Hence w= 1. Employ- 
1 


ing the power p"—', we get 


pe = p=). 


5. We may now prove that any integral invariant J of the binary group @ 
is an integral function of the invariants Q and Z. If J vanishes for a special 
point it has the factor Qor Z. It remains to investigate the invariants J which 
vanish for no special point. The number of transformations (1) contained in 
G is 
(5) y= Llifip=—2, y=2 ifp>2. 





* Dickson, Linear Groups (Leipzig, 1903), page 17. 
{ Linear Groups, page 78. 
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Any non-special point is one of = g/y conjugates under G. Now the forms 
(6) q= Qari. Lich foe Pt hily 


are of degree w. Let /’,, be the field composed of all roots of all algebraic 


equations with Mpeticteats in the G’[p"]. The invariant J vanishes for a set 
of conjugate points; if (c, d) is one of these points, the ratio ¢: d belongs to 
the field /,,,. Hence we can determine 7 in the latter field such that 
g(¢c,d)+71(c,d)=9. Thus J has the factor g + 7/, and J is a product of 
such linear functions of g./. If Z has its coefficients in the GF p" |, and 7 
is a root of an equation of degree ¢ irreducible in the G/'[ p" |, the presence of 
the factor g + 7/ in J implies that of the conjugate factors g + 7?"/ and hence 
of a function of degree ¢ in qg and / with coefficients in the GF p” }. 

Theorem. Any integral invariant with coefficients in the GF'[ p" | of the 
binary group G is an integral function of Q and L with coefficients in the 


Gel Dear 


6. The transformation which leaves y unaltered and replaces « by Dx, where 
D* =1, leaves Q unaltered and replaces L by DL. Hence Q is an absolute 
invariant and / a relative invariant of weight unity under the group G" of all 
binary transformations in the GF’[ p"]. Hence any absolute invariant of G" 
is expressible in terms of Q and L*, where s =p" —1. 

The invariants 7, (m > 2) investigated in $7 are absolute invariants under 
G’ which vanish for no special points. Hence they are expressible in terms of 
invariants (6) in such a manner that, for p > 2, 7 occurs only to even powers, 
and in view of the homogenity q occurs only to even powers. Hence, for any 
p, they are expressible in terms of J and A, where 


(7) J=Qr, 1. GEN Fae 
The Invariants 7, as Functions of the Fundamental Invariants, §§ T-9. 


7. For m>1, let 7,, denote the product of all binary forms of degree m_ 
which are irreducible in the G/’[ p"] and have unity as the coefficient of #”. 


Let 





(8) | n= q, oe ece qt . 
where ¢,, «++, 7, are the distinct prime factors >1 of m. Set 
gppnt--1 = apn 
(9) Vgc oy? (s=p 1} 
Thus #,=1, #,=Q. It follows readily from Linear Groups, page 18, that 
Heke mlowy LE, miqigag * 


(10) 7 





meee keg 


m|qi MGT” 
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in which the first product in the numerator extends over the }4( ~ — 1) combi- 
nations of q,, ---, q, two at a time, and similarly for the remaining products. 
By §6, 7, (m > 2) is an integral function of J and A of degree 


nn nm nie 


mm ao KT — wy lididk wan 
(11) ga tT Pe 


me p" ( as Gre 1 ) 7 


For example, if m is an odd prime, 





gynm—1) __ 1 
(12) w=F id = a (m an odd prime). 


m m? —~m vn ery, 
8. Since d, = 1, 7, = F, is a linear function of J and A. By (8), 


pr 


(”" = i opener —B) 9 ekpn : 


k=v 
Hence by (5), 
pr 
(13) J = De rcs g dara Tp ¢ Lepr +4 ) : 
eal 


The terms of (18) given by 7 = p” and k <p" are 


8 8 
ye, oni p?n— kpn) fers!) — >> gpp?n(s—k)+ kpm gti Lape, A 
b=0 k=0 


But every coefficient in the expansion of (a — 0b)’ is congruent to unity modulo 
p. Hence the preceding sum equals, in the field, 


(14) (ah yh — ah ye) = (Ly = K. 


Next the terms of (18) with 4 = p” are 


pr penr+pn 

48(pr—j) s(p2n-+j) = a a8(P22+ pr—T) p 8ST 
ae y = oe pee 
J=0 T=p-n 


When the last sum is combined with the terms of (18) given by j <p", k <p", 
and hence by t= 0,1, ---, p>” — 1, we get 





per+pn ay p3n—) _ y pnr— 1 
ps Pert pn—t) , st _ ~ “i 
SER ie : ee 
¢t=0 uo Y 


It follows that 7, = J— KX. 
9. We make use of the following identity : 
(a?" ek of”) ( pin} — tee) =e tone? ae ap ae ) eR ae me) 


— ( xy)" (at — y*) (arm — yr"), 
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where s=p,—1. We divide by (a — y’)(a”" — y”") and insert the factor 
oo?" — y" in the numerator and denominator of the last term. By (14), 


( ry ) spn ( opp” a yer ) 


psp” ihe. yy 
vy 





= ( wy ) sp” ( as?" —s el ie ie (oe wed Py pen ) 3 56. 


Hence we obtain the recursion formula 
(15) Bs OYE oe (F,=1, = Q). 
Taking ¢ = 8 and applying (7) and (12), we get 
(16) T, =H — Ke, 
in agreement with §8. By (10) and (15) for¢= 4, 
Tr ye = Qi — KQ. 
Applying (16) and (7) we get 


(17) TW, pai af fie ae hea Ka Kk . 
In a similar manner, 
(18) Tg = JH. JO i ree ee a Fer 
py fe ta: Kk 
19 T= Yb aay mee sab of Oe Ke va fi ke* DDS i 
Ci ape |! 


(20) TT, aes AE cable cle ( J?" on Eee") (J™ P. th aes? ae I bea = beg 
faa SHE (J? = Ke) Ss 7. 


The Number of Classes of Irreducible Forms of Degree m, §§ 10-1T. 


10. Let d(x, y) =a" + --- be an irreducible binary form in the GFT p" |. 
Let ¢,= >, $,, ---, $, be the distinct forms having unity as the coefficient of 
x” which are equivalent to a constant multiple of ¢ under the group G of deter- 
minant unity. By § 4, the product P, = ¢,--- ¢, is an absolute invariant of 
G. By §5, if m>2, P., is an integral function with coefficients in the 
G'F’'| p" | of the invariants g and Z, defined by (6). The function P(q, Z) is 
obviously irreducible in the field. 

Two binary forms shall be said to belong to the same class if and only if one 
of them is equivalent to a constant multiple of the other under the group G@ of 
all binary transformations in the G#'[ p" | of determinant unity. 

The preceding remarks lead to the 

Theorem. There are as many classes of irreducible binary forms of degree 
m as there are irreducible factors in the GE [ p" | of the invariant 7,,(q, /). 
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To decide whether or not two given forms ¢ and w belong to the same class, 
we employ a root p = «/y of 6 = 0 and a root c = x/y of ~ = 0, each belong- 
ing to the G2’[ p"” |, and determine the values of q// for x/y =p and c, respec- 
tively. According as these values of qg// are the roots of the same factor or 
different irreducible factors of 7, (q. 7), the given forms ¢ and wy belong to the 
same or different classes. 

Since these values of g// belong to the GF’[ p”” ], the irreducible factors of 
m,,(q, 2) are of degree m or a divisor of m. 


11. We proceed to the investigation of the irreducible factors of the function 
w,,(/, A) when p = 2, and those of this function with J and A replaced by 
g and /? when p> 2. 

From (16) we conclude that the cubic forms fall into a single class if p=2, 
and into two classes if p > 2. 

For m = 4, set K=pJin (17). Thus 7, vanishes only if 


p> =1—p. 
Then p belongs to the GF’[ p” | since 
pe" =1—p”"=p. 


For p=2,p does not belong to the G&[2"]. Hence 7, is the product of 
2”—' irreducible quadratic factors 


(AK —pJ)( HK — p"J)= K’?—- KS + tJ’, 
where 
(21) nl hm ee 


Hence,* for p = 2, ¢ must be a root of 
(22) t+P4e...4 PP =1. 


The latter has 2”~' roots in the G#’[ 2"]. Thus, for p = 2, the quartic forms 
fall into 2"~* classes differentiated by the roots of (22). 

Next, let p>2. The only value of p in the GF'[p"] isp=3. The cor- 
responding factor g* — 2/? is reducible if p" = 8/ +1, irreducible if p" = 8/ +3. 
For the remaining p" —1 values of p, p> — p+ ¢ is irreducible, so that ¢ has 
the 4(p"—1) values in the G/'[ p"| for which 1 — 4¢ is a not-square. For 
l/q =, we have =p. Now A will belong to the GF’[ p"] only when p is 
a square in the latter field and hence, by (21), only when 


{er—D2 — pie™—D2 1, 


*In accord with Linear Groups, p. 29, formula (23) forA=v—=1, p=2. 


8 L. E. DICKSON: INVARIANTIVE THEORY [January 


The condition is therefore that ¢ be a square in the GF’[ p"]. The number of 
squares ¢ for which 1 — 4¢ is a not-square is }(p"— 1) or $(p"— 8) accord- 
ing as —1 is a square or a not-square. Indeed, * 1 — & = pm’, where wisa 
not-square, has p” + 1 sets of solutions according as — 1 is a square or a not- 
square. The sets €=+1,7=0 are here excluded. We have now shown 
that, when ¢ has any one of the $(p"— 1) values for which p’ — p + ¢ is irre- 
ducible in the GF’[ p"], f(>) = * — »’ + ¢ is irreducible when ¢ is a not- 
square, but is reducible when ¢ is a square. In the latter case, set ¢ = 7. 
Then the factors of f(2) are 


(28) MEAL ar 7; 


where 7 is that square root of ¢ for which 1 + 27 is a square. A _partia. 
summary of our results for p > 2 is given inthe following table giving the 
number of irreducible factors of 77,(¢, /): 


pr linear | 


| quadratic quartic total number 





Sk+1 | 2) 3(p"—1) | ¥(pr—1) | 4(8p"+5) 











8k—1 | 2 | $(p*—8) A(p" +1) | 208 p eee 
8k + 3 0 2 ( p= al) nip Ll) 2 (op 
Sh—3 | 0 | spe ae iG Leo A) + ( 3p") 


In the following examples we give all the irreducible factors : 


hoa 3. "i — 22 Pie Pa on qi. 
yeni g — 20, P+ 2lqg—q, U—Pq?+2q'. 
p= T. G aso P+ 2lq — 2947, '—Pe?+t¢* (t=3, 6). 


p’ = 9, ?Si4+1(mod3). g+(i+1)l, P+ ilg — ig’, P(2i+1)lq—(2i+1)q’, 
—P¢ + ty (t=i, 241). 
ke P+ bla +q, P+A4lq + 2¢’, 


2 


Does Mic Gg — 


bo 


to 


“t—P¢ + t¢ (t=6, 7 Bye 


For p > 2, the irreducible quartic forms fall into 6k + 2, 6k, 6k + 2, or 
64 —2 classes, according as p" = 8k+1, 8k—1, 8k+ 8, or 8k —8, 
respectively. 


Classes of Irreducible Quintic Forms. 
12. For quintic forms, (18) vanishes for A = pJ if 
(24) prt) pe peepee. 





* Linear Groups, page 46. 
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As remarked at the end of § 10, each root of (24) belongs to the GF’ [ p™]. 
We may give a direct proof as follows. 
pr ayes Pein p 


~, pha 14—— + —__F____, 
zl fe “p—1"(p—1)(p"—1) 





eee 


‘ : p”" 
pr — 1 - a aa S pew 1 a —* aa ee ae 6 
P peeians pr](p—1)~° 


If a root of (24) belongs to the GF’[ p"], it satisfies the equation 
(25) pe —3p+1=0. 


For p = 2,a root of (25) satisfies the equation p> = 1 and hence belongs to the 
GF[2"] if and only if n is even. Jf p=2, the quintic forms fall into 
£(2"+4 1) or 244(2"—1) classes, according as n is odd or even. For 
example, the 6 irreducible quintic forms in the Gf’ [ 2 ] are equivalent. 

For p > 2, we must consider (24) for p replaced by X?. By § 10, the result- 
ing equation for 2 has all its roots in the G/’[p” ]. If one of its roots belongs 
to the GF p”], it must satisfy the equation 


(25’) per eae At 1 eee 0, 


Hence (2A +1)* = 5, so that p=5 or p*=5k+1. In the respective cases, 
we obtain the factors / + 2g or 


d+3(14%5)g, %—3(1+ %5)q. 


Hence, if p > 2, the irreducible factors are of the following types: 





ik linear quintic 
5” | 2 | 5) , §2n-1 
5Skh+1 4 a(y"— 1) 
bk + 2 0 | 2(p+1) 


For example, if p” = 3, the factors are 
ee et? ee TS A 1. 
- For p> 2, the irreducible quintic forms fall into 
2(5™141), 44 4(p"—1), (a +1) 
classes, according as p = 5, p* = 5k +1, or p*=5k+ 2. 


Classes of Irreducible Sextic Forms. 
13. For sextice forms, (19) vanishes for A = pJ/ if 
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1 — p?™ — pP™ — pr Leia = 
(28) pm —p™—p 


For p = 1 the final term is a multiple of », so that p= 1 is not a root. For 
p=2 or p=8, there is no root in the GF’[ p"], while for p> 3, the only 
root is p = 4. 

We determine the roots of (26) which belong to the GF'[ p™”] by a simple 
device. Any such root satisfies the equation 





eA el a 
(27) 1—p—p™”=p? (“— iy 
The first member equals its »”"-th power. Hence 
(28) pr=1—p—s, 
where s is an element of the G/#’[ p" |. Hence (27) gives 


_ See) 
a ae 


(29) pt+p(s—1)+s'=0. 





Hence any root of (26) which belongs to the GF’ [ p” |], but not to the GF p"], 
satisfies an equation of type (29) irreducible in the G/’[ p" |. Conversely, any 
root p of an irreducible equation (29) is a root of (26). Indeed, the second root 
is p”” and the sum of the roots is 1 — s; thus (28) and hence also (27) is satisfied. 
Now, for p > 2, (29) is irreducible if and only if (1 + s)(1 — 3s) is a not- 
square in the G/’'[ p" |. We readily verify * that this is the case for the fol- 
lowing number of values of s: 


(380) $(p"—38) if p> = 31 +4 2, 4(p"—1) if p=8 or p*=3/ +41. 


For p > 2, we must investigate the reducibility of (29) when p is replaced 
by *. By the product of the roots, 


vies oe =o, 22—1)/2 
p?"t! = 8’, p? Ye 4], 


so that p is a square in the G2’[-p"]. Hence the quartic in 2 is reducible. 
Its factors are 
N+ ON ci oe Ae Ae a 


where a =1—s+2s. The product of the two values for a’ is the not-square 
(1 + s)(1 — 88), so that one value is a square. 


* By means of Linear Groups, p. 48, § 66. Note that —3 is a square or not-square according 
as p" = 31+ 1 or 3/ + 2. 
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Examples. If p” = 8, then s= 1 and 
M+1=(V+2A—1)(V—A-—1). 
Ti p* = 5, then s— — 2, and | 
M+ 27 —1=(A? 4 20 — 2)(?— 2A — 2). 
If p = 2, we multiply (29) by (s — 1)~* and set 
c= ps— i)", ead silicic 2 NO wrt 


Then oc? +o+t=0. This is irreducible if and only if ¢ is one of the 2” 
roots of (22) in the GF'[ 2” |. Unless ¢ = 1, the corresponding value of s is 
uniquely determined in the field. But ¢ = 1 is a root of (22) if and only if n 
-is odd. Hence the number of values of s for which (29) is irreducible in the 
GF 2") is 


(31) 2"-| _ | for n odd, 2”—| for n even. 
The number is zero for n = 1: for n = 2, 3, 4, s is a root of 
eo st bh 0; Ss tstil—0, (st+s+1)(s'+s4+1)=0. 


It remains to determine the roots of (26) which belong to the G/’[ p” ]. 
These must satisfy the equation 


(82) p+ p+ p= 1. 


Conversely, any root of the latter belongs to the GF[p*”] and, with the 
exception of p= 1 when p = 2, satisfies (26). A root of (82) belongs to the 
GF'[ p"] only when 89 =1. Hence the irreducible cubic factors of (26) are 
of the form p® — p? + --- and their number is 


(33) 8" if p—8, 4(p™—1) if p+3. 


By § 15, these factors give all the existing irreducible cubies 2 — a + ---. 

The irreducible factors of (26) are of degree 6 or a divisor of 6. Denote by 
L,Y, C the number of linear, quadratic and cubic factors, respectively. Then 
the number of degree 6 is 


S=1(p"™+p"—-1—-L—-2Q-30C). 
By the above results we have, whether p = 2 or p > 2, 
S=4(p™— p+ 2) for p*=31 + 2, 
(34) os 
S =p — p’") for p= 3 or p= BY a ah. 


In view of (31), (83), (84), we have the 
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Theorem. Jf p= 2, the number of classes of irreducible sextic forms is 
4 (23 4 27" 43.2" —6) for n odd, $(2" 4+ 2” + 3-2"—2) for n even. 
For p" = 2 this number is 2. The irreducible factors of (26) are then 


pt+tpt+ti, p+tp+i1. 


TIrreducible Cubics whose Roots are Squares with a given Sum. 


14. For sextie forms when p> 2 there remains the difficult problem: to 
determine which of the cubics 


(35) C=p?—p’+ap—b 


are irreducible and give irreducible sextics when p is replaced by \’, and which 
give reducible sextics. The first or second case arises according as p is a not- 
square or a square in the G#F’[ p*], namely, according as 6 is a not-square or 
a square in the G’[ p" |]. In fact, 


b = p-p?” = OE ae h(e"-b/2 _ Piet a: 
In the second case, 6 = e”?, and A® — A* + ad? — e’ has the factors 


(36) M+cN+43(7?—1)rA+e, 
where 


ct — 2c — See fag = 0 
This quartic has the resolvent cubic 
y + 2y° —4(1—4a)y — 8(1 — 4a) — 642? = 0. 
We set ¥ = 22 and multiply the resulting equation by 8, and get 
2+2+4(4a—1)z—1+4a+4 8b=0. 


If in the cubic 8C = 0 we replace p by 3(z +1), we obtain the preceding 
cubic. Hence the resolvent cubic is irreducible, so that* the quartic has one 
and but one root c in the GF’[ p"]. The unique pair of factors of the sextic 
in A are therefore of the form (36). 

To determine the irreducible cubies (35) in which b = e’, 


(37) C= p?—p’+ap—e («+0), 


we proceed indirectly and find those which are reducible. 
(a) First, let C’ have a linear factor p — & and an irreducible quadratic 
factor. The latter must be of the form p’+(k—1)p+hs’, where s’=e?/k? +0. 


*Bulletin of the American Mathematical Society, vol. 13 (1906), p. 5, middle 
OL Dm. 
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The quadratic is irreducible if and only if (4 — 1) — 4ks’ is a not-square. Let 
v be a fixed not-square and let p” = 4/ +1, the upper or lower sign holding 
according as — 1 is a square or a not-square. Then 


(k —1) — 4khs? = v2? 


has p” = 1 sets of solutions s, z when / is any chosen not-square, p” + 1 sets 
when & is any chosen square + 1, while for k=0 or 1 the solutions are 
obvious. After excluding the sets in which either s = 0 or z = 0, and dividing 
by 4, we obtain the number of values of s? + 0 for which (4 — 1)’ — 4hs’ is a 
not-square. If —1 is a square the number of sets s’, &, and hence the number 
of irreducible quadraties, is 


eee ae Ut ap. — 1)-3 (p= 8 yap" —1)(p*— 2). 


If — 1 is a not-square, the number is 
£(p" + 1)-4(p"—1) + 3(p"—8)-4(p"—8) + 8(p"—1) = 4 (p"—p" 42). 


In the following examples we give all the irreducible quadratics: For p” = 8, 


ee wc orp —b, x= 1, k= 2, 09 4n Hor p= 71, x= 1, 
ee s=2,4=1,2,4,6; ®? =4,4=1,3,5,6. Forp*=11, 
Peete to. 6.0, 10; S38, k= 12067, 8; PF = 4,4 —1, 2, 


SY t= 3 — 

ates yet le AEE k=1,3,4,7,8,10; 8 =9,4=1,2,3,4,6,10. For 
p=9,?=-— ieaidi Abc age cal, 25 1 ena a 
z 


(6) Next let (87) have three roots in the G/’[ p"]. Either all three are 
squares or only one root is a square. 

(b,) Let the three roots be squares. We seek the number of systems of three 
squares s, with the sum unity, two systems being identified if they are composed 
of the same s, in different orders. 

If ¢ is the number of systems with s, = s, = s,, we have 


(88) t=0 if p=3 or pp=12k+5, t= 1 if p"=12k+1. 


Let » be the number of sets with s,=s,. Now x + 2y?=1 has p" —1 or 
p" + 1 sets of solutions according as — 2 is a square or a not-square. Of these, 
4 or 2 have wy = 0, according as 2 is a square or a not-square, namely, accord- 
ing as p? = 8+ 1 or 8143. Hence 


p=4(p"—5) if p"=8l41, 4(p"—8) if p"=81—1 or 81438, 
bees — 1) ih pe aioe 


The number of sets s, in which exactly two are equal is therefore 3(—¢). 
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Next, the total number of sets of solutions of * 
a + of” ig? == 1 


is p™" + p” according as p”=4/+1. These include p"=+1 sets with z=0. 
Hence the numbers of sets of squares s, whose sum is unity is 


k=}{ p™+p"—3(p"=1-—4)—6}. 


Hence there are } {4 —38(— +t) —t} systems in which s,, s,, s, are all dis- 
tinct. As shown above, there are ~ — ¢ systems in which exactly two of the s, 
are equal, and ¢ systems with all three equal. The total number of systems is 
therefore 4(% + 3p +4 2¢). 

(b,) Let one of the roots be a square s and the other two not-squares n,, n,. 
If the latter are equal, we employ the p”—1 or p" +1 sets of solutions of 
xv’ + 2vy? =1, according as — 2 is a not-square or a square, namely, according 
as p" = 81 —1, 8 —38 or p"=81+4+1, 81438. Now there are two sets of 
solutions with x = 0 if 2 is a not-square, namely, if p” = 8/+8. Hence the 
number of sets s, n, = n, is 


N=}(p"-1) if p= 8l + 13 +(p"—3) if p’=s8l—-1 or 8/4 8, 
+(p"—5) if pss Si oe BS 


The total number of sets of solutions of x? + vy? + v2? = 1 is p”" + p” accord- 
ing asp" = 4/+1. These include p” + 1 sets with w = 0 and p" + 1 sets with 
y=9%. Hence the total number of sets s, n,, n, is 


M=%{ p+ p" —(p"=1)—2(p?"+1—2)—2}. 
The total number of systems is therefore 4(M—N)+N=1M+iN. Now 
gh + 3M = Jy (p™ + p" — 8p" + 8), 
while V+ w= }(p"”—3) for all values of p”. Hence the number of cubies. 
(37) with three roots in the GF'[ p"] is 7, (p+ p" — 6) + 3t, according as. 


Gian YA ie all Bo 
Combining this number with the number obtained in case (a), we get 


3 (p™ — 2p" + ¢) if p> = 474 1, 3(p" — p" +t) if p” = 47 —1. 


The total number of cubics (37) is 3(p"—1)p". Hence, by (88), we obtain the 
Theorem. The number of irreducible cubics (37) is 





* Linear Groups, p. 48. 


1911] OF IRREDUCIBLE FORMS 15. 


(39) Mpc (pea erty Pitten | Dice lh 
ap (p 1) yf p* = 12445) ori p = 8 and +1 =(—1)". 


A check upon the above results is afforded by the following examples which 
give all systems of three elements in the G’[ p"] whose sum is unity and whose 
product is a square: 


meeoenones;p =o, 10 1,4;1,2,38; p%= 1, 4,2,2;2,3,83;4, 5, 6; 
Pee yt =5 —1(mod3),1,1,2;7, —i,1;1, #21, —i=l; 
—1l,i+1, —¢4+1; +7, +i-1,+:i-1; 
eo, 4,4, 4,0, 4,5; 5,9,9;8,2, 7; 38,10, 10; 
See OmO mL s Oy F341 3.05.0 ..0 5 
pect 1271.3,10; 1, 4,9: 3,12, 12; 9)9,9;1,2,11;1,5, 8; 
Cite sOmOr to ws ae. 0, 03.9, ty Lhe. 10,0, 11s. 12.7, 5, 


By excluding the resulting cubics and those given by the examples under case 
(a), we find the only irreducible cubics (37) are those in which a, e? is one of 
the following sets: 


Geom ty ls: p’= 5, 1, —1;3,—1;0,1;4,1;38,1; 
Pela, Li Ost. 1, 2:0, 23 2, 43.5, 43 
p?=9,? =—1(mod 8), 0, —-1;1,-—1: +7, —1; —1,1; 
ee al thy ee 1 Oe eet 8 ea — Les 
Peeetiemeo mri; Uo; a: 1,3; 2,3; 22,450,457 4; 
Bees 0, O53 Onsen e ln 2 00s age sas 
15. The investigation made in § 14 enables us to determine the number J, of 


irreducible cubies «* — gx? + hx + k, in which g isa given element and & ranges 


over the squares, and the corresponding number V,, when & ranges over the 
not-squares. 
Let C_ be the number of all the irreducible cubies «* — gx” + --- in which g 


is a given element. If p is a root of such a cubic, 


(40) p+p!+ p™=g, pr=p. 


Since the latter equation follows from the former, we conclude that (40,) has p™” 
roots in the G#'[ p*”]. If such an element p is distinct from p?” it is a root of 
a cubic irreducible in the GF’[p"]. Now a common root of p= p”" and (40,) 
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makes 8p =g, so that the two equations have a single solution if p + 38, no 
solution if p = 8, g + 0, and 8" solutions ifp=38,g=0. Hence 


(41) C =1(p™—1) if p+3, C,=4(8"—8") if p=8, C,—8" 1 if p=8, gf +0. 


For any p, the total number of irreducible eubies is therefore }p"( p*" — 1), in 
agreement with §7. Conversely, if * p + 3, the latter result implies (41), 
since 2 =x+4(g + g) transforms each « — gx’? +.--- into a cubic 
we — ou + oes. 

Tf pv is a fixed not-square in the G#’[ p" |, (40,) gives 


up + (vp)? + (vp )P” = mg. 


First, let p be a square in the G/’[p*"]. Since v is a not-square in the 
GF'[ »*" |, vp is a not-square. Hence 
MN, = WV, uy, 


On? 78, a 


Vo 


gn 


where one of the elements g, g’ is any square and the other any not-square. 
Thus if ¢ is any square and v any not-square in the GF'[ p” |, 


(42) Ne —— ny: = AC); BAN. = Vin = avery FRE = Vi toa C, ae Ne; 


On o 


where C, and C, are given by (41) and N,, is given by (89). 


1 


16. We may now enumerate the irreducible factors in the GF'[ p” ], p > 2, 
of the function of degree d = 2( p*" + p" — 1) derived from (26) by replacing 
p by’, First, if p + 38, * — 3 has ¢ + 1 factors, where ¢ is defined by (88). 
Next, there are 27 further irreducible quadratic factors, where 7 is defined by 
(80). Again, there are 2V,, irreducible cubic factors and J,, irreducible sextic 
factors, all derived from the cubic functions of p (§ 14). The remaining factors 


are irreducible sextics ; their number is therefore 





4(d—e—4r—6N,,—6N,,) (e=0itp=3, e=2ifp+3). 





Thus if 8 = 0 when p= 38, 8=t + 2 if p + 3. the total number of factors is 


ld + B fe a? ai Nie 
Hence we may state the following 
Theorem. Zhe number of classes of irreducible sextics in the GF p"], 
p>2, ws $(2p"+p"+Tp"—a), a= —2 if p*=12k41, a=10 
p’=12k+ 5, a=6 if p=8, n even; 4(2p™ + p*™ + 5p"—b), b= 2 if 
p’ =12k —5, b=6 if pp" = 12k —1 or if p =8, n odd. 





* By means of x’ = gx we conclude that, for any p, Cy = QC, if g+0. The value of C, was 


determined otherwise in Bulletin of the American Mathematical Society, l.c., pp. 
3, 4. 
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For p" = 8, the 12 irreducible factors * are 
Rite Roe Ne TNO AS TAT AA ee 1, 
VEEL AEM 1, AE A EP AP Ee I. 
For p" = 5, the 50 irreducible factors are 84 sextics} and 
Re 9) 3 PD DEN A PDI. 
ee toe a2 1 AS AS 2 9 fet et 8, Ao dt 9. 
For p" = 7, the 128 irreducible factors are 98 sexties + and 
W—5, A?+38A4-1, 7+ 3A—2, APH 2N4 8, APH QV—AV=H1, Vt=+1, 
M+3A74+ 4041, PA7+B, AP43N74+4A438, APT4 BAH2, APHQN?—QAHD, 
meme) G9)? AS GN7= 8, A°—AL_3, AS ALE AI_b, ASA 53, 
EN POA G6 AP Nt -BN2—5, vAS—Dt4. 402-8. ASAI GAS. 


Classes of Irreducible Septic Forms. 


17. For septic forms we set A = pJ in (20) and obtain an equation of degree 
d=p"+p"-+1 in p, having d roots in the GF'[ p”]. For p?” =p, the 
equation becomes 


(43) 1 — 5p + 6p’ — p? = 0. 


If p = 2, a root of (43) belongs to the exponent 7 and hence belongs to the 
GF’ [ 2" | if and only if 7 is a divisor of 2" —1, namely, if m is a multiple of 
3. In the latter case there are 3 linear and }(d—38) irreducible septic factors. 
But if n is prime to 3, all the factors are septics. For example, if n = 1, 2, or 
3, the number of septic factors is 3, 39, or 594, respectively. Jf p = 2, the 
number of classes of irreducible septic forms is 3 + 4(d—8) or td, accord- 
ing as n is a multiple of 3 or prime to 8. 


If we set p= o + 2 in (48), we get ¢ 
(44) o—To—-T=0. 


Hence if p= 7, p= 2 is the only root in the G'/’[ p"]. Upon replacing p 
by »” we obtain the linear factors 1 +38 and 4(2d — 2) irreducible septic 
factors. For p=T, the number of classes of irreducible septic forms is 


2.7771 42.714 9, 





* Two factors with an ambiguous sign are obtained from the same irreducible function of p. 
¢ The omitted sextics are by pairs factors of an irreducible sextic in p= A?. 
{This cubic is a resolvent for the seventh roots of unity. For its numerical solution see 
SERRET, Algébre Supérieure, vol. 1, pp. 338, 343. 
Trans. Am. Math. Soc. 2 
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For p + 2, p +T, we determine the number JV of distinct roots of (48) in 
the GF’[ p” | by the following indirect process. Since the equation of degree 
d has d — N roots in the G/’[ p™], not belonging to the GF’ [ p"], it has 


BH=}(p™+p"+1-—N) 


irreducible septic factors. Thus 4. must be an integer. Since the discriminant 
of (43) or (44) is the square 7°, we have V= 0 or 3 (Bulletin, lc, p. 1). 
Now p””" is of the form 7/+ 8, where s=1,2 or 4. Thus / is an integer 
only when V= 8, 0 or 0, respectively. Hence for p + 2, p + T, the cubic (43) 
has 3 roots in the GF'[ p”] if p» = Tk £1, no root if p»=Tkh+2, +3. In 
the former case, each root r is a square in the GF'[ p”]; for, if not, each root 
of \? = r would belong to the GF [p”"] and not to the GF’'[ p"], whereas all 
the roots of the X-equation belonging to the GF’[p™ ]. Hence if p= Tk+1, 
p > 2, there are six linear factors. For example, 


pr=18,A+2,A+4, ABER pe 29. N24 Dee 

pe =41,rX+38,rA+10, X10; p*° = 43, 7+ OY A+ 16) Ae 

for p + 2, p +7, the number of classes of irreducible septics is 
6+2(p" + p"—2) or 2(p™ + p"+1), 


according as p” is or is not of the form Tk +1. 


THE UNIVERSITY OF CHICAGO, 
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AN APPLICATION OF SYMBOLIC METHODS TO THE TREATMENT 
OF MEAN CURVATURES IN HYPERSPACE* 


BY 
WILLIAM HUNT BATES 


This paper is an application of MascHke’s symbolic method for discussing 
invariants of quadratic differential forms, as developed in his article, A Symbolic 
Treatment of the Theory of Invariants of Quadratic Differential Quantics of 
n Variables.t Extensive use is also made of results and methods contained in 
two later publications, Differential Parameters of the First Order,t and The 
Kronecker-Gaussian Curvature of Hyperspace. § Some familiarity with these 
three articles is implied. 

Part I of the present paper is devoted to the study of the curvatures of an 
n-space Z?, in an euclidean (x +1)-space S.,,. In $$ 1-8 the equations and 
some of the properties of the lines of curvature of 2, in S\,, are developed. In 
particular, equation (28) gives the n curvatures of the m lines of curvature through 
a given point of #. ‘The coefficients A,, ---, A, of this equation are the so- 
called curvatures of #, in S_,,, involving the coefficients a, and a,, of the two 
fundamental forms of &,. With the help of his symbolic method, || MascuKke 


has expressed A, when n is even, and A’’, when n is odd, as rational integral 


n? 








functions of the coefficients a, of the first fundamental form and _ their 
derivatives. 

In §§ 4-6 similar. expressions are derived for all the curvatures A,, of even 
index. It does not seem possible to obtain rational results for the curvatures A), ,; 
of odd index. In §7, however, it is shown that, with the exception of 4, 
these curvatures are expressible irrationally in terms of the first fundamental 
quantities and their derivatives. 

The symbolic expressions for A,, and A’* show at once that they are differ- 
ential invariants of the first fundamental quadratic form for #,, and they have 
meaning as invariants of any quadratic form in » variables. Part II of this 
paper considers a space /, defined in a space (nm > 2), which is not neces- 





* Presented to the Society December 31, 1910. 
{These Transactions, vol. 4 (1903), pp. 445-469. This paper is referred to hereafter 
as M. 1. : 
} Ibid., vol. 7 (1906), pp. 69-80; referred to as D. P. 
@ Ibid., vol. 7 (1906), pp. 81-93 ; referred to as K.-G. C. 
|| In K.-G. C. 
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sarily euclidean. The invariants A’,, and A’x for #, are calculated in terms of 
the coefficients a,, belonging to the length element of #2, and of the functions 
U'+1, ..., U" which determine the space 72, in /,. 


PARTS 
CURVATURES OF AN m-SPACE IN AN (n+ 1)-SPACE. 
$1. Parametric Representation for an n-space in an (n + 1)-space. 


Let 2, 22, ---, 2"+! be the codrdinates* of an euclidean space S\,, of » + 1 
dimensions, i. e., a space whose arc-element is of the form 


n+1 


(1) ds’? = >> [dz']?. 
t=1 
We define in S_,, any hypersurface, or space #., of m dimensions, by express- 


ing each z as a funcion of m independent variables x,, ---, ~,: 


, / 
@ = 2(@,, Cons 


(2) aes ae tere 


1 1 
nth =e grt (2, . ++, %,). 


The arc-element of /, is given by the equation 


: 
(3) ds? = » a, dx, de, , 
i,k 
where 
n+1 C2 Ox! n+1 } : 
(4) ai, = Bey ox, Ox, Ae Bi Ry. =SSi.) 


differentiation with respect to x, being indicated here, as in the following pages, 
by the lower index i. 

A space of X dimensions, X <n, would be obtained by using in (2) only X 
is obtained by 


independent variables x,, ---, #,. In particular, a curve in S ,, 
expressing each z as a function of one new variable «. 

If in (2) one puts x, = --- =x, = 0, the resulting curve is called the a-axis 
of a curvilinear system of codrdinates on #,. By letting x,, ---, ~, represent 
arbitrary constants, one gets the complete system of x,-curves; and similarly 


for the other cases. 


w,-curves if x, varies and a, ---, #, are constants, 


o,-curves if # varies and w,, +--+, #,_, are constants. 


n 


Equations (8) and (5) give the elements of the new axes, 


gual 2 2 5 
(6) ds? = a,,da?, »-., d3' =a dz 


n? 





*Tt is assumed that no confusion will arise from writing the upper index, as MASCHKE does, 
without parentheses. Exponents are only occasionally used, and will be easily recognized. 
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where ds, is the element of the x-axis. Represent the direction cosines of the 
%,-axis, in the old system, by cos (2, w,), +--+, cos (2"*', w,). Then 

J I di ol 
dz 2 dee, 2 


I ° 
—- => Cae tes me he, ns), 
ds, V G7, de, V Guy 





(7) gos (27, a. \= 


Let ,, be the angle between the «,-axis and the w,-axis. Then 


n+1 n+1 


(8) cos @,.= 2 cos (2/a,) cos (27x, )= >, : 
= 


a. 
= ws ( 
j=1 V ay C7, V 4,V ys, 





i, k=1,---,n), 





so that necessary and sufficient conditions for mutual orthogonality of the axes 
of the new system are 
(9) a, = 0 (i,k=1,---,n;itk). 
| §2. General Curves on R,,. 
A general curve on 72, may be defined by means of n — 1 equations, 


(10) COG geri, a) == COnst.,.++-, O"{ 5 mary i= const. 


The differential equations of this curve, which we call the U-curve, are 
(11) > O7du,=0, ---, >) Utdx,=0. 
t=1 t=1 


Its direction is defined by the ratios of dx,, ---, dw, in (11). In order to solve 
for these differentials, let » be any function of w,, ---, #, which satisfies the 
condition * 


may Caria O -) = (9 Ogee. 
If A” denotes the cofactor of p, in D, equations (11) are identically satisfied by 


(12) Oto pA ym, de = pag, 
where p is an arbitrary parameter. 
The direction cosines &', ---, &’*' of the U-curve are found as follows. 
From (12), 
(13) Do p,dee,— p 2, pA’ = p( pv). 
Then 


dz" 1 n p 
Wee ees). ga (etl 
é ds ds » Pa aes )s 
where ds is arc-element of the U-curve. Now 


Steyat=> | £][@oyr=| s [vee 


r=] 





*See M. I., § 2, for an explanation of this invariantive notation. 
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Hence 
p iE 


ds” (fU)? 





Then the direction cosines of the U-curve on 72, referred to the original system 
of axes, are 


(2 ) (art [ if ) 
14 GE! NORA 
( ) E Visor Vv(fU ie 


_If there is given also a V-curve on £2, by equations similar to (10), its direc- 


ao 
aes i 


tion cosines may be written 
('T) 
—— Sen ER 
Vv (7 hae 


('V) 


mae ty 


Gee 





(15) n 


i) 


If is the angle between the two curves, we have from (14) and (15) 


Se ee aU je JONG 
(16) cosao= >. &y' = >> : Ma ) ed ( Ns ) =° 
mi" SVC fUYV VY V SOP VET 
Thus a necessary and sufficient condition for orthogonality of the two curves is 


(17) (fU)(fV) =0. 


Equation (17) also defines the orthogonal trajectories of a system of U-curves 











on /. An illustration is found in the case of curves on an ordinary surface. 


§ 3. Lines of Curvature on R. 


A line Z drawn on &, such that the normals to #, along LZ (with respect to 


the enclosing space S enerate a developable surface is called * a line of 


1) & 

curvature of #& in S__,. 
Ata point P of £, there is a unique normal to #, in S,,,. “Let the diree- 

tion cosines of this normal be ’, ---, ¢"*'. Choose P as origin of the system 

of w-axeson 7. Then, since the normal to #, at P is orthogonal to every 

direction on /, at P, we have from (7) 

n+1 


(18) > bei = 0 (t= ae 


The coefficients a,, of the first fundamental form of /2,, given in (8) are the 
first fundamental quantities. The second fundamental quantities are defined by 


the equations 
n+1 


Cee ties (i, kK=1,---,m). 
pea 





* Cf. BIANCHI, Lezioni di Geometria Differenziale, vol. I, p. 125. 
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By differentiating (18), one obtains 


n+l 


n+l 
(19) =e rai — 2 bi (1,k=1,-+--,n). 


The letters g and ¥ are to be used in this paper as symbols of the second funda- 
mental quantities 


(20) ete oe ioe 

Let C’ be the curve of S,, which is the envelope of the normals along ZL. 
Let M(2, ---,2"*') be any point of Z, and M(z, ---, 2"*') be the point where 
the normal at 7 meets C. Denote by 7 the distance ILI, which is positive or 
negative according to the direction of Mfrom M. Then 


(21) Be — Tee Bitte get) Or 


Take derivatives of equations (21) with respect to the are s of Z. Then, since 
C is envelope of the normals along ZL, 


di dz dt dr 
ds ds see se 
(22) : : ‘ é : : p 
dz"t dz"t} dzt! dr 
dia meismy ids Ser. ds HUES OR 





where q is a factor of proportionality to be determined. Multiply equations (22) 
by &’, ---, "+1 in order and add. We get 
penne — ae dr® 
(28) PL (tPa Lear LOE FDS. 
i=} 
Now 


n+1 n+1 i 


: aoa 
SS (it tk mS =0, tse 





since ¢’, ..-, ¢"+! are direction cosines of the normal and dz’/ds, ---, dz"*'/ds 
are direction cosines of 1. Substituting these results in (23), one obtains 





dr 

PSE 

Then equations (22) give 
dz dg’ dz} Goo 
e) mame acee >) dads age 
or 
Osuna ae dot} 

(25) qe gen gear 
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This result is expressed in curvilinear coordinates as follows: 


adx,+-++- +2 dx =r(Cidx,+---+ 6 dx), 


1 Q 
att \dan, + +++ -anttde, = r( ort da, + +». + o™+1dz,). 


Multiply these equations in order by z,, ---, 27+! and add. We find 


n+1 et n+ Be n+1 ; : n+1 ; ' 
zi dx, +++ + > 22 du, = | Sealbide, De Deitide, | 
pe) | i=l t=1 
Then, by (4) and (19), 
(26) Ay, Ux, Se eee ae Ay, UX, Se [ %,, de, oot a, 42, | (K=1,-++-,n). 


Equations (26) hold for every line of curvature on #,. Conversely, if equa- 
tions (26) be true for any curve Z on &,, then there exists a curve C in S),, 
whose tangents are normal to #, along L, so that Z is a line of curvature on 
R by definition. 

When equations (26) are written in the form 


(a, at) a7) da, Tea (4,, 7 a,,7) de, =0, 
(27) : : . : ; : : : : 
(a, ae at r) dx, a carte mF (Gin = a,,7) de, = 0, 
it is evident that the curvature (1/7) of each line of curvature through a point 
P on #&, must satisfy the condition 
hee yt Og RC en taiste Oa 


Gy) +05 POO ae ote: 


| 
| 
(28) Neal: Z =f 
‘a . . . . . . . . . 
| 





@,) et a c Qs at oo KPa Dan ae Oat 
since otherwise equations (27) would have no solution except 
dx, =\da, = co 0. 


Hence the reciprocals of the roots of (28) are exactly the curvatures of the n 
lines of curvature through a point P on F,. 

The coefficients of 7 in (28) are called the curvatures of #, in S,,, and are 
discussed in $§ 4-7. Before proceeding to that discussion, we derive an im- 
portant property of lines of curvature. 

Expressing (26) in symbolic notation, one finds 


2) Sed. fide, = — 19, 9,4 (kK=1,+++,n) 
i=1 t=1 
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If now a line of curvature be represented as a U-curve (10), one gets from (13). 
and (29) 
(30) SFU) = —79,(9U) (k=1,--,n). 


A symmetrical expression for 7 is obtained by multiplying equations (30) in 
order by the cofactors of f,, ---,f, in (fU) and adding: 


(fU)’ 


(31) r=>— (g oy 


If any two lines of curvature through P be given as U and V-curves, and 
their respective curvatures be denoted by 1/7’ and 1/7”, one gets from (80) 


1 1 
efi) ss *s Go FU oe fal SU), 


1 1 
n(gVy=—sACSV). ++ on. 9VI=—aLUSV).- 


Multiply the equations of the first line in order by the cofactors of f,, ---, f in 
(fV) and add. Also multiply the equations of the second line in order by the 
cofactors of f,, ---, f,in(fU) and add. Then 


1 1 
(gU)(9V) = —5(fT)( SV) =— (SU) (SV); 
so that either »” =r” or (fU)(fV)=9. Hence by (17) we have 


Theorem I. Any two distinct lines of curvature through an ordinary point 
P of &, are orthogonal to each other. 


If the lines of curvature through P be taken as parameter lines, then, by (9), 
Al) (i+tk). 
It follows at once from (26) that also 
| a;, = 0 (i, k=1,-+-,n;i+k). 
Theorem II. Jf the lines of curvature at an ordinary (not umbilic) point of 
—, be taken as parameter lines, then 


G,,=9%, a, = 9 (i,k=1,---,n;t+k). 


$4. Definition of the Curvatures of R, in S),,. 
Equation (28) may be written in the form 
(32) AoA Hire. oH ars en 0, 


i oo 
where * 
H, =|a,,|= 1/8", HT, = |%,,|, 


*M. L, (9). 
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while for j7=1,---,”, H, is the sum of all the determinants obtained from 
| by the corresponding 





| Qin, 
columns of |a,,|. Dividing (82) by ZZ, one obtains 


(33) 14+ Ayr+---+ A, 7" '+ Kr" =0. 


The coefficient A’, (the product of all the curvatures) is the Kronecker-Gaus- 
sian curvature of hyperspace. It has been shown to be expressible in terms of 
the first fundamental quantities and their derivatives (cf. K-G. C.). In this 
paper the coefficients of (33) are called the n curvatures of #, in S,. By 
definition 


Lee 


Le casy ste p Re 3 
2 ; << Xs hy Niphe ; 
k= 6)> a, A', A, Bs eA fee sa Ai, AR, aoe 
i,k 





aj%9, key ko igky Kicks tyighk ike Kegleg 
Liicesia 
/ 2 Pe 
(34) Kk, =8 »D A i,.. ual ova (m=1,---,n), 
Bi sve Vaaloionnicoe shen 


where A; is the cofactor of a;, in |a;,|, Ajit is the algebraic complement of 


ii 


Bn %i a ake 


izko 








in |a@,,|, while A; ;, is the second minor of |a,,| indicated for K, above; and 
ne 


similarly for the A’s and A’sin &,. Both setsi,, ---,7, and k,, ---, &, are 
considered as being in ascending numerical order. 


§5. Invariant Symbolic Forms of K,, ---, K,,. 


If #’ be the cofactor of fi in the functional determinant {/f’, ---,f"}, 
Maschke * has shown that 


1 ay 
J — (ia 
Thus 
: Gee B heated BA 
=f 2 oy A= one y IGGL Lf, 


mies = a (n= of p= (a aaa. 


This suggests a method for reducing all the curvatures to convenient invariant 
forms. Let #’):-”) be the algebraic complement of 





*M. L., p. 450. 
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in eo cae fe } . Then the product Jibs aoe ey. may be written 


le aio 


m+ 1 — Sy ath Sia ee hil m+1 ay ode m+1 
1 4-1 y+1 tm—l tm+1 in 


Lina OP 
Rh asa Kin” 


n n n 
l a ie y+1 ee PhP Nit te 


If the first determinant of this product be expanded, one finds (n — m)! terms 
of the form 
eet 0 a ee pe 1/ij+1 POU be Pas: Ao he 

where the suppressed upper Piadthes of the first factor are understood to be any 
permutation of the numbers m+ 1, ---, , while » represents the number of 
inversions in the permutation. Since the equivalent symbols f”+', ---, /" may 
be interchanged in all possible ways without altering the value of the term, let 
them be so interchanged for each term as to reduce the first factor to (— 1)# 
times the principal diagonal term of #”)-:;”). This causes an interchange of 
rows in the second (determinant) factor Fi rf .™, so that it becomes in each case 
(—1)* times its original form. Hence the above product becomes 


(n ae LW ge ave pe eeer 1 ae mo Si aS mt . fie aes 


Multiplying each f into the corresponding row of the determinant Fi, (which 
has a form similar to that given above for #’;;::"}/), we have 


Ht uae m , ils oH a =a 7 —m )! ! An ayxt 











Le++ Um iy. » hy 
or 
1 
(AbGQ Oi, | 2p, 1...™m . 1...™ 
(85) ky. veel ( Va m)! Rese «tm ky «0+ km * 
Also 
, , , , , , 
Dink : Dy lem Ji; Ik; has i J i, Diem | Ii “eae Tim 
ae U me 
Ahi . . ° . CM tre 1G . ° ° . aC ae ae Gee ie . . ely 
Biss =) Cm m m ~m m m 
Bek can A; km Ii, Gry a eee Diem | Ji * * Tim 
, , | C , | 
i | ix +t Jim Ji * ‘ Ih Tem 
(36) Anema 7 fl sf 
EOIN m m m m 
Ji, ° A te 1a * Dim 





Substituting (85) and (36) in (84), one finds, by a well-known theorem of 


determinants, 


i! , 9 
(37) ela mike eye ott 3 fooly eee 


In particular, 


m!(n— 


1 
1S Serre yule = 


where, by M. I. (22), A,g is the first differential parameter of the first quad- 
ratic form (°). 
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Since the other coefficients are corresponding differential parameters (the 
number of g’s being the same as the subscript of A’), it would seem fitting to 
generalize the notation and set * 





Pa 1 A m m 
(38) E,, = 5 a ene 


m). 


with the note that A’g = A,gq. 


$6. Hupression of K,, in terms of the first Fundamental Quantities 
and Derivatives. 


The generalization of the Gauss equation shows that any second order deter 
minant of the second fundamental quantities is equal to a Riemann quadruple 
index symbol, which is expressible in terms of the first fundamental quantities 
and derivatives.¢ By K.—G. C. (27), 


en , (fa) (SO) kg 
== (totale i ; 
= coat Fis! jays. a)3 | 


a, ok & to it 
By an easy ake any even order determinant of the a’s is expressed in terms 





of the symbols of the a’s as follows: ¢ 
ae (f4)i, fies Bean 8. 

(39) Ai, ayels toy => (2v v)! e* 0) es 
tro (faye (fa), | (ie -fe, 


where «= 1/(n—1)!; the symbol ( fa)’ contains f’ and a’... a", while the 
symbols @ in every consecutive pair (fa?.-.a")”—', (fa’--- a") are equal 





6” 








when they have the same index, otherwise they are distinct but equivalent sym- 
bols of the first fundamental form (8). 
Now from (84), (35), and (39), 


Be ere (Fas UD sy Pa Say 


( ) ( ) to ohn Bay! (fr) BP ks . (fa) | Chet ieee 
x Bie, ag 


Ky = 


(40) Key = Casytn apy (St) “+ Ue FD) 


* The use of A,,g would conflict with the second differential parameter of ordinary differential 
geometry, which has an entirely different meaning. Cf. BIANCHI, Lezioni di Geometria Dif- 
ferenziale, vol. I, p. 67. 

t M. I., (117)-(126). 

t Cf. K.-G. C., (28). 
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This gives Maschke’s expression * for A, when n is even: 


¢ E fi n 
K,= airs \@) -++ (fa) )(f) (n even ). 
Theorem. Zhe mean curvatures K,,, with even subscript, are represented 


in (40) as rational integral functions of the coefficients of the first fundamental 
form and their derivatives. 





§ 7. Hupression of K,,,, in terms of the first Fundamental Quantities 
and Derivatives, when v is greater than zero. 


Use is made of the determinant theorem 


if Divetaay./90 
41) Ae = 


sss Saga — 2 
v0 hy 41 


Mee, Fk, isk D ike 


a ehn 18 


i,k 


(s,t=1, --+, 2v+1; st), 











ir | %n, Ce, 


‘where v + 0 and the D’s are cofactors of the corresponding @’s in Ai! Lae and 
are therefore all of even order and expressible by (89). The results are 


e” 





/ , € / , 

Di,., = Oni ee es Dn. = Caryl 0; (PB),,, 
€ / / co , , 

Din. = Capi Eh A Dans Pax = Bay] Pi PB ius 


where His the cofactor of fj, in {f;,---fi*',},-+-,(®B),, is the cofactor 


M2y+1 


of ($b);, in { ($b); ++» ($b), }. Also, by M. I. (120), 
Same Ps 
fi, %%, 


a; Oh n, 


= €(fe)i,( PC Da 


’ 














iykty — Hyd 
Substituting in (41), we find 


2y+ 
2 € 


1 
Ais faves = Fay) Tye FO dia MA Di ( 0 Jes ( PB Yi, 











er / £ , 

1 1... 2vt1 iy Pi, diy ;, 
x 5) / / a / , 
2 g,7 is ?;., Lt PD; 





This last sum expands into 
if 1,...,2v+1 
/ / f , ff / , / / , , , / / / / 
2 yD Li, i, Fi, Pi, —fi, D,$;, F, — fi, PD; $f", ar te ISS Pi, ®; | 
jr 


= 2 9 
(Pi S% SEH (bi ORES 


Qy+1 





so that 
e2vtl 3 ? , - 
Ati Bett oes [any pe Pn A Yin PCa, PB i, 


x 
(OS SRE (bi ORE 








* K.-G. C., (29). 
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By (41) this equation holds for all values of s and ¢ from 1 to 2v + 1 except 
s=t. When s=t, the second member vanishes. Sum the equations given 
by using all values of s and ¢ from 1 to 2v41 and divide by (2v + 1)2v; 
also multiply by Bt. Then 


e2vtl 





ae eel UfC)e (JG ee (0) ee 

2 os kay EES COICO UES Nf Ng - Fe Vise) 
(42) Cf ee fPHL) (f% gh oe pvt } 
bo Ges toptiS ld ty Pig y+ 


x (( pee, (8B), «+ (BEM, )| tT oe on 
(C0) (PB ss PRs) | gy pa patty fo gic 


And by (84) 
Ly etrin 2 
Kova = De Wfchtsy) SP aed per eee, re (v>0). 


tyes toy rhy ++ Koy 4) hy haya y hey e-Bay 
Thus by (84) and (42) we have A,,,,(v> 0) expressed in terms of the first 
fundamental quantities and derivatives (but only in the irrational form of a sum 
of square roots). 
The case of J, presents special difficulty : 


Te cikeg 08 
LG = jek PE Cy Ae 
ik 
In K.-G. C. (p. 24), Maschke suggests a method for expressing the «’s in terms 
of the a’s when n is odd. His formula (24) should, however, be written, 


Apes 


22 2n 


Ag aA 


n2 an 


(43) a A aa 








If n is odd, the elements of the second member of (48) are of even order, and 
therefore expressible by (89), and similarly for every a. But A itself is of odd 
order, and is raised to an odd power (n — 2 instead of n —1).* Equation (438) 
is true also for even values of n, so that the a’s are always expressible by (43) 
in terms of the first fundamental quantities and derivatives (if n > 2), but in 
all cases irrationally. 

Using (48), the author has calculated irrational values of A, when n is greater. 
than two; but the notation is so complicated that the presentation of the results 
seems impracticable, if not also useless. 

If 20+ 1 =n, the sum reduces to a single term and formulas (84) and (42) 





* Cf. BOCHER, Introduction to Higher Algebra, § 11. 

f In a recent paper the author has calculated the value of K, as well as of the other curvatures 
of odd subscript, for a space of n — 1 dimensions defined in R, by the equation U(2,---%) =0. 
These values involve only the coefficients of the first fundamental form of Rn and their derivatives, 
together with the function U. 
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give a rational value for A’?, 


en () (F9) 
44) K?— B'A?— —___-(( fe) ( fa)’. - - (fa)") ( (fey (bd)?- - -(6d)" ; 
(44) 1) FY Fa--- (Fay) (Ce) (G8)? (BBY) ad 


n(n— 
By the method used in K.-G. C. (p. 86), this may be reduced to Maschke’s 
form (81) : * 





(45) K2= - int sepors ((s) Fa) -(a)") (bey (G0)*-- (Gy) (FOF I$"). 


The rather unsatisfactory results of this section are then as follows: 

If n is odd, K* is expressed by (45) as a rational function of the first funda- 
mental quantities and their derivatives. Equations (84) and (42) give irra- 
tional expressions for the curvatures of odd index except K,, for which no 
expression is here given. 


PART II. 
InvaRIANTS OF &, IN £.. 


The quantities A,, and A’, for m odd, are by their forms (40) and (45) dif- 
ferential invariants of the first fundamental quadratic form (3). When (3) de- 
fines the arc-element of a space /, of n dimensions contained in an euclidean 
space S\,, 
assigned to them. It is our object + to find corresponding invariants of a space 


of n+ 1 dimensions, these A’’s have the geometric meaning already 


£, of X dimensions, represented as differential parameters of a general space 2, 
of higher dimensions containing /?,. 
§ 1. Definitions and Preliminary Formulas. 


In the general space 2, of n dimensions, whose coordinates are w,, ---, @ 


n 


and whose arc-element is defined by equation (8), let the space A, of > dimen- 
sions (A <7) be defined by the n — X equations 


(46) Cea Dees 0s) = const., -->, U"{ asian.) — const, 

If X other arbitrarily chosen functions of w,, ---, ~,, say w’, ---, uw, such that 
Nie UA UA ces EEO S 

are adjoined to these, the space #, may also be represented in parametric form 


(47) y= (Urry WY), ory, = (Wy voy Uh), 





* In MASCHKE’s reduction there are two slight numerical errors which balance each other. His 
equation (30) differs from (44) above in that he has divided by n? instead of by n(n —1); while 
in his reduction of (30) there are n — 1 of the terms which become equal, instead of n. 

{ Cf. K.-G. C., 35. 
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by solving the n — A equations (46) with the » equations 
(48) UW (2,9 +> <5 H,) = Ub gue aac ger ce eee) eee 
Any n differentials satisfying the m — > equations, found by differentiating (46), 


> Us de, =0,---, ) Urdzx,=0 
al 


4=1 
determine a certain directionin #,. In order to find these differentials in terms 
of du’, ---, du*, we differentiate also equations (48) and solve the set 


/ /, / 
u,dx,+---+ udu, = du’, 
ude, +++» +udx, = du, 

ace + UF de, Tea 


U* de, +: ee. 5) 
If A” be the cofactor of w* in A, then 


lee ; 
dx, ne As > A" du" 
and therefore, if 
n 1 A 
(49) >» p,dx, = nN Dy {Uren et ius! anes 
r=] k=1 


where p is any ordinary function of w,, ---, #,. 
In order to find the expression for ds in terms of w’, ---, uw, we introduce for 
the differential quantic (3) the symbolic form 


ds* = se a,,dx,dax, = bs fda, | : 
41 


i, k 


Then (49) gives for the length element in /?, 


2 
ds? = p> { 20) ara fee sn vU} du, | 
2) a ean : 
= am| 2 (Ui Pesan ft eas. s wT du, 
4=1 
We may also introduce for ds’, as given in terms of w’, ---, uw, the symbolic — 
form 


(51) ds? = | Dia | 


i=l 


By comparing (50) and (51) we find 


af : , ; 
YAP A= a {wee ull fuit!... wT} = aa ear futth ee ae 
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If we use the symbols of form (51), the invariants Ay, and A} (A odd) of R, 
may be written, by (40) and (45), 


(58) (2n)!(A — 2v)![(A— 1) !] "A, = G@,, =((fay ++ (fa)rprt--- PFs P), 
NE(A—T)I PP A = Gy = (fe) (fa)? -- + (fa)*) 
x ((gcy (96)? «++ (gb) (fo'P --- f) (Pa? --- 9%), 


where G,, and G% are introduced merely for convenience. In all invariantive 


(54) 


brackets containing the new symbols, of the quadratic form (51), the differentia- 
tion is with respect to the X variables w’, ---, w. This is indicated sufficiently 
by the German type and the number of symbols inside the brackets. , is de- 


fined by the equation 
Niet) — att eee 


We now proceed to compute the values of the invariantive expressions used 
in (53) and (54) in terms of the symbols of the first fundamental form (3), of 
#, and the functions U**', ..-, U" which define #, in R,. 

By means of (52) and D. P. (3), we obtain 

(f-Plam PU} (ww 
so that 


1 : Ly, 
(56) Pe — ax fre 


hare fe OU \'s 


ble 


To calculate the value of 6,, square (55) and simplify the result by placing 
({---f*)?=A!, according to M. I. (17), and (f’---fAOP=al(n—~A)I A"? UO 
by (88). This gives 


1 
(56) De CNS Va =e 
Then 
feet = OCS ots fe 


The other invariantive forms in (58) and (54) are reduced by the same method, 
and by interchanging equivalent symbols, giving * 


ees a) Ol Posi eels 
Sete i ee: f ), (Taare ori +. bo U ) 
cee (faye ete f) 
=0(o( fa, o( faU)’, ---,0( fa), fr". f°)» 


* Inside the invariantive brackets, we have followed MASCHKRE’s custom of omitting commas 
between symbols, except where ambiguity might occur. Cf. M. I., p. 448. 





Trans. Am. Math. Soc. 3 
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((fey (fa)?-++ (fay) =o (o( fey, o( faUy, ---, o( fav VU), 


(67) 
((gc)'(gb)®--- (gb) =o (o(¢eT), o( GU), ---, o( dbU PU). 


§ 2. Hupression for K.,. 
By (58) and (57), 
G, = aw ( fa)’, +++, o( fat )™, For --- PU)F’ --- (0). 
Applying D. P. (4) to the second member, we get 
Gy, =o ((faUy --» (far yr fre 220 \f o> 50) of 


x > (faU)* (fa U).--(faU), @, (fa ee » (fa yi u). 


It will now be shown that each term of this last sum vanishes. Aside from the 
factor w*’+!, each odd term of this sum may be written in the form 


To yf ..- fF 
x (( fay +++ (faU)*, w, (fa)... fav)” fr... PAU) 
Applying D. P. (1) to the first two brackets of the second member, we obtain 
Gi te ee cee) Be fee Gy hes a te a U7) 
(OFM fF oe PU) PPE BO) 
T=(—1)-] + (at fit... Pf! ae PUY Peak fh at ah 
+ (a fi? 27 ft a ee qh) fit U) 
x ((faUy -.- (faUY%, @, (jay «>= (fa) foe 
Of these A terms, the first vanishes because of two identical rows in the first 
bracket, while the others become equal to each other if we interchange f**! with 


a’... a in turn and in each case restore the original order in (faU )**" by the 
interchange of two rows.* Thus 


T= (11a) (fet oe fap es PU) (flat «+ a) 
x ((faUy +++ (fav, , (fa)... )=(-1p day 7 
Hence 7 = 0 for odd values of hk. 


If k is even, each term 7’ may be written 
Ti (fea OS po ge fay 
x ((faUy +++ (fat, @, (fay + (fae fo fT). 


* Cf. K.-G. C., p. 92. 
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By applying D. P. (1) to the first two brackets, and proceeding as above, one 
finds Z7’= 0 also for even values of i. 
With the help of these results (58) becomes 


G,, = art? ( (fa Use a (fay pom et. ULI, ra Ue 

Then, by (58) and (56), 

go) D(a UY (fae fe PUY SPU) 
$3) . sae i (CG es OC eee 0 Ny a 
If 2v = 2, (59) becomes 
| (eu) 7*- (foU PU \ fae) 

Riu \l(n —n PASE eas 
which agrees with Maschke’s form, K.-G. C. (60). The symbols f and a belong 
to the quadratic form (3), expressing the length element of f#,. Further, 
oo i fia --- aU"... YU"), in which f* is equal to f* in (f’--- f*U0), 
while the sets of symbols q@ .-- a are equal in any two consecutive brackets 
(faU)*", (faU)* and otherwise distinct. 

The result is then that K,,, for the space R,, is expressible rationally in 
terms of the coefficients of the first fundamental form of FR, and their deriva- 
tives, together with the functions U**',..-., U" (which define R, in BR) and 
their derivatives. 











(60) ee 


§ 3. Hupression for Kx when 2 is odd.* 


The invariant A’{( odd) can be expressed in a manner similar to the above. 
Substituting from (57) into (54), one gets 


By OD olaTy, ---. oP) 
x (w(geUY, a(6BUY, «++ 0(HbU PT) (FG fe SU Y f'$?- GU). 
By D. P. (4), 
(w(foUy, w( fa), «++, a fa U) = o'((feU)( fa --- (fu C) 
+ar"( foUy(o, (fav)? --- (faUU ) 
+ D> (fuT)((feU (fal ( fat), (fay. -( fa pT) 
= oa, + wo 1a, + wr! be 
(w(pcU J, o(PdUY, ---,o( PLU PU) = o((deU)(PbU) --- (PLU PU) 
+ oe (0, ($dU )? «+ (GLUT) 
+o (GUI (GeV (GDUY---(6bU I, 0, (GU. (GDUYT) 


= 08, + wo! 8, 4+ wo! feng 
* See K.-G. C., p. 93. 
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The notations a,, a, %,, 8,, 8,, 8, are used for brevity to represent the expres- 
sions whose relative places they occupy. If we also use 


1 y= (SES? >.> SO) ee sy ee aaa Oy 
then 


(62) Gi = 0 [ wa, + a, + a,][o8, + 8, + 8] 78. 


The nine terms of this product (omitting powers of @) will now be considered 
in the following order : 


dy cosiyer 4) a, 8,6, T) a, Byy6, 
2) a,8,76, 5) a,8, 46, 8) 2,86, 
3) a,8,¥6, 6) 2,8,76, 9) a,B, 5. 
For the first we have a, 8,6 = LZ, where | 
L=((feU)( fav --- (fav yU) 
x ((geU (Gb)? +» (GLU PU \( FO. f2--- fT) (F2G?- + PU). 
The second is shown to vanish as follows: 
2) a, By = (ffs. f'U)(b'e.-. AT) 
x ((feU)(fuU y+ -(faU pUY f2g?--- GU) (a, (PLU). + (GLU )T) 


(PPS PUN f'e---eU) [by D. P. (1)] 
+(CGP? - PPU NP fe...eU) 
=| +(Gf-. fUlPefic...cU) | (fe) (fa) --- (fa ypu) --- 
+(CPS -- PUY Pe..-O1f'T) 
= (LASS? PUY be... AW)((feU)( fav yp --- (fav pT) --- 
= (1—))a,f,76. 


Hence the second vanishes. The third and fourth are shown to vanish by apply- 


(63) 


ing D. P. (1) to exactly the same expressions. 
For the fifth term, 


5) 4B y=(f' bf?» PU) f'e-.-eU)((peU (PU). - -(PbU PT) 
x (@, (faU---(faU)\U )( f?6?--- 6 U) 


=($f%--- ff TY fier. .OU)((geU) (Pb). - (PLU )U )---. 


By applying D. P. (1) to the first two forms and simplifying as for 2), we 
find 
a, 8, yo = (1 —d)a, 8,76. 


i ae i —_— 
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Hence 5) vanishes, and the sixth term is shown to vanish by applying D. P. (1) 
to the same forms. 
For the seventh term, 


T) a, B78 =D (GB BU) S29 @U) 
x ((deUy ($bU)? «++ (P/U), 0, +++) 
xSP? fU)((feU)( fa --- (fav yU). 


This sum is shown to vanish for all values of & by the method used for (58), 
and the vanishing of 8) follows by the same method. 
For the last term, 


9) 48,7 = Do (fa) (S'6P? fT) 
x ((foU)( faU)?.-- (fa), o, (fa)... (fa yu) 
x(f7$?--- PU )((geU (Pb --- (PbU)T). 


The terms in which 7 > 8 vanish by the methods used for (58), but the terms 
T, (for i = 2) and 7’, (for i = 3) do not vanish and require special treatment. 


We have 7,=—(f°---/°f/ ¢U)(/f’a’ --- &U)N, where 
N=((feU), , (faU)’ --- (faU pu \(f?¢? --- dT) 
x ((peU) (Po)? --- (PbUYT)), 


(Pf PL GUY Fe OU) 
+ (aft. PFET) fefid --- @U) 
T= |+(@f*--- ff PU)/(frafrat-.-aU)|N [by D. P. (1)] 
OF PP PU fie CAPT) 
= (ffi PFET) Se dU)N + (1-2) %,. 
Hence 


al s 
Ta=( fifi. PF EU) fiat BO) N. 


If now, we interchange f? and f? and then restore the regular order of symbols, 
we get 
1 é MOU 7 
T,=—- ee fas fr Uy faU y(( feu \,(faU yy, o, (faU )*.--(faU esa 
x (96? -- #U)(($oU (POU) --- (GUT). 


Next, 7, may be written as (f’¢’... 6\U)(f*a --- aU )-P, where 
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P = ((feU)(faUy, o, (fa)... (fauyv) 
x (f'bF8 «+» PU)((beU)(gbUY --- (SUPT): 
(fg? --- PU)(f2@ ... aU) 
+ (ag... PU)(f2fra-.. aU) 
T,=|+(a¢?.-- #U)(fiafia...a@0)|P [by D. P. (1)] 
+ 7 . e ° ° 5 5 e “ 6 
+ (ap? - +» GAU YC 7 ame 7 
= (fp? ++ 60) (fie een Meena oa 


so that 7, = — 7,. 
Thus all nine terms in the second member of (62) vanish except the first, whence 


(64) G? = ot, 
Then, by (54) and (56), 

L 
AL(A—1)i(m— A) AT YM” 





(65) K?= 


where Z is given by (63), in which the symbols 7, $¢, a, 0, c belong to the 
quadratic form (3); the form (faU f =( f*a@ --- aU ... U"); the f’s (also 
¢’s and c’s) with same index are equal; the sets of symbols a’, ---, a* (also 5 
b’, ---, 6’) are equal in any two consecutive brackets of which the first has even 
index, and otherwise distinct. 

Hence K(X odd), for the space F,, is expressible rationally in terms of 
the coefficients of the first fundamental form and their derivatives, together with 
the functions U**", ..., U" (which define R, in R,) and their derivatives. 








ON THE ORDER OF LINEAR HOMOGENEOUS GROUPS* 
(FOURTH PAPER) 
eS 
H. F. BLICHFELDT 


1. In the writer’s theorems + on finite groups of linear homogeneous substitu- 
tions of determinant unity, a group of special nature called a sel/f-conjugate (or 
invariant) subgroup H plays an important role. There is a lack of complete- 
ness to these theorems due to the fact it has not been proved that #7 is actually 
less than the transitive (irreducible) group G in which, under certain conditions, 
it is contained ; i.e., the groups Gand // may be identical so far as the theorems 
are concerned. Account had to be taken of this fact in constructing the col- 
lineation-groups for the plane and space. 

The relation between G and 7 is asfollows. Let the number of variables be 
nm, and let V be any substitution of G. The sum of the multipliers of V 
(weight, characteristic) we shall indicate by (V), which, therefore, represents 
the sum of 7 roots of unity: 


n 


(V)= PD a, B; 
t=1 
Each of these roots we write as the product of one a,, whose index is prime to 
a given prime number p, and one 8, whose index is a power of p. By (V), 
we indicate the quantity obtained by replacing in (V) every root 8, by unity: 


(V),= DE 


Then, under certain conditions, as mentioned above, there is in G a self-conjugate 
subgroup /Z7 whose substitutions 7’ have the property 


ee), = AONE (mod p) ; 
from which, in particular, 
(7), =n (mod p). 
= Presented to the Society (San Francisco), September 24, 1910. 
+ The theorems chiefly concerned are as follows: Theorems 10 and 11 of the article On the 
Order of Linear Homogeneous Groups (Second Paper), these Transactions, vol. 5 (1904), pp. 
315, 317; Theorem 14 of the article On the Order of Linear Homogeneous Groups (Supplement), 
ibid., vol. 7 (1906), p. 523. These two articles will be referred to by LGII and LGS respectively. 
t{Mathematische Annalen, vol. 60 (1905), p. 214, § 16; vol. 63 (1907), p. 563, § 15. 
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2. The writer has recently been able to prove that H (or more strictly, a 
modified form of it) is actually less than G when this group is primitive, so that 
in all such cases G cannot be a simple group. Furthermore, it follows that 


n=0 (modp). 


Theorem 14 of GS may be modified to read: 

TureoreM 14’. Jf for n>1 a primitive group G in n variables has an 
abelian subgroup K of order p*=p", then G will have an invariant subgroup 
H which contains at least p*-"*' substitutions of K, but which does not con- 
tain K entirely. If T be any substitution of H, and V any substitution of 
G whose weight (V) is zero,* then 


(VT),=0 (mod p). 
Moreover, 


(T),=09, and n=0 (mod p). 


Let the substitutions of A’ be represented by S, = identity, S,, ---, Sj). 
In proving Theorem 14, LG'S, it was first proved that for at least p*~"* 
substitutions of A’,} say 


(1) S., SaaS ree 


? 


we have equations of the form 
(VS) = Cy eee exer 
V being any substitution of G’, @ a root of the equation 
ger —1=—90, 


and X, a sum of the weights 


(2) Cvs (j=0,1,--*, pe—1)5 


multiplied by integral functions of @, the numerical coefficients entering being 
integers or fractions whose denominators are prime to p. 
Now let V be any substitution of G such that (V) is zero. Then 


(3) (VS) + (1-0) X,=0 


for all substitutions S; of the series (1). 
Consider all the weights (2). 


* BURNSIDE has proved the following theorem: ‘‘In any irreducible group of linear sub- 
stitutions of finite order, other than a cyclical group in a single variable, at least one of its. 
characteristics is zero,’? Proceedings of the London Mathematical Society, ser. 2, 
vol. 1 (1903), p. 115. 

+ Attention is here called to an omission in L@S, page 524. First line below the matrix 
reads, ‘‘ Now, to this matrix may be added p*—-”+! rows ***.’’? This should read : ‘‘ Now, to this. 
matrix may be added p*—”"t! — 1 rows---.”’ 
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First, they may all vanish, whatever be the substitution V chosen, so long as 
(V) vanishes. By the arguments of §7, 1 GJZJ, all the substitutions of A and 
all further substitutions Z’ of G for which (V 7’) vanishes, form a group //, 
self-conjugate in G. If H had any weight (W) which vanished, then every 
(WT) would vanish, and therefore every (7). But this is impossible, since. 
(S,) =n. Accordingly, every weight of /7 is non-vanishing, and therefore [7 
is intransitive, by Burnside’s Theorem. It follows by Theorem 8, 1 GJ, and 
by Burnside’s Theorem that // is composed of similarity-substitutions. 

Second, the weights (2) do not all vanish. By (8), some of them are 
divisible by 1 — @, the quotient being expressible as a linear function of a 
finite number of roots of unity, no numerical coefficient entering having a 
denominator which is divisible by p. Assume that all the weights (2) are 
divisible by (1 — @)*, whenever V represents a substitution of G whose weight 
is divisible by (1 —0@)*, & ranging through the values 0,1, 2, ---, m; but 
that the weights (2) are not all divisible by (1 — @)”"** whenever ( V) is divisible 
by (1—@)"*'. In general, we should not expect m to be greater than zero. 
Now, all the substitutions 7 of G for which 


re re — Oe 
whenever 


(V) =(1— 8)" F, 
form an invariant subgroup H. To /H belongs the series (1), but not the 
entire group A. 

Since G is assumed to be primitive, 7, if not composed of similarity-substi- 


tutions, must contain a substitution W whose weight vanishes (Theorem 8, 


LGITI, and Burnside’s Theorem), Then 
(WT)=(1-—0)""Z 
for every substitution Z’ of /7; i. e., every 


(WT),=9 (modp), 
and therefore every 
(7),=9 (mod p). 


The Theorems 10 and 11, 2 GJZ, may be modified in like manner to read 
that the self-conjugate subgroup /# is less than G’, the latter being primitive. 
In addition, 

(7), =9 (mod p) 
for every substitution of 7. 

3. One of the most important problems in the theory of linear homogeneous 
groups is the determination of the maximum order; i. e., the fixing of a supe- 
rior limit to X in Jordan’s Theorem, the number of variables being given. The: 
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limit known * can now be greatly reduced in special cases. Let G be a primi- 
tive group, n the number of variables, and pa prime. Then, using Theorem 
14’ in conjunction with Theorem 9, 1 G‘Z/, we can prove the 

Corotuary. If p and n are prime to each other, the highest power of p 
which divides the order of G must divide n! p"'. 

If n =p, an invariant subgroup /7 (assumed to contain and to be greater than 
the group of similarity-substitutions of order p) must be of order p* and cannot be 
abelian, G being assumed primitive. Writing 4 in monomial form we readily — 
find that, if & > 3, it possesses one, and only one, invariant of degree p which can 
be factored into p linear factors. In sucha case G cannot be primitive. Hence, 
HZ is of order p* (or p* when considered as a collineation-group), being generated 
by the substitutions 


vA . an’ =a Aas: Aa. ks. at ak lq : Ui 1 0 4 
. OT ean 0 ae “99 5 Si ae ‘p? 6 ike 5 
, , 4 
B: a =; XL, = 255 SOO. v, =a. 


The order of G is a factor of (p? — 1) p-p? when considered as a collineation- 
group. The corollary above is therefore true also when n = p> 2. 

THEOREM 17. Let G be a primitive collineation-group in n variables, n 
being a prime>1. Then the order of G is a factor of 


4 nl (QeBe..sepes..)?, 
( ] 


2,3, +++, p, «++ being the different primes not greater than the greater of 
the numbers 4n —3,(n—2)(2n +1). The only exception is the octa- 
hedral group of order 24 in two variables. 

It will be noticed that a transitive group in a prime number of variables 7 is 
either primitive or of monomial type. In either case, the corresponding Jordan 
factor X must divide the number (4) if n> 2. 





*See LGII, pp. 310, 320-321, and On Imprimitive Linear Homogeneous Groups, these Trans- 
actions, vol. 6 (1905), p. 232, for an upper limit for all transitive groups. SCHUR has given 
an upper limit when the weights belong to a given field: Sitzungsberichte der Kgl. 
Preussischen Akademie der Wissenschaften, 1905, p. 77 ff. 

Tt LGS, p. 528. 





THE METRICAL ASPECT OF THE LINE-SPHERE TRANSFORMATION* 
BY 
JULIAN LOWELL COOLIDGE 


The line-sphere transformation of Sophus Lie, first described in his remark- 
able article, “ Ueber Complexe, insbesondere Linien und Kugelcomplexe, mit 
Anwendung auf die Theorie partieller Differentialgleichungen’’+ derives its 
interest from two causes. Firstly, lines and spheres are the simplest four- 
dimensional geometrical manifolds with which we have to deal; it is interesting 
to establish connections between them. Secondly, intersecting lines correspond 
to tangent spheres. The consequence usually drawn from this is that the line- 
sphere transformation falls under the general type of contact transformation, and 
has the beautiful property of carrying asymptotic lines over into lines of curva- 
ture. These facts are of capital importance when the subject is approached from 
the point of view of Pfaff equations. But we may adopt a different point of 
view, and then the question naturally arises: ‘Can not the correspondence of 
intersecting lines with tangent spheres be made to appear as a special case of 
some more general relation connecting the distances of lines with the angles of 
intersection of spheres?” It is the object of the present paper to answer this 
question affirmatively, to develop as far as possible the relations between the 
metrical properties of line and sphere systems, and to bring the two into the 
closest possible connection. ¢ 

Before proceeding to our task, two words of caution are necessary. First, as 
the angles between spheres appear most naturally through their trigonometric func- 
tions, the corresponding line-functions are found most elegantly in non-euclidean 
space, where distances usually appear in trigonometric form. Secondly, the 
group of contact transformations that carries lines into lines and keeps dis- 
tances invariant depends upon six parameters, the group that leaves the angles of 
spheres intact is a ten parameter group, isomorphic with the quinary orthogonal 
one. We must, therefore, introduce some seemingly arbitrary restrictions, i. e., 

* Presented to the Society December 29, 1910. 

+Mathematische Annalen, vol. 5 (1872). - 

{Since this paper was written my attention has been called to one written in a similar spirit 
by SEGRE, Sulle geometrie metriche dei complessi e delle sfere. Atti della R. Accademia 
delle Scienze di Torino, vol. 19 (1884). It is to be noted that SEGRE deals with non- 


oriented spheres, and euclidean line space, so that he is only able to establish a certain similarity 
in the formule, not an identity as in the present case. 
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assume the invariance of certain additional relations in our sphere system, in 
order to scale our group down to the proper size. 


§1. Tae Line Space >. 
In a three-dimensional space >> let a point have four homogeneous coordinates * 
Ei bie oss 
The system of measurement shall be of the elliptic type, the equation of the 
Absolute 
ie, 


(1) D2 ih 


u 


The unit of measure shall be so chosen that the distance d of (€) and (7) is. 


given by 
Daren 
J Sey Sn 


In like manner the angle @ of the two planes 








(2) cos d = 


Owes Ohad 


3 
Dd, %€,= 05 So, 


will have as cosine 


OxnenS 
Ds U;U; 
i 


(doe SES alae 
Sl Sv 
é i 


A line (p) shall be given by its six Plicker coordinates 








(3) cos 6 = 


(4) Pou? Por * Pos * P23 * Pa * Pi2s PP toe E.n, iar Eon; = 4,0, ne 

where the numbers 4, / are complementary to 7, j in the system 0,1, 2, 8.. 
The polar of (p) with regard to the Absolute, or as we shall say, its absolute: 
polar will have the coordinates 

(5) Pi; ptt Meh 

The condition for the intersection of two lines (p) and (¢) will be 


(Ne aa 
(6) a Fite 0. 

ijk 
Each will intersect the polar of the other with regard to the Absolute if 


(WS oe 
(7) 2X Pi ly = 0. 


* The developments of the present section will be found at greater length in chapters IX, X_ 
of the author’s Elements of Non-euclidean Geometry, Oxford, 1909. 
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Both expressions will vanish if they intersect orthogonally. A line will touch 
the Absolute if 


0..-3 
(8) DS Pi ie 
ij 

The expression 

Oe 

2, Py Cea 
®) eo 

2 Py Vij 


will be an absolute invariant under the group of all congruent transformations 
of space. What will be its meaning ? 

Two lines in elliptic space have two distances, the distances of their intersec- 
tions with either of the two lines that cut them both orthogonally. They have 
also two angles, the angles of the pairs of planes determined by the given lines 
and by each of these perpendiculars. Let one perpendicular cut the two lines in 
(€) and (&), the other cutting them in (7) and (7). We have for the product 
of the cosines of the distances d, and d, of the lines 

Oca 8 
Sy Z Peep) 
a ee Ss RS a 
(sey sn lee lou 
Now, since the pair (&)(€&') are orthogonal to (7)(7’), i. e., each point lies in 
the absolute polar plane of each point of the other pair: therefore 





cos d, cos d, = 


2 


OL Sass Oigapre: Un. 3 Oietenhe 
dD bn. = Do bn = Do b= 297, = 9, 
a a i i 
\ eng Oearao Der nce 
Dare De ay Dy &.E; Pay 1259 
Oy] v v 
enc) ; Oeiaeo Ovnec 
De Perma £2 ye 
aj i i 
Ovens 
Do Py Py 
uy 


cos d, cos d, = SFE >=== 


| Mas Pin 3) Ds, 
ij 
For the product of the sines of the distances we ne likewise 
Pes? Se eret in. 0.2.8 2 "5 O23 Oonae Ae 
yrede-(Sae) VE Se-(S an) 
OREOny a Wie: 3 Dawes) : 
ADEN Sa Se a) Sx; 











’ 








sin d, sin d, = 
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2 





| 3 (ype) | = Len 


trl 
Oconee Pie th: 2 Owe ‘ 2 Or Necd rena Me UNer ceca) ; 2 
-| Se de-( See) | Sade Lan) | 
E 7 v v v a vu 
therefore, 


sin d, sin d, 


(10) J= 


—___—_—* = tan d, tan d,. 
cos d, cos d, L : 

We may say, in particular: for oblique intersection, J vanishes ;. for the 
intersection of each line with the absolute polar of the other, J is infinite; for 
orthogonal intersection, J is indeterminate ; when the two distances of the lines. 
are complementary, J equals unity. 

The angles of two planes are equal to the distances of their absolute polar 
lines. But our expression (9) is unaltered if each Plucker coordinate be 
replaced by its complementary. Hence also 


(11) J = tan 6, tan 6,. 


The first interpretation is, however, the one which we shall follow in the present. 
paper. 

Two lines shall be said to be parallel * when they intersect in a point of the 
Absolute, they are pseudo-parallel+ if they lie in a plane tangent to the 
Absolute. The necessary and sufficient condition for the existence of one of 
these relations is that the lines should intersect, and that there should be only 
one line of their pencil tangent to the Absolute, 


Ouse Wee | Weaye Nee 2 
(12) > Py Ca = Ds pe Dy Vn — ( Mae Pt) = 0. 
ijk aj aij ij 


Two lines shall be said to be paratactict if they intersect the same two gen- 
erators of the same system of the Absolute. What are the Plucker codrdinates 
of such a generator? 

The coordinates of a point of the Absolute may be expressed thus, 


E208, 2 8,208, = (Ay My — Ay My) 2 (Ay My HO Ay My) OA My Ay M) § A My — Ay) 


The Plucker coordinates of the generators of one set, which, for definiteness 





* This is Lobachevski’s form of parallelism. 

{ This word seems to have been coined by Stupy, Ueber Nicht-Euklidische und Linien Geometrie, 
Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 15 (1906), pp. 
489-490. : 

{ The more usual name is Clifford Parallel. For ‘‘ parataxy ’’ see StuDY, loc. cit., or another 
article of same title, ibid., vol. 8 (1902), p. 317. 
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we shall call the /e/t, will be 
(18) Cy = C33 = 2A, ry; Uy = ly = UAT + A})s dog = Uy = (AL — AQ )5 
the right generators may similarly be written 
(14) Py = N= 2H, My P= — "= 1 (Hi +H2)> Tg=—Tp=—(Hi— #2) + 
Two lines (p) and (p’) will be left paratactic if 

Pu + P23 = P (Pur of Pos) 
(15) Po + Pa = P( Poe Sf? Be )s 

Pos + Pi = P( Pos + Piz): 
For right parataxy we have similarly 

Por — Pos = 7 (Por — Pas) 
(16) Porigal 3) = T (Pos — Par) 

yaar) a oem T( Pos i Pia) : 


For parataxy, right or left, we have 
Oeste Wee 2 ORs Oia. 3 . 
(17) | 2, PyPu= 2d, PyP's | = | pz Dall Nae: \; 
ajk aj Ui y 


and from this equation it will appear that when two lines are paratactic, their 
distances and angles are equal. Conversely, when the distances are equal 


Yee Son E (6 + on;)(p&; + on; ) 
Vea (Se VEu {Su VE cetona/E cer tony 


There are thus oo pairs of points whose distances are the distances of the lines,. 

















the lines have oo' common perpendiculars, and so are paratactic. 
It is better for our present -purpose not to use Pliicker codrdinates, bat the 
Klein codrdinates related to them as follows : 


Por = P(% + ts), Pog = P(X) — 12), 
(18) Pu = P(%, nf im.) Ps = P(@, — t,), 
Pos = P(#, + i; ), Piz = P(®, — Ww, ). 


Here ¢ is a square root of — 1 whose value is supposed to be well determined.. 
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We have then 

= T( Py + Pos) @, = F1( Dy — Pos) 
(19) vars T( Pop + Py), oa an ot Pos —Py)> 

@, = F( Pog ap ute): @, = ot Pry — Po) 
The coordinates x, :«,:#, are proportional to the three non-vanishing Pliicker 
coordinates of the lines through (1,0, 0,0) left paratactic to the given line, 
while «, : «,: w, are thenon-vanishing coordinates of the right paratactic through 
the same point. We get the Absolute polar of a given line by changing the 
signs of the first three, or last three Klein codrdinates; it will be more con- 


venient to adopt the latter alternative. Let us write our general scheme of 
formule in the new coordinates. Intersection of two lines: 


Yo + @Yy + XyYy t+ Hy t+ LY, + %sYs=(ty)=0, (ae) =(yy)=0. 
Each intersects the absolute polar of the other if 
Yo UY, + VY, — LyY3 — UY, — UY, = (x|y) = 0, 
(ay ) 


aly) 





Orthogonal intersection : 
(wy) = (aly) = 9. 
Parallelism or pseudo-parallelism : 
| (wy) = (#|@)(yly) — (ely =0. 
Right parataxy : 
ay am ie £9 v5 = Y;5° 
Left parataxy : 
P Uy 99% oat Le = Yo° 
Parataxy in general: 


[(2y) = (aly) = (2% 


Left generators of Absolute: 





xy ly 


Cee pe te ANG 
Right generators of Absolute : 


Ce re 


We shall refer to these formule as set (20). 


§2. SPHERE Space SV. 


In a three-dimensional euclidean space S let a point have the homogeneous 
rectangular cartesian coordinates 7: y:2:¢. The equation of any sphere may 
be written 


(21) ta, (e+y+2+0)+a,(e?+y4+7—)+a,(2x0)+x,(2y)+0,(22)=0. 
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The radius will be 





(22) t= ——— 
Ww, + @, 
The centre will have coordinates 
(23) ery:2:t=—#,:—%,:— 4:1, + @,. 


Let us next assume that the radius may be either positive or negative, and say 
that a sphere has been oriented when the sign of the radius has been deter- 
mined. A plane shall be said to be oriented if the normals have an assigned 
sense. Hereafter the words sphere and plane shall be taken to mean oriented 
sphere and oriented plane. Let us write 





2 271.3 2 42 12 
(24) w= — (2; + 9 -+ w+ @, +05), 
so that 
Re 
ww, + &, 


We see that an oriented sphere has six homogeneous codrdinates 
ee oe. cies 5 (wr) = 0. 


The angle of intersection @ of two non-oriented spheres being given by 


ae nrott 


se UY; 


i 


cos 6 = 








Ey Re Fiske ce 
vl END 
we shall define as the angle of intersection of two oriented spheres (a ) and (7) 


1.65 

De Yi; 

(25) 6 = cos-t —__.. 
— %Yo 

They shall be said to be tangent if cos? @= 1 and to touch if cos@=1. Two 

tangent spheres whose radii have like signs will touch if their contact be 

internal. 

If one of the oriented spheres be a plane, (25) will give the angle between 
the directed normal and the internal direction of the radius, if the latter be pos- 
itive, otherwise the external direction. If both spheres be planes we have the 
angle of their directed normals. Let us replace (25) by the more convenient 





wy) 
(26 sin? 16 = (ey, , 
Trans, Am, Math. Soc, 4 
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The condition that two spheres should touch is 


(27) (ay) = 0. 


If we reverse the signs of ~,: v,:«@, we get the reflection of the given oriented 
sphere in the origin. We shall understand by reflection of a sphere the opera- 
tion which replaces each point: by its reflection and does not alter the orientation 
of the radius. If 6’ be the angle which each of our spheres makes with the 
reflection of the other in the origin, we get the fundamental formule 


(28) sin? 9 = 21) 4p (wy) sin’ $0 


2, Yq ~ (ly) sin? 30" 





This last equation has a meaning even in the case of null spheres. If two proper 
spheres have radii 7, 7,, while the distance of their centres is d and their angle 


of intersection is 0, 
Lire 
a7 “ »D TY; 


0 4 
—> stm : ; 
(te, + ©,)" — (tx, + ,)(Y% + Y;) 





d’=r + ri — 2rr, cos 0, Cv—r= 


When the sphere () becomes null with a finite centre, the expression on the left 
is the power of that centre with regard to the other sphere; on the right the first 
term disappears. Hence when (2) is a null sphere with finite centre, and (y) 
is a sphere of finite radius, our invariant J is the ratio of the power of the centre 
of (x) with regard to (zy) to its power with regard to the reflection of (y) in the 
origin. When (yz) also becomes a null sphere J is the ratio of the square of the 
distance of centres of (x) and (vy) to the square of the distance of each from the 
reflection of the other. 

This deduction is still at fault if (@) be a null sphere, and (y) a plane. 
Starting with the case where (x) is a null sphere, and (y) a sphere of finite 
radius, the power of the centre of («) with regard to (vy) divided by the radius 
of the latter is 

2 (ay) 
(ta, +; )Yy 
The limit of this expression as iy, + y, = 0 is the distance from the centre of (a) 
to the plane (y). Our invariant J will thus give the distance from the centre 
of (x) to the plane (vy) divided by its distance from the reflection of (y) in the 
origin. The only cases where there is no geometrical interpretation for J are 


where either 
0, == 10) + eo, = 0 or y= 1y, + y= Os 


Here one at least of the two spheres is a self perpendicular plane (or the plane 
at infinity) which does not make any particular angle with any thing, and is not 
at any particular distance from any point not in itself. 
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§ 3. CORRESPONDING EXPRESSIONS. 


bat 
Line. 


Polarization in the Absolute. 


Definition. 


S 
Sphere. 
Reflection in the origin. 


The non-special linear complex in = given by the equation 


a, = 0 


shall be called the notable complex. 


The line whose Klein coordinates are 


ues lis 02.050) 


shall be called the notable line. 
notable complex. 


Line of the notable complex. 

Polar lines with regard to the notable 
complex. 

Notable line. 

Lines meeting notable line. 

Lines of notable complex meeting not- 
able line. 


Product of tangents of distances of 
two lines, neither of which belongs 
to notable complex. 


Product of tangents of distances of 
line belonging to notable complex 
but not intersecting notable line, 


and line neither belonging to com-. 


plex nor meeting notable line. 

Product of tangents of distances of 
two lines of notable complex neither 
of which meets notable line. 


Product of tangents of distances of 
line meeting notable line but not 
belonging to notable complex and 
line belonging to complex but not 
meeting notable line. 





Notice that the notable line belongs to the 


Null sphere. 


Spheres differing only in orientation. 


Plane at infinity. 
Planes. | 
Self-perpendicular planes. 


Ratio of square of sine of half-angle 
of two not null spheres to square 
of sine of half angle which each 
makes with the reflection of the other 
in the origin. 

Ratio of power of point with regard 
to a proper sphere, to its power 
with regard to the reflection of that 
sphere in the origin. 


Ratio of square of distance of two 
points to square of distance of each 
from the reflection of the other in 
the origin. 

Ratio of distance of point from plane 
to its distance from the reflection of 
plane in the origin. 


These four correspondences are the most important established in the present 


paper. 
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Intersecting lines. 
Orthogonally intersecting lines. 


This last correspondence holds only in the general case. 
reader the task of working out the special cases. 


same orientation. 


Pencil of lines not belonging to the 
notable complex. 

Pencil of lines of notable complex not 
meeting notable line. 
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Touching spheres. 
Touching spheres, each of which 


touches the reflection of the other. 


We leave to the 
Touching planes have the 


Pencil of touching spheres. 


Pencil of null spheres through an 
isotropic line. 


It will be convenient to call an isotropic or self-perpendicular line an zsotropic 


merely. 


The center of the null sphere on the right will lie on the isotropic. 


The infinite point of the isotropic will correspond to the line of the pencil that 


meets the notable line. 


Pencil of lines of the notable complex 
which includes notable line. 





Pencil of parallel self-perpendicular 
planes. 


If we consider a point in = every line through it intersects every line of the 


notable complex through that point, and the same is true of the lines in a plane. 


Point and polar plane in null system 
of notable complex. 


It is more usual to say that a point in 





Spheres containing isotropic. 


> 


ao! 


corresponds to an isotropic in S. 


If this mean that there is a one to one correspondence between them, well and 


good. 


But if it mean that the lines through a point are in one to one corre- 


spondence with the oriented spheres through an isotropic, it is certainly incorrect. 


Incidentally let us give the correspondence previously mentioned. 


Asymptotic line of a surface. 

Quadratic Regulus in notable complex 
whose lines do not meet notable one. 

Conjugate regulus. 

Conjugate reguli, not in notable com- 
plex. 


There are certain special lines worth 


Left generator of Absolute. 
Right generator of Absolute. 
Left paratactic lines. 


Right paratactic lines. 


Line of curvature of a surface. 
Points of a circle. 


Spheres through same circle. 
Conjugate generations of a Dupin 
cyclide. 


remarking. 


Sphere whose centre is origin. 
Self-perpendicular plane through origin. 
Spheres of equal radius and centres 





equidistant from origin. 
Spheres whose centres are collinear 





with origin. 
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Theorem 1). 
If two not mutually absolute polar 
lines intersect orthogonally two 
other such lines, they will be para- 
tactic and have an infinite number 
of common perpendiculars which 
are paratactic in the other sense, 
The latter will generate a regulus; 
whose conjugate consists of paratac- 
tic lines including the original two. 
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Theorem 1’). 

If two spheres, not the reflections of 
one another in the origin, touch two 
other such spheres, and their reflec- 
tions, then either their radii are 
equal, and their centres equidistant 
Srom the origin, or they have their 
centres collinear with the origin. 
They will touch an infinite number 
of other spheres and their reflections 
in the origin. These will be one 

generation of an anchor ring whose 

center is the origin, the conjugate 
generation will include the original 
two spheres. 


The theorem on the right is intuitively evident if we draw any sort of a picture, 
that on the left is one of the fundamental propositions in the theory of Clifford 


parallels. 
intersect in a pair of the other set also. 


Theorem 2). 

Tf one set of generators of a quadric 
be paratactic, the other set are para- 
tactic in the opposite sense. 





If two quadries intersect in a pair of generators of one set, they will 


If one be the Absolute, we have 


Theorem 2’). 

If one set of generating spheres of a 
Dupin cyclide have equal radii, and 
their centres equidistant from a 
fixed point, the other set have their 
centres collinear with this point and 
vice-versa. The cyclide is, under 

these circumstances, an anchor ring. 


The surface on the left is named after the mathematician to whom we owe 


parataxy. 
Clifford surface. 


Theorem 3). 

Through a given point and in a given 
plane there will be, in general, one 
left and one right paratactic to a 
given line. 


Line tangent to Absolute not at a point 
of notable line. 





Anchor ring whose axis passes through 
the origin. 


Theorem 3’). 

Through a given isotropic two spheres 
can, in general, be passed having 
their centres on a given line, and 
two of equal radius whose centres 
are equidistant from a given point. 

Sphere whose centre is at null distance 
from the origin. 
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Pencil of tangents to Absolute not at 
point of notable line. 


Line tangent to Absolute at point of 
notable line. 
Pencil of such lines. 


Point of Absolute and its polar in the 
notable complex, or plane tangent 
to Absolute and its pole in notable 
complex. 

Parallel:or pseudo-parallel lines. 
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Pencil of spheres through two isotrop- 
ics which are in a self-perpendicular 
plane and reflections of each other 
in the origin. 


Self-perpendicular plane. 


Pencil of parallel self-perpendicular 
planes. 

Isotropic whose plane with the origin 
is self-perpendicular. 


Touching spheres one of whose com- 
mon isotropics determines, with the 
origin, a self-perpendicular plane. 


We get a good deal of light upon our correspondence by considering the cor- 


responding transformation groups. 


Group g,,/,, of collineations and cor- 
relations. 

Group g,/,, where g, includes all con- 
gruent transformations, and A, is 
product of g, and absolute polariza- 
tion. 


Group g, is composed of sub-group ¥, 
which permutes the members of each 
set of generators of the absolute, 
and the assemblage 7, which inter- 
changes the two sets. 


The group y¥, is the product of two in- 
The for- 


mer is the group of left translations, 


‘ Aaa 
variant subgroups ¥, 75. 


which keep all left generators of the 
absolute in place, the latter is the 
group of right translations. 








Group g,,/,, of contact sphere trans- 
formations. 

Group g,/, keeping invariant the as- 
semblage of all spheres which either 
have their centres at the origin, or 
are self-perpendicular planes through 
the origin. 


Group g, is composed of sub-group ¥, 
which permutes the spheres whose 
centres are the origin, and the self- 
perpendicular planes through that 
point, and 7, which interchanges the 
two systems. 

The group y, is the product of two in- 

The for- 


mer is the group of all rotations 


variant subgroups ¥,‘¥,. 


about the origin, the latter carries 
each sphere into another whose cen- 
tre is collinear with the given centre 
and the origin, and leaves each self- 
perpendicular plane through’ the 
origin in place. 
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$4. THe LingEarR CoMPLEX. 


Suppose that we have in >> a linear complex, 
(29) (aes) == 0. 


The corresponding complex in S may be classified as follows : * 


Sac 5 
2 
a) Baer ilk 
a 
here we may write 
A, 0, + A,0, + A,%, + U0, + O,0, a, 





. 50a ae ieee 
= 2 : 2 
ess at if da 
a a 


This shows that the spheres of the complex cut the fundamental sphere (or 
plane) with coordinates 








eye 
i Daas Us 00: Ot Gre 
t 


at the fixed angle 








cos~! —__°__., 
areas 
iq) da 
t 
b) hea 


The spheres are orthogonal to the fundamental sphere, which is null if 


Yi5q? = 0. 
fare 
c) a, 10; id, +a, +0, > v@=0. 


The ratio of the power of a fixed point to the radius of the sphere is a constant 
for all spheres of the complex. The fixed point may be taken as the centre of a 
fundamental null sphere. 


apa) ats 
d) Goa 0, id, -¢,=0, >~ @=0. 


Spheres are invariantly related to a certain self-perpendicular plane. It is not 
easy to give a description of this invariant relation. 


eS Oa ee Me 


€) a 3 ; 


The complex of all oriented planes. 


J) (=¢,=a,=a,=a,— 0. 


The complex of all null spheres. 


* Conf. SNYDER, Uber die linearen Complexe der Lies’vhen Kugelgeometrie, Gottingen, 1895, and 
P. F. Smita, On the Surfaces enveloped by Spheres belong into a linear Spherical Complex, Trans - 
actions of the American Mathematical Society, vol. 1 (1900). 
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This complete classification is by means of invariants of the group of motions 
and inversions, and not by invariants of our group g,,. Let us seek for 
another definition of the complex. 

In our space >> let us take the non-special complex (29) and find the polar 


with regard to the corresponding null system of a line (y). This will be 


(80) py, = (aa)y, — 2(ay)a,. 


When will the lines (7) and (y’) also be mutually absolute polar? Clearly they 
must be polar with regard to the absolute polar complex 


(ate) = 0 


and so the directrices of the linear congruence determined by the two complexes. 
Let (7) be the coordinates of a line sought. Then if we write 


(31) (aa) =/tenaye —1s+VY1-/H=1l. 

MiMi silyl; =(A41) ay:(A41) a,:(A41) a,:(h—l) a,:(h—l)}a,:(h—l) a,. 
The two lines found from these equations shall be called the ames of the complex, 
the corresponding spheres, the awial spheres. Certain special cases must be 
taken up at once, as (81) will not always hold. 


If the complex be self-polar with regard to the absolute, our method of find- 
ing the axes breaks down. We see, in fact 


dy = Gia Gael or d=d,—d4,—= 0, 


In the former case, from (80) and the relation of the absolute polar lines, 





(i=3, 4, 5), 


(aa)y; = (ay)a;, Y¥;,=a;- 


We may take as an axis any line (7,7,7,4,@,a,); in the latter case any line 
(@,a,4,7,7,7,) in other words, any line of a definite paratactic system. If 


(aa) =0, (ala)+ 9, 


the complex is special, and the axes are the line met by all lines of the complex, 
and its absolute polar. If 


(aa) + 0, (aja)=0, Li hic 0), 
the equations for the axis become 


Pye Ty? ts 


27,3 7,3 7; = A): A+ A,+ 1A, + UA, 2 Ua; 


the quantity 7/h is replaced by i. If 
(aa) =(ala)=0, 
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the axes are (a) and its absolute polar, two lines touching the absolute at the 


same point. 
Absolute. 
absolute. 


If h=1, the axes fall together into a right generator of the 
If h = —1, the axes fall together into a left generator of the 


We shall mean by a general linear complex one which has a single definite 


pair of axes, not touching the absolute, nor lying therein. 


may write 


In such a case we 


(rw) =h(ax)+U(alex), 


(7 





(32) 


(70) 


(re) mie 





Theorem 4), 

A general linear complex may be gen- 
erated in two different ways by a 
line so moving that the product of 
the tangents of its distances from a 
fixed line is constant. The two 
fixed lines which may be so used 
are mutually absolute polar, and the 
two constants are reciprocals.* 





2) =h(a|x)+l(ax), 
(r|7r) = 27 [h(aa)—(aja)], 


if (axe) == 0%, 


Theorem 4’). 

A general linear complex may be gen- 
erated in two different ways by a 
sphere so moving that the sine of its 
half-angle with a given sphere bears 
a fixed ratio to the sine of its half 
angle with an equal sphere. 


The general linear complex has an interesting sub-class. 


General linear complex whose axes 
belong to the notable complex but do 
not intersect the notable line. 


The absolute invariant /// has, in = a most interesting significance. 
that the axes are the two lines €, = & =0 and &,=& =0. 


infinitesimal screw motion about them 


Complex of spheres with regard to 


which two fixed points have powers 
in a constant ratio. 


Suppose 
Let us take an 


f= § + 6,00, 
f§=—£,d0+6,, 
&= §+ &d¢, 
f= —6,.do + &,. 
The expression d¢/d6 will be the pitch of the screw with regard to &, = € = 0. 


* A similar theorem will hold for the linear complex in euclidean space, see SEGRE loc. cit. 
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If (7) be a point of the absolute polar of the line (&)(&) 
Ones 0.2.8 
Dy §.1,= DHE T= 0; 


(E07, se E,n,)d0 at (€,05 a E,n,) dp =. 


A line through (&) perpendicular to the direction of instantaneous motion will 
belong to the linear complex 


Py C9 + pdb = 9, (d0 + ddh)x, + i(dé—dd)x,=9. 
This axis of the complex has the codrdinates 


(72 ) dd 


(r[a) do’ 





(1:0: 02-9203 08" 


Theorem 5). Jn a general linear complex the product of the tangents of the 
distances of the lines from an axis is equal numerically to the pitch, with regard 
to that axis, of the instantaneous screw motion associated with the complex. 

It will thus be convenient to define our invariant as the pitch of the complex. 
Let us revert to (82). These equations were independent of the relation 
(wx) = 0. 

(ar) =h(aa)+l(ala), 


(33) (a|\r) =h(ala)+1(aa), 
(r|r) = 2l[ h(aa) —(a|a)]. 


Now let (vy) and (y’) be two lines mutually polar with regard to the complex 
(i. e., polar with regard to the accompanying null system). We get from (30) 


(ry) = (aa) (ry) — 2 (ay) (ar) 
= — (ay) [2i(a| a) + h(aa)] +l(aa)(aly), 
(ry) = (aa)(r|y) — 2(ay)(r |r) 
= —(ay)[l(aa) + 2h(a|a)] +h(aa)(aly), 


(ry) _ (ay) +1a]y) 
(rly) l(ay)+h(aly)y’ 


(rz) uf [27(a|a) + h(aa)|(ay) —l(aa)(aly) 
(r |y') = [2h(ala) + laa) (ay) — Baa (aly) 


Eliminating (ay )/(a|y), and remembering that 











(aa) =h(a|a), Y Soh Rl bd ens 
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we have 

(ry) (ry) _ P 

(34) J ve 
(rly) (rly) oh 

Let us also remember that two lines which are mutually polar with regard to a 

linear complex lie with the axes upon a quadratic regulus. 


Theorem 6). Theorem 6°). 
The polar of a line with regard to a | The polar of a sphere with regard to 





general linear complex lies with it 
and the axes on a quadratic regu- 
lus, and the product of the tangents 
of the distances from an axis to 
two such polar lines is the square 


a general linear complex lies with 


_ it and the axial spheres in one gen- 


eration of a Dupin cyclide, and the 
product of the squared sines of the 
half angles which two such polar 


spheres make with one axial sphere 
divided by the corresponding prod- 
uct for the other axial sphere is the 
square of the pitch of the complex. 


of the corresponding pitch of the 
complex. 





Unfortunately a line is not uniquely determined if we know a regulus whereon 
it lies, and the product of the tangents of its distances from a line of the regulus. 
Nevertheless, this theorem enables us quickly to determine the coordinates of 
the polar of a line with regard to a linear complex. If the axes be (7) and (7’) 
any regulus containing them may be written 


v= pr, + 2pos,+o'r.. 
eee tt Jee ra) (48) = (ss) — (rr) 0, 
If (vy) and (7) be polar lines with regard to the complex 


(m7) = (|r). 


Cry me ry) ceo F Oh tee ve 
CANE GAT) 7 ay cae an | (SIC 
We must choose the upper sign, as we see by a continuous change from the case 
where (vy) and (7) fall together. When all quantities and all lines here involved 
are real, the two polar lines will be separated in the regulus by the axes if 
Z/h <9 and not separated if l/h>0. 

Suppose that we have two linear complexes 


(ax)=0, (Zea Oe 





They have several absolute simultaneous invariants of which the simplest is 


( ad) 
(aja’)’ 


y= (h + L)a,, 19 T = (h—lU)a,, 
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r=(V+7U)a\--- 


[January 


r,=(h —T)a,, 


(rr’) =(hh' + W’)( ab) + (Al 4+ Ih’) (a|b), 


(iro) 


= (hh’ + W’)(a|b) + (Al + Uh’) (ab), 








Lees , , 
(aa’) Cl Tx m5 (dl + Ul’) — (Al’ + Ih’) 
(a a|a’) ; (7r’ ) : fy 
| (hh +) = 7 (i + lh’) 
If we write 
1 l’ : 
iA =P, i P m 
(ry 


(a6) EAs 





—a oy (1 + pp’) —(p +2’) 





(a|b) 


Theorem 7) 

Two general linear line complexes are 
in involution if the product of the 
tangents of the distances of two axes 
is equal to the sum of pitches divided 
by the product thereof plus one. 


(lee 





i A (? se 


Theorem 7’) 

Two general linear sphere complexes 
are in involution if the square of 
the sine of the half angle formed by 
an axial sphere in each, divided by 
the square of the sine of the half 
angle of the other axial spheres, is 
equal to the sum of the correspond- 
ing pitches divided by the product 
thereof plus one. 


Let us look briefly at the hitherto excluded case of the complex which is its 


own absolute polar. 


Here in S we have oo” axial spheres which either have the 


same radius and their centers at the same distance from the origin, or all have 
their centers on one line through the origin. In the former case the complex is. 
transformed into itself by any rotation about the origin, in the latter by any 
For if 


transformation of y,. In the former case we shall have a pitch —1. 


the axis will be a,:4a,: Gents 


Gb re: 
(re) + (r|e) = 2(av) = 90. 

If (aw) be a line of the complex 

ae 


rj) 


—1. 
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The centre of a radical sphere will have the codrdinates 


Ske == Ih 


3 
ORES ae | . ir 5 ce eae he 
1a, + a, ua, + a, 1a, + a, 


4 an 





The square of its distance from the origin will be 


—(a +a,+ 4) 
(ia, + a,)” 





since (rr) = On 


The radius of this sphere is 


(ia, + a,)) 


The power of the origin with regard to this sphere is 


— (4, + 4) 
(ia, + a,)?” 








and this is the square of the radius of the fundamental sphere. 

Theorem 8). When the centre of the fundamental sphere is midway between 
the centres of the axial spheres, the former cuts the latter orthogonally, and the 
pitch of the complex is equal to — 1. 

Suppose next that 


The axial spheres will be any two spheres, symmetrical with regard to the 
origin, 
Paes? Oy 2 as, (Nie A 


(rx) Ey 


CEA 


‘The radical plane of the two axial spheres is 0:0:0:a,:a,: a,. 

Theorem 9). When the fundamental sphere is the radical plane of the 
axial spheres, the latter may be replaced by any other two spheres symmetrical 
with regard to the origin, and having the same line of centers, and the pitch 
of the complex equals 1. 





As a matter of fact we have a great deal more freedom in choosing our axial 
spheres in the present case, for, as the complex consists in the assemblage of all - 
spheres orthogonal to the fundamental plane, it will be carried into itself by 
every translation parallel to this plane. We see, more generally, that when the 
spheres of the complex cut the fundamental sphere orthogonally they make equal 
angles with any two spheres mutually inverse with regard to the fundamental 
sphere. 

Any linear complex which is not special may be carried into the complex 
, = 0 by a transformation of the group g,,. 
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Theorem 10). Theorem 10’). 

The intersection. of two linear com- | The locus of points whose powers with 
plexes is a linear congruence whose regard to two equal spheres have 
directrices are mutually polar with a constant ratio is two spheres 
regard to both. differing only in orientation. 


The theorem on the right is, of course, true when the two spheres are unequal 
in radius. It is interesting that there should be a connection between two such 
well known, but, apparently dissimilar theorems. 


There are oo' linear complexes which contain all the lines of a linear 
congruence. 


Theorem 11). Theorem 11’). 

If a linear congruence be given whose | If a system of spheres be given touch- 
directrices are not mutually absolute ing two spheres, we may in c° ways 
polar, we may in «© ways find two Jind two pairs of spheres symmetrical 


lines such that the product of the with regard to a fixed point so that 
tangents of the distances from each the ratio of the sines of the half- 
to the lines of the congruence is con- angles made by the spheres of the 
stant. system with the two spheres of each 





pair is constant. 


The increased freedom on the right is owing to our ability to choose the origin 
at will. Let us see if we can not make use of our freedom so that the two con- 
stants shall both be equal to 1. Let the given complexes be 


(ax) = 05 (oe) 0. 
The roots of the quadratic equation 
(85) r*[(aa) + (al a)] + 2u[(a) + (a])] + H*[() + (B/B)] =, 


will, in general, be distinct and give two complexes with different axes. 





Theorem 12). Theorem 12’). 

If a linear congruence be given we may, | If a system of spheres be given touch- 
in general, find two not mutually ing two spheres we may find two 
absolute polar lines such that the pairs of spheres symmetrical with re- 
two distances from each to every gard to any point in general posi- 
line of the congruence are comple- tion, so that the spheres of the sys- 
mentary. tem make equal angles with the two 


spheres of each pair. 
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b) 


On the right a point ‘in general position” means one not on the locus that 


would give the quadratic equation (85) equal roots. 
If we have a quadratic regulus given by 
Cam ( bos) = (cx =a OF 


we may in oo” ways find three sets of roots for the equation 


ML (aa) + (ala)] +H? [ (0) + (b|b)] + [ (ec) + (c|9)] 
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ay +2pr[(be)+(b|¢)] +2vrA[(ca)+(e]a)] +2rn[(ab)+(a|b)] = 0. 

Theorem 13). | Theorem 13’). 

A regulus may be generated in «° | A generation of a Dupin cyclide may 
ways by lines whose two distances | be formed in 0° ways by spheres 
from each of three fixed lines, no | cutting at equal angles the two 
two of which are mutually absolute spheres of each of three pairs sym- 
polar, are complementary. metrical with regard to a fixed point. 





§5. THe Duat PROJECTIVE GEOMETRY. 


Let us return to our fundamental equations (31) which may be rewritten 


fe ahh hos Ii 
: Big Fa Py etys 4,28, 5 Oy a es ny a 














oN NSC eC COD) 
bow (aa) —(a\a)+ V(ala)?— (aa) ie V(a\a) — (aa) 








(37) in 


If, now, we leave a,: a,:a@, invariant, but change a,:a,: a, into pa, : pa,: pa,, 
we see that the two axes (7) are unaltered. We have thus oo’ complexes which 
have the same axes or axial spheres, and are said to be coaxal. We may thus 
conceive the two axes or axial spheres as a new space element, determined by 
two triads of separately homogeneous coordinates. 


Theorems 14 and 14’). There is a one to one correspondence between the 
pairs of points of two planes ( projectively defined), the pairs of lines mutually 
polar with regard to a quadric and the pairs of spheres symmetrical with 
regard to a fixed point. 

The system of geometry with any one of these as element may be called dual 
projective. The case where the element is the pair of axes of a coaxal system of 


\ 
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complexes has already been treated at length.* Let us therefore confine our- 
selves to the relation between the geometry of point-pairs in two projective planes, 
and pairs of spheres symmetric with regard to a fixed point. 

We must begin by taking account of the lapses in the one to one correspond- 
ence described in theorem 14. Let us call the plane a,:a,:a, the left plane 
while a,:a,: a, 1s the right plane. The conics 


2 2 2 2 2 2 
at+ai+a,=0, @&+a+a=—0, 


shall be called the fundamental conics. Suppose, first, that the spheres coalesce 
into a self-perpendicular plane through the origin 





? = =a aT) — 0. 


To this will correspond every pair of points 
4 : 2 2 2 
(4,4, 4) 5 (75 Greys a,ta+a,+0. 


We see thus, that to a self-perpendicular plane through the origin will correspond 
any point in the left plane, not on the fundamental conic, and a definite point 
of the fundamental conic in the right plane. In the same way, to a sphere whose 
center is the origin will correspond a definite point of the fundamental conic in 
the left plane, and any point not on the fundamental conic in the right. 


Suppose, thirdly, that we have 
r+rtrsertritr=0. 


Every complex of the coaxal system is special, and the spheres form a pencil of 
tangent spheres through two isotropies, the reflections of each other in the origin, 
their plane being self perpendicular. Such a pencil will correspond to each pair 
of points on the two fundamental conics. Conversely if the point in neither 
plane lie on the fundamental conic, we have a single pair of spheres. We have 
also a single pair of coincident spheres when one point lies on a fundamental 
conic and the other does not. When both points lie on the fundamental conics 





* The euclidean case was treated first, and at great length, by Srupy in the third part of his 
Geometrie der Dynamen, Leipzig, 1903. The same writer sketched out the non-euclidean cases 
without proofs in an article Zur Nichteuklidischen und Liniengeometrie, Jahresbericht der 
Deutschen Mathematikervereinigung, vol. 11- (1902). The elliptic case was then 
studied in detail by the author in his Dual Projective Geometry of Elliptic and Spherical Space, 
Greifswald, 1904, and the hyperbolic by Beck, Die Strahlenketten im hyperbolischen Raume, Han- 
nover, 1905. For a briefer account of the non-euclidean cases see the author’s Non-Euclidean 
Geometry, already cited, Ch. X. 
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we have a pencil of spheres through two parallel isotropics the reflections of each 
other in the origin and in a self-perpendicular plane through the origin. 

Before discussing figures generated by sphere-pairs, let us notice that our dual 
coordinates (a,a,4,)(a,a,a,) are capable of another interpretation besides that 
of the system of coaxal complexes. It is, in fact, immediately evident that 


a. a, a 


5 


/ ’ 9 =a ee er Te | 
/ 2 2 2 2 2 2 VB) oe 2 
Va+a+a Vas+at+a Vea++as 











are the direction cosines of the line of centers of the two spheres. On the other 
hand if @, and @, be the angles which the two spheres make with the spheres 
(710000), (201000) whose common center is the origin, 


O,0d.: GC, = 1 37 cos 0 124.c0a 0, 
The fundamental relation in dual sphere geometry is touching. If 
Ud, +u,a, + ua, =, U4, +U,a, + 0,4, = 0, 
the two spheres (a, a@,a,) (a@,a,a,) touch the two spheres (w) (v). 
Suppose that we have a fixed point in one plane, and the points of a line in 
the other. We have co’ spheres touching a pair of axial spheres, and with 


their centres either on a line through the origin, or on a sphere whose center 
is the origin, and with equal radii. 


Representing Planes. S. 


Point in one plane not on fundamental | One generation of anchor ring whose 
conic and line in the other not tan- centre is the origin. 
gent to the fundamental conic. 
Polar and pole with regard to funda- | Other generation of same ring. 
mental conics of foregoing point and 
line. 





The next most interesting one-parameter family is given by two projective 
ranges in the two planes 


(38) a, = db, + be,, i=0,1,2,8,4, 5. 


There are three sub-cases. 
a) The points of the fundamental conics correspond. We may imagine that 
these are (b) and (c). Let (7) and (7’) be any two spheres of the system. 


Trans. Am. Math. Soc. 5 
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(aa) = 2rp (bc), (a a’) = 2r p' (bc), 


(aja)=2ru(Ble), (a 





a’) = 2nr'y'(b|c), 


(rr’) = (hh’ + W’)(aa’) + (AU 4 Th’) (a| a’), 
= (1? 4+ 7)(Aw + Xp) (be) + 2Al(Aw’ + VuE)(d\ ce), 
= 0, since h? + J? = — 2]. 


Projective ranges where the points of | Pencil of mutually touching spheres 
fundamental conics correspond. which touch two axial spheres. 


b) One intersection with a fundamental conic corresponds to one such in the 
other plane. This is an unsymmetrical case which we pass over. 

c) The intersections with the fundamental conics do not correspond. 

The one parameter family of spheres all touch a pair of axial spheres and 
generate a surface which we shall call a C’ surface. Let us find its order. If 


A/m= 2%, 
(aa) = (bb) + 22(be) + (ec), 
(ala) =2°(6|6) + 22(b/c) + (ele), 
7 = V[(0b) — (6|)]2 + 2[(be)—(blc)]z + [(ec) —(c]c)] (2b) + %), 
r= V[(0b) + (b|6)]2 + 2[( bc) + (b|c)]z + [(ec) + (c]c)] (2b, + ¢), 


r= VSa(2) (2b + Cy)s My = WH, (2) (20, + 65). 








If 0:%,:%,:%,:%,:%, be a point of this sphere 


V Fle) 3S (2, + ¢,)%,; + VE,(2) > (2B, + ¢,)a,= 0. 


To find the envelop of these spheres we must square this expression getting an 
expression of the fourth order in z, quadratic in «,, differentiate with respect 
to z and eliminate that parameter. This gives an expression of the fourteenth 
order in «;. 

Theorem 15’. Zhe surfaces C are of the twenty-eighth order, with the eircle 
at infinity as a curve of the fourteenth order. 
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This theorem would be of uncommonly little importance, were it not for a 
very general and remarkable property of C’ surfaces. Suppose that we have any 
analytic congruence of spheres 


b; = b;(wv). 
Let us find the sphere which touches (b), its adjacent sphere 


(Clare ae w+ ©) ap, 


and the reflections of the two in the origin, 


a,b, + 4,6, + a,b, = a,b, + 4,6,+ 4,6,=0, 


[ies 1) 


Oo oc2 b, 
De a; (5: “du + —= ag. sido) = Dy a; (5 “du + Side) = 0. 


Let us assume that 


a 0b, 0b, | 
1 By, on 





= 0, 





We choose such a (0) (said to be in the general position) that neither of these 
determinants vanishes. We may then write 


b, b, b, 0, 
(39) a, = du Oo) ob, 1+ dv 0b, 0b, 
a on may | Ov Ov 


where i, 7, & are circular permutations of 0,1, 2 and 8,4,5. Varying du 
and dv at will, we have 

Theorem 16’... Jf an analytic congruence of spheres be given and a point 
chosen which is neither the vertex of a cone which is the locus of their centres, 
nor the centre of 2%' spheres each passing through the centres of «' spheres of 
the congruence of equal radius, then if a sphere of the congruence be chosen, the 
spheres which touch it and the adjacent spheres of the congruence, as well as 
the reflections in the fixed point, will generate a C’ surface.* 

An interesting two parameter family is the chain congruence, given by 


(40) a, = rb, + wc, + vd,, i=0,1,2, or 38,4, 5. 





* This is, of course, the line-sphere transform of the non-euclidean form of Hamilton’s famous 
theorem on the cylindroid. See his paper on Systems of Rays, Transactions of the Royal 
Irish Academy, vol. 15 (1829), and the author’s Non-euclidean Geometry, chap. X. 
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We pass over the discussion of the various possible special cases, and take the 
general case where we can solve three of the equations for \, «, v and substitute 
in the other three. We may here write 


Ay = Uy As a, =u,a y = Und,» 


The spheres which touch two spheres of the congruence and their reflections in 
the origin will generate the conjugate congruence 


EN 0) b= oe 0 == De 


General projectivity between the two | Chain congruence. 
planes. 
Contragredient projectivity. Conjugate congruence. 


When a projective relation is established between two planes, one is thereby 
established between the ranges on any two corresponding lines in them. _ 

Theorem 17’). Zhe spheres of a chain congruence which touch one of the 
conjugate congruence and its reflection in the origin generate a C’ surface. 

Are there any spheres of our congruence which touch one of the conjugate 
congruence without touching its reflection? Let us write 


h—Il V—l 
lt Poet rms eis | (7 8 = by 53 ae 


Tis) —0, 
(a,b, + a,6, + a,b,) E 2h 


om 





Ci) CAs) a 
EHD) |= 


If the first factor vanish (@) touches (0) and also its reflection. If the second 
vanish 


Avi+WU=0. 


But there will be a singly infinite set of values for (a) and (0) in the two con- 
gruences satisfying that equation. Hence oo' spheres of each congruence touch 
oo! of the other, but not their reflections. 

Theorem 18). Zhe spheres of a chain congruence which touch a sphere of 
the conjugate but not its reflection in the origin form one generation of a Dupin 
cyclide, the other generation belonging to the conjugate congruence. 

Theorem 19). The spheres which touch pairs of spheres of one generation 
of a Dupin cyclide and their reflections in a fixed point generate a chain 
congruence. 

The chain congruence has many other beautiful properties, easily proved from 
the corresponding properties of the chain congruences of lines by means of the 
line-sphere transformation. 
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In closing one remark of a general character may not be out of place. The 
method of polar reciprocation in a quadric, descriptively considered, is a means 
of illustrating the principle of duality. Metrically, it shows the perfect corre- 
spondence of the concepts of distance and angle in non-euclidean space. The 
line-sphere transformation, descriptively considered, is one of the most beautiful 
examples under the general type of contact transformation. Metrically, as we 
have seen, it brings out numerous relations between the distances of lines and 
the angles of spheres. Is it not probable that there exists a large class of con- 
tact transformations which are not merely descriptive in character, but may be 
used to establish interesting metrical relations among elements of various sorts? 
Can we, without a total loss of naturalness, include all contact transformations 


in such a class ? 


CAMBRIDGE, MASS., 
July, 1910. 


NATURAL SYSTEMS OF TRAJECTORIES GENERATING 


FAMILIES OF LAME* 


BY 


EDWARD KASNER 


As in the author’s previous papers in these Transactions,} the term 
natural is employed to designate those quadruply-infinite systems of space 
curves which can be identified with the totality of extremals of a variation 
problem of the form 


(1) fF(e. y, 2)ds = minimum ( ds? = da® + dy? + dz*). 
Such a system has the characteristic property that if oo” of the curves are 


orthogonal to one surface they are necessarily orthogonal to oo’ surfaces. The 
equation of these oo' surfaces may be written in the form 


(2) S (a, y, 2) = constant 
where / satisfies the Hamilton-Jacobi equation 


3) ae ae 
associated with (1). 

A set of oo! surfaces of this sort will be termed a set of wave fronts or, more 
simply, a wave set. The natural system being given, every surface determines 
one of these wave sets. The phraseology employed is of course suggested by 


the optical interpretation of (1), in which #’(a, y, 2) represents the index of © 


refraction in a non-homogeneous isotropic medium: the curves of the natural 
system are then the possible paths of light; and a disturbance starting from 
any surface will be propagated by means of a set of wave fronts. 

The question arises whether wave sets may be families of Lamé, that is, 
simply infinite families of surfaces which can form part of a triply-orthogonal 
system. Ordinarily this is not the case. The condition that (2) shall represent 
a Lamé family is that f satisfy the Darboux-Cayley equation of third order { 





* Presented to the Society, under a different title, December 29. 1909. 

t+ Natural families of trajectories: conservative fields of force, vol. 10 (1909), pp. 201-219; The 
theorem of Thomson and Tait and natural families of trajectories, vol. 11 (1910), pp. 121-140. 

~DarsBoux, Lecons sur les syst?mes orthogonaux, vol. 1 (1898), p. 23. 
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dake ff, y f.,, de bs Fi be, dake sd 
ai. fies 2% y, os ee dé - 
1 1 1 0 0 0 
(4) sith 
eg SUNS Ts A 
We 4 a 0 je 0 Ue 
0 UE 74 faa ned 0 


where 
(5) U7 4 pia a eng A) \ 


The problem of the present paper is to find those natural systems for which all 
the associated wave sets are families of Lamé. The solution together with opti- 
cal and kinetic formulations follow : 

THEOREM I. The only natural systems whose wave sets are of the Lamé 
type are those composed of the 2' circles orthogonal to a fixed sphere. The 
corresponding variation problem (1) is of the form 





ds 50k 
; ; ; : = minimum. 
a(“ +y° +2°)+ a, 2+ a,y+ a,2+ 4, 


THeoreM II. The only isotropic media for which every disturbance spreads 
out by means of a Lamé family of surfaces are those in which the index of 
refraction is of the form 


[a(@+y+e)+aet ay taz+ a); 


its value at any point varies inversely as the power of that point with respect 
to a fixed sphere. 

TueoreM III. Zhe only conservative fields of force such that, when the 
energy constant is taken equal to zero, every set of surfaces of equal action is 
of the Lamé type, are those in which the potential at any point varies inversely 
as the square of the power of the point with respect to a fixed sphere. 


The analytic formulation of our problem is as follows: Determine the func- 
tion /’ in such a way that every function / which satisfies the Hamilton-Jacobi 
equation (3) shall also satisfy the Darboux-Cayley equation (4). 

It will be convenient to write the former equation in the form 


(6) SitSfi +fi=2W, 
so that 
(7) ieee 
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By differentiation, we have 
J, Coe th gare eee es 
(8) Setoy th gee pes 
Lo Jae + Jy J yom en a 


Hence of the six partial derivatives of the second order which appear in (4) we 
may eliminate say /.,, f,,, /,,- The final result may be put into the form 


A —B-  Ger 








yz xe xy 
W, Wy We ee Sg 
fp Ae Ose 0 
(9) Fs Ty | = 
SW 0) {GnOnen 
| 0. 27 (ero ena 
0 0 Ley, 
where 
(10) A some ein ma rel. mrdl otlos VEN See bau peek sp ae fo 
C =f ari ek cptpebee 
(11) H=(2Wyt=F-. 


Equation (9) may be expanded in the form 
(12) Of + Ofg de Were" 


where the coefficients involve only derivatives of first order. Since, in virtue of 
(8), the quantities /)., f,., f,, are numerically arbitrary, it follows that the above 
coefficients must vanish individually. 

It will be sufficient to calculate y, the minor of f,, in (9). The resulting 
condition is found to be 


(18) f14.,(/2 -fy) + (4, = Sei — Ge + S510, 4 — iy 


This is to hold as a consequence of (6); hence the left hand member of (13), a 
homogeneous cubic in /,, f,, f,, must be divisible by the non-homogeneous quad- 
ratic f7 + fi +f;—2W. It follows that (13) must be an identity. Equating 
the coefficients to zero and adjoining other conditions obtained by cyclic permuta- 
tion of the letters 2, y, 2, we find 


(14) Ho =H, =H. 
wx y 


zz? 


ff = tah = fake aa 0 = 
It follows that the function WY must be of the form 


(15) H=a(’+y+2)+ae4+ ay + a,2 + a,. 
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It is easily verified that, for this form of /7, equation (9) holds identically and 
is thus certainly satisfied by all the solutions of (6). 

The result of our analytic discussion is that the only cases in which all the 
solutions of (3) are also solutions of (4) are defined by 


(16) F=[a(?+y+2)+a,e+ ay +a,2+ a,]7. 


The natural system associated with such a function is easily shown to consist. 
of the oo* circles orthogonal to the fixed sphere S 


(17) a(w+yt2)+ae+ay+az+a,=0. 


The Lamé families corresponding to the form (16) are well known.* The 
oo' surfaces of each of these families have for orthogonal trajectories circles 
orthogonal to S. These circles cut. any two of the surfaces and S in four 
points whose anharmonic ratio is constant. 

The ten-parameter group of conformal transformations of space converts nat- 
ural systems into natural systems and Lamé families into Lamé families; and,. 
therefore, solutions of our problem into solutions. With respect to real trans- 
formations there are three types according as the radius of the sphere S is zero,. 
real, or imaginary. The function {7 may be reduced to one of the forms 


(18) ot y+ 27, ety+2—h’, ety? + 27+ kh’, 


In the optical interpretation the index of refraction is # or 1/H. It is thus. 
of one of the forms 
1 1 1 
(19) OND 2 29 ee 29 
r 7k rtk 
where 7 is the distance from the origin and k is a real constant. These three 
media furnish representations of the parabolic, elliptic, and hyperbolic geom- 
etries respectively. 
In the kinetic interpretation, the work function W, according to (11), is. 
proportional to /7~’, and is thus 


1 1 1 

Pe (Pa RY (rey 
The force is hence central and varies as 

: t SL 
Pal Grey (i aeae 


(20) 


(21) 


It is to be remembered that the constant of energy must here be taken equal to 
zero. The dynamical trajectories are then the systems of circles described above. 
For other values of the energy constant, the trajectories are represented by 
elliptic functions and the systems do not give rise to Lamé families. 


* They were first studied by RiBAucour. Cf. DARBOUX, loc. cit., pp. 53, 56. 
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It is easily seen that the natural systems obtained are the only ones com- 
posed exclusively of circles. This follows from the fact that any family of 
surfaces whose orthogonal trajectories are circles is necessarily a Lamé family. 
We thus have 

THEOREM IV. The only natural systems of circles are those formed by the 
circles orthogonal to a fixed sphere. 

The media (19) are hence the only simply-refracting media in which all light 
rays are circular. 

In conclusion we observe that, since natural systems are characterized by the 
property of Thomson and Tait,* and Lamé families are characterized by a cer- 
tain property of Ribaucour, + our first theorem may be restated in the following 
purely geometric form : 

THeoremM V. Jf a system of 00% curves in space is to be such that, for an 
arbitrarily selected surface X: 1) there are c* curves of the system orthogonal 
to 2 and these form a normal congruence; 2) the osculating circles of these 
co” curves for the points of = also form a normal congruence > then the system 
must be composed of the co* circles orthogonal to a fixed sphere. t 

Theorem IV is seen to be included in this result as a special case. 


COLUMBIA UNIVERSITY, NEW YORK. 


* These Transactions, vol. 11 (1910), p. 121. 

Tt DARBOUX, loc. cit., p. 78. 

{It is sufficient, in fact, to require merely that the osculating circles shall form a normal 
congruence. That the system is then natural follows from Theorem II, these Transactions, 
vol. 11 (1910), p. 130. 








A FUNDAMENTAL SYSTEM OF INVARIANTS OF THE GENERAL 
MODULAR LINEAR GROUP WITH A SOLUTION 
OF THE FORM PROBLEM™ 


BY 
LEONARD EUGENE DICKSON 


1. We shall determine m functions which form a fundamental system of 
invariants for the group G', of all linear homogeneous transformations on m 
variables with coefficients in the Galois field of order p”. In the so-called form 
problem for the group G',, we seek all sets of values of the m variables for 
which the m fundamental absolute invariants take assigned values. It is shown 
in § 8 that all sets of solutions are linear combinations of the roots of an equa- 
tion involving only the powers p™, p™”—), .-+, p”, 1 of a single variable. 
This fundamental equation has properties analogous to those of a linear differ- 
ential equation of the m-th order. In $§ 10-16 we determine the degrees of 
the irreducible factors of the fundamental equation and, in particular, the 
smallest field in which it is completely solvable. We obtain a wide generaliza- 
tion of the theory of the equation &”" — & = 0, which forms the basis of the 
theory of finite fields. The function defined by the left member of the funda- 
mental equation includes the type of substitution quantics in one variable the 
‘theory of which is equivalent to, but preceded historically, the theory of linear 
modular substitutions on m variables. We here find that the latter theory 
necessitates a return to the earlier quantics in one variable. Finally, in 
$$ 17-22, we consider the interpretation of certain invariants. 

It follows from the theorem concerning the product of two determinants that 
a transformation 7’ of G‘, replaces the function 
en 


eyn en 


Pp 








p ap 

wy Ws m 
enn eon eqn 

ape ap ern pe2 

e ogee sans, wy ws m 

1? as ee ae 

Ci CAR Cmn 
pom »prm pom 

vy ws Cn 


by one which equals | 7’| times the initial function. By § 2, each of these func- 


tions has the factor 
L,, =[m—1,m—2,---,1, 0]. 


™m 
* Presented to the Society, September 6, 1910. 
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Certain of the quotients will be given a special notation : 
Q.,=[m,m—1,---,8+1,8—1, ---,1,0]/Z,. 


They are absolute invariants of G,,. We shall prove the 
Theorem. Zhe m invariants L,, Qs -++s Qin, are independent and 
form a fundamental system of invariants of the group G,. 


2. Consider the product P of all the linear functions 
A, % + a,%, + ++: + 4,0, 


in which the @, are elements not all zero of the GZ’ [ p"] and such that, of the 
coefficients a, not zero, the one with smallest subscript is unity : 


m ; 
P= I [igs a Oi Ppp “aes ae Ay, Lin) s 
C= a 


where the inner product extends over the p””"~” sets a,,,, +++, @,, of m — k ele- 


ments of the field. Hence the term 


m 
n(m—k) n(m—1) n 
i = P eee Pp 
Il v k ace wy nl Cn 


occurs once and but once in the expansion of P and _ has the coefficient unity. 
This term is the product of the elements in the main diagonal of the determi- 
nant L,. Since Z,, is invariant * under G‘, and has the factor x,, it follows 
that LZ, is identical + with the product P. 

Similarly, [¢,, ---, é,, | has the factor Z,. 


Theory of Ternary Invariants. 
3. In the adjoint determinant of the nine first minors of 
15; peas (erry? 2), 


consider the three determinants formed of the elements in the first and third 
columns: 


ee me) (fiae eee) (yr2) (ary) 


(year) (aey2")|' (yar) (eye )| — [(y22) (wey) | 


They equal y?"L,, y?" L,, yL,, respectively. Hence L%"~* times the first de- 
terminant equals the p”"-th power of the third. Transposing the negative terms 





* This fact appears to have been first noted by the writer. See his Linear Groups, p. 216. 

+ This theorem is due to Professor E. H. Moorg, Bulletin of the American Mathe- 
matical Society, vol. 2 (1896), p. 189. His three proofs differ from the above invariantive 
proof. His sequence of variables is the reverse of that employed here. 
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and dividing by (x?"y?")(y?"z”"), we get 
(yee) ya Wt 2?) (ey a eee gy? ) 





(y?™ aR ) ram (pr yr") 
The second member is invariant under G‘, ($1) and is replaced by the first 
member by the transformation a =z, 2 = — a, which extends (, to G,. 


Hence the second member is an invariant of G’‘,. 
Similarly, from the first and second determinants, we get 


( ppm y ) fe a ( gnpin ye ) = ( ye 2 ) Le zee ( yer apn ) 
ioe tn) ins (yeaa) 


so that the first member is an invariant of (Gee 
If we employ the following integral invariants of G,, 





2n—] 


: (oy) Pee 
(1) L, es (a? y)> Qn abs fe, = er ypert ? 


2 





we may express our ternary invariants in the form 


9 tf — L, Ary pn —- i als YP arog 
( ) 3? Qs = ie =e Or» Qs, aie Qo, L A 2 ’ 


2 2 
the identification of the last two with the quotients Q,, (§ 1) being made in § 4. 
The fact that ZL, is divisible by ZL, follows from § 2; the quotient may be 
obtained from the expansion 


(8) Li=8"L, — 2° 1,9, +2Le. 


We proceed to the proof that the three invariants (2) form a fundamental 
system. Let J be any homogeneous ternary invariant and let J) be the sum of 
the terms of Z which lack z. Then J, and the coefficients of the various powers 
of z in J are invariants of the binary group G’, on x, y, and hence* are 
integral functions of the invariants (1). 

Let cL Q', be the term of J, in which a is a minimum. Then the term of 
J, of minimum degree in y is cx’ y*, where 


e= ap" + bd, d =p" — 7". 


Since x*y* does not occur elsewhere in J,, cv*y* and therefore also cz’y* is a 
term of 7. Hence cy* is a term of an invariant of G, and hence a term of 


fon. Lhusa=ad. 
Let ¢' Li’ Q%, be any term of J}. By the homogeneity of J,, 
(a —a)(p"+1)4+(0—b)d=0. 
Hence @’ is divisible by p”. We next show that a’ is divisible by p" — 1, so 
that a’ is divisible by d = p”(p"—1). 


* DICKSON, these Transactions, this volume, p. 1. 
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Apply to J, a transformation of determinant p, where p is a primitive root of 
the GF'[p"]. Since Q,, is an absolute invariant and ZL, takes the factor p 
(§ 1), it follows that p” = p*, whence a’ = a(mod p”—1). But a is divisible 
by d. Hence q’ is divisible by p” —1. 

Let 6 = p® B, where B is prime top. Let f=p*(p”—1). Then 


d d—pr41, pr—1 B dpB dpB — 
Qo, = © Be ee Bie ea Wot ea yp ee 


Qe = et + Balt y! +: 
Le = (ae a?” a ae = ry + ates ytts 1 
Suppose that 8B <n. Then f<d and 
L3Qn = OY + Bat y+... (4 =ap"+bd—f). 


Neither of these ae occurs in another term c’L%’Q*', for which therefore 
a >a. In facta’ =a+d>a+4+/f. Hence J contains the term cBz" y*’. 
But a + fis not a multiple of d and & is not zero in the field. Hence S=n 
and 6 is of the form p"b,. Hence by (2), 


Pa ee Oe. 


is an invariant in which J) lacks cL‘ 

We can similarly delete one after another of the terms free of z and reach 
ultimately an invariant J, in which there are no terms free of z. Since J, has. 
the factor z, it has the factor L,. Thus J, = L;J,, where J, is either a con- 
stant or else is a function having terms free of z. In the lation case we repeat 
the above process on J,. It follows that any integral invariant of G, is an. 
integral function of the three invariants (2). 


4. For m = 38, the invariants Q_, of § 1 are 


Qs, = (a y™2)/L,, Qa = (wry? 2)/L,. 


Their degrees p*” — p?" and p*"— p” equal the degrees of the second and third 
invariants (2), respectively. Hence by the theorem of §4 the corresponding 
invariants differ only by a constant factor. We now prove that the factor is 
unity in each case. 

The terms free of z in the quotient Q,, are given by the quotient of the coef- 
ficient of z in the numerator by the coefficient of 2 in the denominator Z,. 
For i = 2, 1, we get respectively 


(oP pr )/( oe” y" ) = pe , (as ye" y/( gen y””) ae Lene H 


Hence the relations (2) are proved. For another proof by means of a vanishing 
determinant of the fifth order, see § 6. 
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Expressions for the Quotients Q. 


5. The process which led so naturally to invariants (2) can be readily applied 
also when m> 38. For example, if m = 4, 











( np?” ye" w ) CaP yr" 2 ) { gop” yy?" 

(aes pay w ) ( gp” y" 2 ) a 4 | x y 
| (a? pn ye" w ) (a0? 2n ye" z) | x }arm yr 
| (a> yr w?”) ( ae?” 4 yz apr )| | ~ 4 | anh” ye 


Equating the p”-th power of the upper to L?"~' times the lower, transposing the 
negative terms, and dividing by (x?" y?" w?") (a? y?"2?"), we get 
(a yP”z ) Le 2. (ae yr zP”) MGs ‘yP" Ww ) Late a (akpege ye we?" ) 
eee ye" zP”) (a yr we?” ) . 
It follows that the left member is an invariant of G , (later identified with Q els 
We are led in a similar manner to the invariants 


(oe YP 2 ) YB 2 (a yr a” ) Co yer 2) Wb ak (aP* yr” ape) 
( ap?” ye" 3b” ) b) (a™ yr yb” ) ’ 


which will be identified with Q,, and Q,,, respectively. 














6. For general m, we obtain the desired expressions for Q 
following determinant, which vanishes identically : 


|4 A 
Tyee | 
OBA 


where O is a matrix of m— 2 rows and m columns all of whose elements are 
zero, A’ is derived from A by deleting the last column, and * 


by means of the 


ms 


yn(m—1) n(m—1) 
oeP Pp 








ae es opp 1 aoa: “m—1 
ah m 
n(m—1) n(m—1) 
oeP cee p sm(s+1) n(s-+-1) 
X vin af Sing ale 
EA. — . . . . . . ° , B i 
pe) eh. pr(s—]) 
pr Ree 1 m—1 
fb cee V4 
1 m 
wv, ae Cn pp” he op?” 








m—1 


By Laplace’s development of D, we get 
(—1)”"°[m, ctw [m—1,---,s+1,s—1,---,1, 0] 
+(—1)(—1)""*""[m, ---,s+1,s—1,---,0][m—1,---,1] 
—1)"[m—1, wee 05| |; ---,s+1,s—1,---, 1) =0. 


*Tf s—1, the exponents in the last row of Bare p*” ; if s = m—1, the exponents in the first 
row are p”(™—2), 
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Let the factor (— 1)” be removed. For 1<s<m—1, we get 


i hs p™ Fig 
ips is fog A 8 m—1 — One ffs. Lt ay 0% ( Q.-1 s—1 Se ) ey 0 ’ 


() Qn = Outs ( Z" 


m—1 





pr—1 
YO + Qty A<e<m—ay. 


For s = 1 and s = m — 1, we obtain respectively 


pn pn pn —- 
L H ABE TL: maa — On Ln ee. 1 a Jpg 8, iS 0, 


m m—1 


es VERS al Q., m—1 Le no Bs tor Cie m—2 ey 1 ie rh 0, 


m no 


L Tse 2n — jpn Ly oo pn 
(5) Q 1 = a Bom (=) “I UD is ’ d., == (=) “is A tea m—2° 


m—1 m— 


As a check, we observe that the terms freé of x, namely the final terms in 
(4) and (5), equal the quotient of the coefficients of z in the numerator and 
denominator of @ ,. We note that 


(6) p™ — p™ = degree of Q,, por) 4 +++ +p" +1 = degree of L,. 
of § 1, 


Expanding Z,, according to the last column and introducing the Q,,. 
we get 


m—2 


(7) L,, = oe Oe 1 te Lie by ( cn i! )’ on A) iy, “F ( a 1 a tae Les “a 
s=1 
Hence (4) and (5) may be given an integral form. 


Fundamental System of Invariants of G,,. 


7. Theorem. The functions L,, Qijs-+++s Qu,—, wre independent and form 
a fundamental system of invariants for G,. 

We assume that the theorem is true for « =m, where m = 2, and prove that 
it is true for w=m+1. 


Let J be any homogeneous integral invariant of G The coefficients of 


dos FILS 
n+, in I are invariants of G', and hence by hypothesis 
are integral functions of L,, Qi. ++ +s Qnm—1: ‘In particular, the sum J, of 


the terms of J free of x is an ageregate of terms 
m+1 oD fo) 


/ I Bree r 
GLC ee me (c/+0). 


‘Consider the set of terms ¢’ in which a@ has the minimum value a, the subset in 
> 


the various powers of » 


which 6, has the minimum value 0,, ete. In the resulting unique term 


pce = cl" by 4, bm 


m Cm mm—1 9 
hae tae ; : 
the term of minimum degree in @,, is, by (4), (5), (7), x% ¢,, where 


m—1 -* 
ay P™b = n 
t=cL", I Be (a, = ap" +b,d). 
s=2 
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Similarly, the term of ¢, of minimum degree in w,_, ‘is or a 


m— 


=cLl" , il tact (a,=a,p" + p"byd). 


s=3 


Proceeding in this manner, we see that ¢ contains a term 


T= Caer oe Be eee gti aids ee ( a=aaip" + pri-Nbd), 


m—1 m—t 


where a, =a. Evidently 7 occurs but once in the product ¢. Further, 7 does 
not occur in a product ¢ distinct from ¢. For, if so, a =a and hence (by a,) 
b, = 5,, then (by a,) 6; = 6,, ete., so that t’ =¢. Hence JZ has the isolated term 
7 and therefore also 


Ay = et atta eee pm-i 
Ctl Ty 9 Le =e a ees wy’ : 


Hence 7, is a term of an invariant of G. The latter invariant has the term 


Ts We = C0 ees ee Re 
m 2 1 


2 m—2 ““m—3 
Hence 7, is a term of an invariant of G,_,. Proceeding in this manner, we see 
that 7, = cx{ is a term of an invariant of G,. Hence cx* is a term of kQ3,, 
whence a = ad.. 

By (6,) the degree of @, is a multiple of p”. Since a is a multiple of p”, it 
follows that ¢ is of degree a multiple of p”. Since this is therefore true of ¢, 
and since the degree of Z,, is prime to p, by (6,), it follows that a’ is a multiple 
of p”. Asin §3, @ isa multiple of p»—1. Hence in every term t of I,, @ is 
a multiple of d= p"(p"—1). 

By (4), (5), (7), we have 


d re pn eee 
a= Oa i +2, ) Sie 5 as oy Q...= ite US +92), Mb Sia Q 1+ (s 2 1 ), 


the final ( being suppressed if s=m—1. In these series the exponents of 
w,, differ by multiples of r =p" —1. Let b, = p*: B,, where B, is prime to p. 
To obtain the power p® of a sum in a field having modulus p, we have only to 
a every exponent by p®. Hence we get 


=) a pr ett z tpr—d fpr 
(8) 7s ie Ne res iby ak iar dad Bessy HS ha ay 
i it Bi 
(9) a 1d orp B eee 2 oat e out eas (e= db, —rpP), 
y nh Y Bs MBs Bs ies 
(10) Qi". a ss s—1 mF Se La AZo 1 oe | SE My: 8 ies (és Mi bsp” ay ) ’ 


where in the last series s>1 and the term Q is to be suppressed if 


m—1s 


s=m—1. Hencet / ec contains the terms 


m—1 
a+rp81 7 e+apr (pp?) I "Bs 
T, = B 1% in yee Oe 1 m—1s—1? 
=o tte? The ae igen (he =ap” + db, + r2p8c) 
m m—1 Rees =I pita o m—1 s—1 ws P 1 P ’ 


Trans. Am. Math. Soc. 6 
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where g>1 and Q _,, is to be suppressed if o =m —1, and where in the 
final product s has the values 2, ---,o—1,¢+41,---,m—1. 

First, let 8, <1. Then rp” <d. The product ¢ contains but one term 
with the same set of exponents as Z,. For, if we employ a term of (9) after 
the second, the exponent of w, exceeds that in 7\; if we employ the second 
term in (9), we must use the first terms in (8) and (10) and hence get 7’ itself; 
if we employ the first term of (9), we must use the first term of (8), and obtain 
as the exponent of Z,_, in the product of the two 


ap" + db, >e-+ ap”. 


Suppose that 7, is a term of a product ¢ distinct from t. Ifa >a, then 
a =a-+d, since @ and a are multiples of d. Thus the minimum exponent @ 
of x in ¢ would exceed the exponent of «, in 7,. Hence aw =a. Hence by 
(6) and the homogeneity of our invariant, 


m—1 


(11) (Yen ieee) — 0: 


s=1 


Hence (0; — b,) p” is a multiple of p”, so: that 


(12) b, = a, (mod p”) when a=a. 


Thus in 6) = p®"B,, we have 8B; = 8,. Hence 7; cannot occur in terms of ¢ 
other than 


m—1 
(13) w08, Doe LAE te aes ae) 
If we employ the second term in the parenthesis, we must take the term of each 
@_,, free of x,. Then 6, =0b,, from the exponents of £ 5, andeo jem 
(s=2,---,m—1), from the exponents of Q@,,,,. But ¢ +¢. If we 
employ the first term in the parenthesis in (13), we obtain as the exponent of 
1 


in the product of the first two factors 


m—1 
ap” 4+- db, >e + ap", 


since b; = b, when a’ =a. Hence the assumption is false. 

We have now shown that 7) occurs as an isolated term of the invariant. 
But the exponent of », is not a multiple of d and the coefficient 6, is not zero 
in the field. Hence this case 8 <n is excluded. Thus 0, is a multiple of p”. 

Of the numbers 6,, ---,b,_, not multiples of p", let 6, be the one with 
smallest subscript. Theno>1. A term of ¢ with the same set of exponents 
as 7’, can be obtained only by taking the first terms of (8), (9), (10), for s<o. 
If we use the second term of (10) for s =o, we must take the first term-of (10) 
for s>o and then obtain 7,. If we use the first term of (10) for s =o, the 
exponent of Q in the product is p"b,, which exceeds its exponent e, 


in 


m—lo—1 


1911] GENERAL MODULAR LINEAR GROUP 83 


Next, if 7, occurs in ¢’, distinct from ¢, then ad’ =a. From (12) it now 
follows that 6) is a multiple of p". Analogous to (9), 
(14) SY Pcie Oe vay «60 


mi m—1 m 


Hence we must take the first terms of (8) and (14). In the product of these 
two, the exponent of LZ, is ap"+ db, >h, if b) =b,+p". Hence* must 
b=0b,. If o>2, b, is by hypothesis a multiple of p”. Then by (11), 5) is 
a multiple of p”. Hence we must take the first term Q?"’?, of Q'2. Since 
Q,,-1; does not occur in the expansion of Q, for s> 2, and occurs in 7, 
with the exponent p”b,, we conclude that 6, =6,. In this manner we may 
show that we must take the first term of @”* (s<o) and that 6'’=43, 
(s=2,---,o—1). Then by (11), 6, = 6, (mod p”), whence 6, = 8,. 
If we employ the second term in Q}%, we must use the first term in @Q!* 
(s >o) and we obtain the term 7’, if and only if 6) = b,(s=c,---,m—1), 
as shown by comparing the exponents of Q@,,, (s=o). But then ¢ =¢. 
If we employ the first term in Q’e, the total exponent of Q, ,,_, in ¢ is 
p” b”. which exceeds its exponent e, in 7’, since b' = b,, in view of our defini- 
tion of ¢. 

We have now shown that 7, occurs as an isolated term of the invariant. But 
the exponent of wis not a multiple of d and the coefficient B, is not zero in the 
field. Hence our assumption on 6, is false, so that 6,, ---, 6 


ples of p". Set 6,= p’c,. Then 


, are all multi- 


m— 


m—1 


th a I— O°. I reel 
s= 


is an invariant of G,, in which J) lacks ¢. As at the end of §38, it follows 
that J is an integral function of ZL. ,, V44,(¢=1, +--+, m). 

It remains to prove that the latter invariants are independent. Any rational 
integral relation between them can be given the form 


JE Ve oe B( ens ay 3:9 Qntim) =0 
Let «,,.,= 9. Then by (4) and (5) with m replaced by m + 1, we get 


EES ABS a re Day iL 
But Z,, and the @, are independent by hypothesis. Hence B=0. Thus 
the initial relation has the factor Z,,,. Since the relation cannot reduce to 
LT ,, = 0, it may be given the form A’Z,,,,+ B’=0. Asbefore BD =0. A 


repetition of this argument shows that no relation exists between the LZ, .., Qiui;- 


ms 


Asa basis for our induction, we note that there is no relation AL, +cQs,=9 





* For m= 3, (11) gives bi, -=b,, whence t’=?. 
+ Another proof follows from the existence of solutions of the form problem (78), whatever 
values be assigned to the fundamental invariants. 
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between the invariants of G',. For, by setting y = 0, we get cv” = 0, whence 
c=0. Proceeding similarly with A = AL, ae ec. = 0, we prove that A=0. 


The Form Problem. 


8. In discussing the solution of a set of equations with coefficients in a finite 
field having modulus p, it is convenient to introduce the infinite field 1, com- 
posed of all the roots of all rational integral equations with integral coefficients 
taken modulo p. Then /”, like the field of all complex numbers, has the 
property that any algebraic equation of degree k with coefficients in the field 
has & roots in the field. 

In the form problem for the group G‘,, we seek the sets of values of the 
m variables #, for which the m fundamental absolute invariants LZ”, Q,,, 
(s=1,.--,m—1) take assigned values X, g,in F,. Herer=p"—1. If 
1 is a particular 7-th root of X, the problem * consists in the solution of 


(15) ‘ L,, (%,) =, Qne(%;) = 9% (s=1, -*-; mee 


Let w,, +--+, @,, be a set of solutions of (15). Since the determinant Z,, ,, 
vanishes when a, ,, equals one of the w, (i =m), it follows from (7), with m 
replaced by m +1, that w,, ---, ~, are roots of 


m—1 

(16) gpm 4S (1) lg Be" + (—1)nl" é = 0. 
fyi b 

Suppose for the present that 7 = 0. The preceding equation gives 
m—1 

(17) emia Oe Ga a ents 


This equation has no double root and hence has p"” distinct roots in #. If &, 
and & are roots, then are also & + &, ¢,&,,where c, is an element of the 
GF [p"]. Indeed, in that field, 


(S48 ER, (GFP ee 


Hence there exist m solutions &€, ---, &, of (17), linearly independent with 
respect to the GZ’ | p” |, while & is a solution if and only if 


(18) E=cf+---+¢8 (c’s in GF'[ p*]). 
Since the w, are solutions, we have 
(19) 7 =¢,8 + ey + C5, En ({=1,--+,m), 


in which the c,, are elements of non-vanishing determinant of the G/’[ p"]. 
Indeed, by §$ 1, 
(20) (=L,(«,) = igre ate:)- 0 

* This problem is the form problem for the subgroup Gg" of all the transformations of deter- 
minant unity. 
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To show conversely that any such set of values (19) satisfy equations (15), 
let €,, ---, &, be any set of roots of (17) linearly independent with respect to 
the GF[p"]. Then by §2, Z,(&)+0. Define the w, by (19), where 
lc,|+ 9. Then 7+ 0 by (20). By §2, the p™ expressions (18) are the 
roots of 


16, SAGE ee) ae E) =) 


in which the coefficient of €?"" is + ZL, (&.) + 0, and hence are the roots of 


Bret (= 1)™"Q,,( EE + (= 1)" [La (E)VE=0- 


Since this equation and (17) have in common the p”” distinct roots (18), they 
are identical. In view of the absolute invariance of L” and @, we conclude 
that the expressions (19) satisfy equations (15), in which 7” = 2. 

Theorem. For y+ 0,2,, ---,2%, is a set of solutions of 


(21) Lr = r, Qne ih (s= Lay sgn net 


if and only if w= ¢,§ + --> +¢,,€, (t= 1, +--+, m), where the ¢,, are ele- 
ments of non-vanishing determinant of the GF'[ p"], and &,, ---, &, is any 
set of roots of equation (17) linearly independent with respect to the GE'[ p"]. 

To obtain the sets of solutions of (15), we restrict the c,, to be of determinant 
unity and hence, by (20), the &, to be linearly independent roots of (17) for 
which J. (£.) =. ' 

Next, let X=0, 9,+ 0. If the minors of the elements of the first row of ZL, 
all vanished, there would exist ($ 2) a linear relation between each set of m— 1 
of the w’s. Applying a linear transformation, we would obtain «, =x, ,= 0. 
By (7) the quotient Z,,/Z,,_, would vanish and, by (5,), Q 
tion with g, + 0. Hence the above minors are not all zero. After permuting 
the variables we may set L, , +0. Then, by (4) and (5), 


= 0, in contradic- 


m—1l mi 


mn n—] n 
[22 N=9, 5 Pp = 4, (3=2, -+:,m—1). 


m—1 m—ls—1 


As above, x,, +++, 2 


~m—1 
an sei8'4 ae of 
m—1 
sala a yy ( eden ae qr pea! at ( he | ye qilen & feet) ; 
2 


C=Z 


are linear functions of a set of linearly independent roots 


given by (7) upon replacing s by c—1. Raising this equation to the power p” 
we obtain (17) for X= 0. Each root of the latter is therefore of multiplicity 
exactly p”. In view of ZL, =0, there exists (§ 2) a linear relation between 


@,, +++, #,,, With coefficients in the G/’[ p"]. Since ,, ---, #,,_, are linearly 


m—1 


independent with respect to this field, is a linear function of ~,, +--+, @,_, 


and hence of &, ---,&,,, with coefficients in this field. Returning to the 
initial order of the variables, we conclude that, if X= 0,¢g, + 0, #,,---, @, are 
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linear functions of a set m— 1 linearly independent roots of (17), the matrix of 
the coefficients being of rank m — 1. 

Next, let X= 9, =9,¢,+9. Then the minors of the elements of the first 
row of Z,, all vanish. For, if Z,_, + 0, for example, (5,) would give Q, + 0, 
contrary to g,=9. After applying a linear transformation 7’, we may set 
e =e =0. Then by (7) therquoucntys 7 is zero. Hence by (4) 


m = 


and (5,), 


m1 


Or $= % (s=2,-::, m—T). 


By (7), with m replaced by m—1, the quotient ZL, ,/L,,_, 
0. Hence by (4) and (5), with m replaced by m—1, 


vanishes when 
x 


m—1 Sh 
p2n(pr—1) ce pen pis ee ve = 
Bi oat Jo» Oe) os eT q, ( pie 3, > m 1 i 


If, for 1 =m — 2, we multiply the elements of the i-th column of L,_, by the » 
adjoint minors of the corresponding elements of the last column, we see (¢ompare 
, are roots of 


m—2 


(7) with m replaced by m — 1) that w,, ---, x 


m—3 


0 = Sie =I8 aia MD ( nes 1 yt ge ee a ( baa: 1 ea pee : 


m—2 


Divide by Z,_, and raise the resulting equation to the power p”. We obtain 
equation (17), since X= q¢,=9. Each root of the latter is now of multiplicity 
p". As above, @,, +++, #,_, are linearly independent linear functions of m — 2 
linearly independent roots &,, ---, € , of (17). Applying’ the inverse of 7’, we 
conclude that the initial values #,, ---, «, are linear functions of &, ---,& ., 
the matrix of the coefficients being of rank m — 2. 

Proceeding in a similar manner, we obtain the 

Theorem.. Jf X= 9, =---=g,, =9, 9, + 0. then ©, ---) eee 
solutions of (21) if and only if the «, are linear functions of &,, +++, &_, with 
coefficients in the GE p"] the rank of whose matrix is m—t, while 
E,--+,& is any set of roots of (17) linearly independent with respect to 
the GE'[ p” |, every root of (17) being a linear function of these m —t roots. 
Lf ali the invariants are zero, each x, is zero. 


9. The number of matrices (¢,,) of rank m —t with m rows and m—t 
columns, each c,, being an element of the GF’ [ p” ], is 


(22) (vane aa i Gas —p") BL Aas Giggs — pr) 3 
Hence this gives the number of distinct sets of solutions of the form problem 
when A= 9, = >: = 9/5 = 0g. 

From the above discussion follows the 

Theorem. The determinant L,, is of rank m — t if and only if 


(23) L,=9, Q.1=9,; mr) Qi=9, Qn Oo. 
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These are necessary and sufficient invariantive conditions that the variables 
w, shall satisfy exactly t linearly independent linear relations in the GF'[ p"]. 


Solution of the Fundamental Equation. 


10. The complete solution of the form problem has been reduced to the 
solution of the fundamental equation (17). If % = 0, the latter equation is 
the p”-th power of an equation of like type. Hence it suffices to discuss the 
solution of equations of type (17) with A + 0. 

We may restrict attention to the case in which the coefficients of (17) belong 
to the G#’[ p" |, since in the contrary case the equation is equivalent to one of 
like form with coefficients in the GF’[ p”], but of higher degree. The nature 
of the proof will be indicated for m=2. Then (17) becomes 


(24) EP" — gf?" _ rE, 
Let ¢ be a root of an equation Q@’ —aQ-+ 6=0, irreducible in the G/’[ p"]. 
Its second root is q”", so that 


q’tq=a, g@tt=b, g=g¢. 
From the p"-th power of (24) we eliminate &’” and get 
Em = (0b — AP) EP — ig NE, 


From the p”-th power of the latter we eliminate g&”" by (24) and get 


(25) Erm — BEP™ _ pvrtiE, B=b—nr™—)r™. 
If X belongs to the GF'[ p"], the required equation is thus 
(26) Er _(b— 20 )EP" 4 VEH=O. 


If d is a root of an equation L*—rL + s = 0, irreducible in the GF'[ p"], 
the required equation is obviously 


(27) Figen beer EPR ts cE 0s 


If X is a root of an equation A* — cr? + dA —e = 0, irreducible in the 
GF'| p" |, we make repeated use of the relations 


a Bis 2 nis Beet — C, Lee pes Aue, e, 
raise (25) to the powers p”, p’”, ---, p®", and find that 
(28) Er — {b(b—c)*?— 2ef EM 4+ CPE=—0. 


11. We therefore consider the fundamental equation (17) with coefficients in 
the G#’[ p"] andX +0. There is no multiple root. Let r be a root + 0. 
If r*" = wr, where x belongs to the G'¥’[ p”] then 


On F yn s 
ee rae Th AE er 
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Hence, by (17), « must satisfy the characteristic equation 


m—1 


(29) A(w) = 2" + >) (—1)? ge + (— 1) rn = 0. 


s=1 
Thus each root in the GF'[ p"] of A(x) = 0 furnishes a factor €”" — w& of (17). 
Let this binomial have a factor f(&), of degree d, irreducible in the GF’ [ p” |. 
Its roots are 


d—1,, 


ppd Vn pee r, 


ait Bere ape” ae ane 
fT, Te" = Ur, TP == LT, +++, x 


while 2 belongs to the exponent d. Since @ is in the field, d is a divisor of 


p” —1. It follows that 
S(E) =F — 6 (0 sare % 


Theorem. The irreducible factors of &”"—' — x are all binomial and of equal 
degree, namely, the exponent to which « belongs. 


Discussion of the Fundamental Equation for m= 2. 


12. For the present, let m= 2. Since 2p" —1 <p”, equation (24) has an 
irreducible factor /’(&), of degree D >1, not of the preceding type f(&), and 
hence has a root 7 such that 7?"/r is not an element of the G/’[ p"]. Since, 
therefore, 7 and 7?” are linearly independent with respect to that field, we con- 
clude from (18) that every root of (24) is of the form c,7 + c,7r”", where c, and 
c, are elements of the GF’[ p" |]. Hence (24) has all its roots in the GF’[ p””], 
but not all in a smaller field. ; 

Theorem. Jor m=2, every irreducible factor of the fundamental equation 
is of degree a divisor of D; each irreducible factor not of the above binomial 
type is of degree D. 


13. We proceed to determine this integer D which is such that equation (24) 
is completely solvable in the GF'[ p"”], but not in the GF'[ p™ ], for’ < D. 
By raising (24) to the powers p”, p™”, ---, we may express &” as a linear func- 
tion 7, of &" and &. We seek the least value D of ¢ for which 7, =&. Now 
the coefficients of /, are the elements of the first line in S‘~’, where 


— x 
s—(G a ik A(w) =a®—qu+r. 


The condition for /,,, = &" is therefore S?=1. Hence D is the period of 
the transformation S. According as the characteristic equation A(a) = 0 has 
distinct roots x, and x, or equal* roots x = 4g = X#, the canonical form for S is 


(G2) tne) 


In the first case, the period of S is the least common multiple of the exponents 





* We then employ the new variables V, =v,, V, =, — 2p. 
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to which the roots w, and w, belong. In the second case, the period is p times 
the exponent to which the double root belongs. i 

Theorem. or m= 2, the fundamental equation is completely solvable in 
the GF'| p"” |, but in no lower field, where D is the least common multiple 
of the exponents to which belong distinct roots of the characteristic equation, 
or p times the exponent to which its double root belongs. 

Illustrations of the preceding results are afforded by the following examples 
in which are given all the irreducible factors other than & of (24): 


p=2. ®41=(§4+1)(P +&4+1), 8—E+1 irreducible. 

fe ae TICE 1) P+ IP Tele —E—1), 
&+£—1 irreducible, te thee ee ee yi eee Lie FL), 
uestco ca leet — 1), fee ee + 1). 


Theory of the General Fundamental Equation. 


14. We remove the restriction that m = 2 and prove the 
Theorem. Jf the characteristic function (29) reduces in the GF'[ p" |, 


m—a 


(80) A(m)=$(2)¥ (2), o(@)=Lae, ¥(e)= Le, 4,=),.=1, 


the fundamental equation (17) is transformed into 
m—a 


(31) V(n)= Ds bn?” = 0 
j=0 
by the substitution j 


a 


(32) 7=O(E)= ME aw 


i=0 
In other words, the fundamental equation factors * into 


{u(m—a) 


I 
Gf [@(é)—7,] =9 [m roots of ¥(7) =0]. 
k=] 
For proof, we note that the result of the elimination of 7 is 


Dig Dare (¢=0,---,a;7=0,---, m—a), 
which is identical with (17), since by (30) the corresponding sum 3) a,6,«'¥ is 
identical with (29). 

Since equation (31) has the root 7 = 0, we obtain 

Corollary I. The fundamental equation has the factor @ (&) if and only if 
the characteristic equation has the factor ¢(a) in the G/’[ p” |. 

Corollary II. <A root of the fundamental equation satisfies @(&) = 0, but 
no similar equation of lower degree, if and only if ¢(a) is a factor of A(a). 


* Hence it has the symbolic expression |) (@), as in the theory of the reducibility of linear 
differential equations. 
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15. For k=m let D, denote the number of the non-vanishing roots of the 
fundamental equation each of which satisfies an equation ®,(&) = 0, but no 
equation ® (£)=0,/<k. By corollary Il, ¢,(«) must be a factor of A(x). 
Suppose first that the latter has no multiple factors. Denote by JV,, .V,, 1V,, --: 
the number of its irreducible factors of degree 1, 2,3, .---. Then 


m= N,+2N,+3N,+---. 
Let [7] =p" —1. We proceed to show that 


the sum extending over all sets of positive integers m, for which 
k=n, + 2n,+ 3n,+ +--+ + kn,, n, = N,. 


Let a particular factor ¢, of A(a) contain n,, ,, 2,, --- irreducible factors 
of degree 1, 2, 3, ---. Of the [hk] roots of the corresponding equation 
®,(&) = 0, we wish to exclude those which satisfy ®(&)=0,7<k. Let 9, 
have m,, ™,, m,, +--+ irreducible factors of degree 1, 2,3, ---. We assume 
that (383) holds when & is replaced by a smaller value 7. Then the number of 
roots to be excluded is 


k—1 n, ce n, m, ik my 
rex (2)()- (aren 


the inner sum extending over all sets of positive integers m, for which 
= 
l=m,+2m,+--.-+lm, m,=n,. 


To prove (38), it remains to show that 


[A] —-H=[1]™[2]™--- [k]™. 


This follows from * 


ieee ene ee [eIm= eel Pi). Go) rly... pay 


ny n Nr n., ; 
S {> ( =) (uy i pai) rk] | =(1+ [1] +(e] a 


Hence if A(w) has no multiple root, the number of the roots of the fundamental 
equation which satisfy no similar equation of lower degree is 


D, = [1J*L2]" = [mp 
If the characteristic equation has multiple roots, 


A(«x)= |] 4, 


i 





* Note that, for the added term, =k, whence m:—= nj. 
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where the /’’s are distinct irreducible functions, but not necessarily of distinct 
degrees d,, the preceding result is to be replaced by 


(34) D =p" Il [d,], e= 2, 4(¢, —1). 


From D> 1 we infer that the fundamental equation has a root 7 such that 
re" (4 =0, 1, ---, m—1) are linearly independent with respect to the 
GF'[p|. Hence, by (18), every root is of the form 


m— 


—=— De, em (c’sin GF[p"]). 


Let D be the degree of the equation, ante in the GF’[ p"], which has the 
root r and hence also the roots 7". For i= D, the latter equals r. By the 
linear independence, D=m. | 

Theorem. Hvery irreducible factor in the GEF[ p"| of the fundamental 
equation is of degree a divisor of D, where D is not less than m and is the 
common degree of all the irreducible factors which do not divide a similar 
equation of lower degree. The fundamental equation is completely solvable 
in the GF'[ p”?], but not in a smaller field. 


16. We proceed to determine D. By the powers p”, p*", --+ of (17), 


n— 


Er Ds a. aa = 1(&) (t2m). 


We seek the least value D of ¢ for which 7, =&. Now, the coefficients of 
Po Pk ae € in 7 are the elements of the first row of S‘~"*', where 


ern nee Tig | oa ici! ina eae 1 eo AX 
eo, o | 
S=| 0 1 Ogee fu. 0 0 |. 
ie i 


If 1 =, fe ie ae vee = EP", and hence S' = i Thus D 
is the period of the transformation of S. The minor of the element +d in 
the matrix S equals unity. Hence the characteristic determinant (— 1)” A(@) 
of S is its single invariant-factor. Hence,* if 
(—1)"A@)= FF ---, 

where /”,, #’,, --+ are distinct irreducible functions in the G/’[ p” ], the first 
having the roots ,, ---, A’,, the second the roots L,, .--, L,, the transforma- 
tion S has the canonical form 


03) = AM. Nie = A, (0 12) Mg = A; ( M2 + Mg) 0°29 Ne = Ay (Mea + Din)» 
r = L, As ca = L, (ont Sie)> c= L, (Sit Sis) * RY Cin ( Sn atsa)s 


* These Transactions, vol. 3 (1902), p. 291. 
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wherei=1,.---, & in the first line, i =1,---, 7 in the second, .--. The trans- 
formation S therefore has the maximum number of variables in each chain. 
Let « be greatest of the exponents «, 2, ---. Then the longest chain contains 
« variables. Determine / so that p""’<x«=p". Let d be the least common 
multiple of the exponents to which belong the roots K,, ZL Then * 
Pap. 

Theorem. Zhe smallest field in which the fundamental equation is com- 
pletely solvable is the GF | p"” |, D = dp", where d is the least common multi- 
ple of the exponents to which belong the roots of the characteristic equation 
A(w)=0, while p* is the least power of p which is equal to or greater than 
the maximum multiplicity of a root of A(w) = 90. 

In the case of the classical equation €”" — & = 0, we have A(x) =a” —1, 
so that D=m. 

In case A(x) is a primitive irreducible function, we have D=p™—1. 
Thus the fundamental equation is the product of & and an irreducible equation. 


tie) 


The Interpretation of certain Invariants,*§ 17-22. 


17. Since the determinant [2m — 2, 2m—4,...,4, 2,0] is the product 
of the distinct + linear functions of m variables in the G'Z’[ p*" ], its quotient by 
L,,, is the product J, of all distinct quadratic forms in the G'’[ p™ ] on m vari- 
ables which can be transformed into irreducible binary forms. Indeed, each 
linear factor of J, is of the form 7, + p/,, where /, and /, are linear forms in the 
GF p"], 1, + 9, and p is a root of a quadratic equation irreducible in that 
field. If p’ is the second root, 2, + p’l, is a factor of J. The product of the 
two factors is a quadratic form in the G/’[ p" | which #, =1,, x, =/, trans- 
forms into an irreducible binary form. 

For m = 2, J, is the invariant Q,, of the fundamental system. 

For m = 8, we have the following expression for -J/,: 


(35) J, = Vi Oi, — Le. 
For proof, we expand the identically vanishing determinant 
a; Oe Onar U7 ae. 
0, Ga mn, 
a, 10, Carano mec, 
a, 0; RC Raid ene, 
ty 2D. Cen ane 
0! 0.) * Ona amos ci. 











* JORDAN, Traité des Substitutions, p. 127. Jordan’s q is the present h — 1. 
+ Here and below we shall say that two functions are distinct if their ratio is not a constant. 
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by Laplace’s method according to the minors of the first three columns and get 
(36) (4,650, ) (a,b, Cy) — (4, 6,0, )(,8,¢,) + (4,0, ¢y) (4,5, 0) = 0. 


= gne gni pni 5 Cet st ie: pn+t1 : s 
Taking a,=x?", b,=y?", c, = 2?", and dividing by Z2"*', we get (85). Since 
(35) is an irreducible function of its arguments, we conclude that any irreducible 
binary quadratic form is equivalent .to a constant multiple of any other irredu- 
cible binary quadratic form within G’, and hence within G’‘,. 


Invariants relating to Cubic Forms. 


18. The product of the distinct linear functions of m variables in the 


GF p*" |, no one of which is a constant times a linear function in the GF p"], 
equals 
P= [8m—38, 3m—6,.---,6,38,0]/L,. 


Each linear factor of P, is of the form 


Too Ve Y; = Cy + CaP + CePh*> 
i=1 


where p is a root of a fixed irreducible cubic # in the GF’[ p"], and where the 
ratios of the y, do not all belong to the latter field. 

If m = 2, the factors are x, — ow,, where oc is in the GF'[ p™ ], but not in 
the GF'[ p"]. Hence P, is the product of the distinct irreducible binary cubic 
forms in the G2’ [p"]. See (42) below. 

If m=8, the rank of the matrix (c,,) is 3 or 2, In the first case D'¢,,2,, 
6, %;5 2 ¢,.%, are linearly independent, and there exists a transformation of 
G,, which replaces y by x, + px, + p’w,. The functions obtained from the 
latter by replacing p by either of the remaining roots of the cubic are factors 
of P,. Hence P contains as a factor the product A of all distinct m-ary 
cubic forms equivalent to a non-vanishing ternary cubic form.* If the rank is 
2, the linear factor is equivalent to x,—pxr,. Hence P, = XC, where C,, 
is the product of all distinct m-ary cubic forms equivalent to an irreducible 
binary form. Now, there are 


(37) IN c= Cos per. il ) (ore — p”)(p ade. jie) 
sets of elements C;, in the G#’[ p"] such that matrix Ge.) is of rank 8. But 
two linear functions whose ratio is one of the p**—1 elements + 0 of the 


GF'[ p*"] give the same factor. Hence the degree of A’, is 
(388) Kev IN | (pet is 
The degree c, of C,, is therefore p, — k,,, where 


(39) ye = pr) i gee?) we Nee — pm) a Cae oh yee — p" A 


*Dickson, Bulletin of the American Mathematical Society, vol. 14 (1908), 
p. 161. 
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19. We proceed to the evaluation of the invariant C’, of degree 


c= (p" — p")(p™ +p + 1) = p'(p™—1)(p" + 1). 
To this end we construct an integral function of the fundamental invariants (2) 
of G, which vanishes identically in y, 2 for x = py, where 


(40) p= p, pl” +p. 
For « = py, (1) gives 


L,=(p™@—p)y?", Qa — ky", kk = (p™ — p)/(p” —p)- 
In view of (40), we have 
feo" = (p — p?")/(p?” — ps Sees == (p — Pp?” )/\ pe aaa 
(pe — p) 2072? sf Oa aia PP pF) kee 


(41) Afar des tae 2" 2 
Since p, = p’” — p” by (89), we conclude that * 
(42) J we Qrtt — ye npn 


The desired invariantive relation C’,=0 is obtained by the elimination of Q,, 
and ZL, from (41), (2,) and (2,). We have 


Qs: x4 st Lae a On al (Qi/ Qs) 


uee( or)” =(zt) =a ony = On (3a) 
(48) O,= LE Qs, — (Qn QE)" + Qi (ea +r+ 1). 


We proceed to express the invariant P, in terms of the fundamental in- 
variants. With the notation of § 1, we obtain from (386), 


[623] [3810] — [681] [2380] + [630 ][ 231] =0, 
[5382] [210] — [521] [320] + [520 ][321] —0, 
[431 ][120] — [412][310] + [410][312] =0. 
We raise the second to the power p”, the third to the power p””, and get 
— [410 ]2"[310 |] + [520 ]»"[ 320] — [680 ][ 210]"=—0, 
[310 ]e"[ 210 Jo" — [410 JP" [ 3820 J" + [ 520 }"[ 210 |" = 0 
_ [820 Jo" 210]7" + [310 J" 310 |?" — [410 ]7”[ 210 Jr" = 0 


We eliminate [520 2" and [410 ]»™ linearly, divide by a power of [210], and 
get 


(44) P,= [Qe — OF 1 (Ont Oa el One 


* Since Q,, is an absolute invariant of G, and L7, r—=p”"—1, is the least power of L, giving 
an absolute invariant, any invariant factor of (42) must be of degree a multiple of r( p*+1) 
and p’” —p” and hence a multiple of rp”(p"-+1). Thus P, is an irreducible in: ariant. Hence 
any irreducible binary cubic is equivalent within G, to a multiple of any other. 
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We readily verify the identity 


(45) Qerte Ps + Qs C2" — OBO, + Qe" C; = 0. 
Hence the product of all non-vanishing ternary cubics is 
(46) ‘ Kk, = pt a Oe: a (Qe On. Cr! )/ Oper” 


The last expression equals an integral function. By (438) 


pr—l 


46) K--Q5-"— 5 (On - Qa LE Qn ge. 


Invariants relating to Quadratic Forms. 


20. We next determine the invariantive expression for the product Q of all 
distinct ternary quadratic forms of non-vanishing discriminant * in the G'#’[ p"]. 
An integral function has the factor ¥* — wz if and only if it vanishes identically 
in # and ¢ when we set 


2 


y=txr, 2=t a. 
For these values, 
de oth (¢ — tr”), Q,,= 0?" (t—")[(t— b"), r= p"—1, 
L,=x'(t—t")(t— 0") (w"—#"), e=pr+pr4+i. 
By eliminating ¢, we get the two relations + 
(47) len) Tee | on — oP" UO, + «Li =. 


By means of the rth power of the former, we may express x?” as a multiple of 
aw. Hence (GT,), its p”-th power, and its p?"-th power yield three linear relations 
between «?”, x", x, the determinant of whose coefficients is a power of L, 
times 


AQ LF + BL + Que Ly Ltt! _ Ques Loe = 0, 
ae Un ee: DS ee 
We eliminate (,, from A by means of (2,), from B ep means of (2,): 
DN EWA Be De Cle hs 

Similarly, the last two terms of (48) equal 

S (Lif 25 — Qu) De — Len) + LL) 

ee Bee Ql; + LC}, C=Q,, L727" — Qe V2 
In view of (2,) the first term of the latter equals 
eo nt Lin — Qn Lr). 

The last term cancels the first term of (48). By (2,), 


gn rpnr rpn 
C= — Qss 21g (oe : 
* Semi-discriminant S, if p—2, these Transactions, vol. 10 (1909), p. 134. 
+ The product of the second by L, is ap identity in 2, y, in view of (3). 


(48) 
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Hence the new form of (48) is 
LI Qy LE" + QR QEH LY — Qa Quen Ly = 0. 
The first and third terms equal Q,, 17?" #?", where 
B= LY On =O + On ELS — On Qn L2/L5, 

in view of the product of @?* from (2,) by Q, from Be Hence 
(49) QeQne Le + Le Ory + Onn Le — Onane Lr = 0. 

By eliminating @,, between (2,) and ne we get 
(60) Le — Li Qe + Ly Be Qy— LLP =0. 


Multiply (49) by 22" and eliminate 12” by (50). Then multiply by Q,,/Z;, 
replace Q,, by its value from (2,), and Qy by the p"-th power of the value of 
Q*" from (2,). We get 


(Qa — EP QNQaLE LY — Le Ly" Qt + Ly LE Que 

ik Hb ee as bee WEA bene ett 0. 

Multiply (50) by Q,,Q23*'— Qu", add the result to (61); then divide by 
iP We get 


(52) 10) ger gan ( Oe em pe Oat) a G6 ae [ NB a) fo Lee 5 ‘Om 

~ (Qo, Qua) + QU} Le LQ Oe — LEQ) = 0. 
From the p"-th power of (51) we eliminate 1?” by 60) 2 and obtain an equation 
involving the same three powers of Z, as in (52). Eliminating the highest 
power of ZL, and dividing the resulting relation by Z7”", we obtain YG =0, 
where 


(53) F= Le (Qn — Qu) + L,1t Qe 


329 
= 73n. yn e 3r—p2n 2n +] eee +y% 
CO Og Fe (Oar OE — Os Oe” — M51) 
LS LL? 2n—pn Qn m+ pn Of aa Osi?" ee 


The factor / is extraneous, since it does not vanish for # + 0, ¢ in the 
GF'[ p*”| but not in the GF'[ p”]. Indeed, we then have 


L,+0, Q,=0,L,—0) QueOn — L- ) 0 en 
Hence the desired invariant @ is a factor of G. Now 
(55) Ga J, Qi Qe — LEG) + TPQ — OM OR), 
where -/, is defined by (85). Zhe invariant @ equals G/J,. This follows 


from the facts that any ternary quadratic form 7’ of non-vanishing discriminant 
(semi-discriminant, if p= 2) is equivalent (Linear Groups, p. 158, p. 197) 


(51) 


(54) 
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under the total group G, to c(y*? — wz), and that the number of the forms 7’, no 
two with a constant ratio, is V = p™” (p** — 1), while the degree of Q is 2. 
We may, however, give a direct proof that Q = G'/J, and deduce the preceding 
facts as corollaries. This proof depends upon the fact that G'/J, is not the 
product of two integral invariants of G’,. Since G'/-/J, contains a term free of 
LI, a factor f must contain such a term and hence be an absolute invariant of 
G,. Hence the exponent of Z, in each term of fis a multiple of p»—1. But 
the degrees of Q,, and Q,, are multiples of p”. Hence the exponents of Z, are 
multiples of p"(p"—1). Thus / is an integral function of J,. By (85) and 
(55), we get 
(55) G/J,= QE QD" + QoTe + IZ TUN D, D=Qn— Ont. 
If this were reducible in J/,, then 
(58) oP + o Qi" / Qi! + Qo 
would be reducible ino = Q,,D/J,. But values of x, y, 2 may be found for 
which Q,, and ,, take any assigned values ($8). Since the extraction of the 
p"-th root is here uniquely possible, the coefficients of (56) may be given any 
assigned values. By § 13, values may be assigned such that (56) is the product 
of a linear and an irreducible factor of degree p*—1. Hence (55’) is either 
irreducible in its arguments or has a factor f, linear in J,. Suppose the latter 
to be the case. The coefficient of /, is either 1 or Q%, in view of the part 


Q;, of the final term of (55’). If this coefficient is 1, the remaining terms off, 
are of the same degree as -/,, so that 


Si = 43 —¢Qs Ob- 

But this is obviously not a factor of (55’). Next, for the factors 

sting hs, Tire ONC Hh, ap oe 
a comparison of the coefficient of J3"~' of the product with that in (55’) gives 

N= cQs, oh On D. 

Since 2 contains the term Q$,, while e exceeds the exponent of Q,, in each 
part of the first term of (55’), f, is not a factor. Hence G/J, is not the product 
of two integral invariants of G’, and thus equals Q. 

It may happen that @ is the product of integral invariants of the subgroup 
G, of transformations of determinant unity, namely, that Q is a reducible in 
the arguments L,, Q,,, Q,.- Since @ has a term involving only Q,, and Q,,, 
whose degrees are p(p” + 1) and pp”, where p = p"(p” —1), any factor f of 
@ is of degree a multiple of p. Thus the exponent a of Z, in any term of f 
is such that ae is a multiple of p. The greatest common divisor of e=p”+p"+1 


and p is 3 or 1 according as p” is of the form 37+ 1 or not. If p” + 381+ 1, 


Trans. Am. Math. Soe. 7 
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the exponent a of ZL, is a multiple of p, and f is a function of J,; but @ was 
shown to be irreducible in J,. Hence if p” + 31+ 1, any ternary quadratic 
form of non-vanishing discriminant is equivalent under G'; to c(y? — xz). 

For p” = 31+ 1, Q is the product of three integral functions of 12”. This 
is in agreement with the fact that the types are now 


c( y” — kez) (kK=1, ¢ €?), 


where ¢ is a fixed not-cube (for example, a primitive root), while no one of the 
three types is equivalent under G*‘; to a constant multiple of another type. 


21. Theorem. Jf « is a primitive root of the GF'[ p"], p">2, and Bis 


any element, the function 
x =o"—ac+Bf 


is the product of a linear and an irreducible function of degree p” —1. 
Let & and 7 be two distinct roots of >= 0. Letz=&—y. Then 


) gpm = al Ze 


, pn my p2n pn 2 
2 == es 2 =e ene his * 


Since a belongs to the exponent p"—1, z belongs to the GF[p™] if 
k = p" —1, but not if & is smaller. 

Suppose that > has a factor f of degree d(d <p"), irreducible in the 
GF[p"]. The roots of f=0 are &, &", &", ... and belong to the 
GF'[p" |. The difference z of two of these roots is not zero and belongs to 
the latter field. Hence by the earlier result, d = p"—1. 

For p" > 2, we havea+1. But = vanishes if ¢ = 8/(a—1), an element 
of the G#'[ p"]. Hence there is a linear factor. 

For p" = 2, the theorem holds for 8 = 0, but fails if B=1. 


22. We have determined the product @ of the distinct ternary quadratic forms. 
not equivalent to a binary form, and the product J, of those equivalent to an 
irreducible binary form. A quadratic form equivalent to a reducible binary form 
is the product of two distinct linear forms ; hence the product of all such ternary 
forms is 1?"*”", Finally, the product of the distinct quadratic forms equivalent 
to a unary form is Lj. Since QJ, = G', we conclude that the product of all 
distinct ternary quadratic forms is GL2"+”"4?, The degree of the latter product. 
is 2(p™ —1)/(p” —1), as should be the case. The invariant G, given by 
(54), may be expressed as the following determinant : 


Leet) ae 1 
(51) G=|Leomgne LEQ, OF 
On OF AO ta faa 
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LINEAR DIFFERENCE EQUATIONS AND THEIR ANALYTIC 
SOLUTIONS * 


BY 
R. D. CARMICHAEL 


Introduction. 


The first existence theorem for difference equations in which analytic solutions 
were treated was obtained by GuICHARD + who, in a paper published in 1887, 
proved that if ¢(a) is any entire function whatever there exists another entire 
function f(a) satisfying the relation 


S(%+1)—f(%) = $(@). ayer) 


Demonstrations of this theorem have also been given by APPELL { and Hurwitz. § 
Hurwitz further showed how to solve the equation 


p(x) (e+ 1)— x(e) f(a) = (2), 
where $(x), y¥(@), W(«) are meromorphic functions. 


MELLIN || has considered the nature of the solution of 
S(@+1)—r(«@)f(x) = s(x), 


where r(x) and s(a) are rational functions. 
BaRnEs §[ has contributed an interesting study of the equation 


P(x) f(a + o)— x(a") f(e) = v(«), 
where is any constant different from zero and $(x), y(@), W(#) are entire 


functions. 
Watson ** has considered the equation of the second order 


A(a)f(w +1) — B(a) f(x) + C(@)f(#—1) = 9, 


* Presented to the Society September 6, 1910. 

+Annales de l’Ecole Normale supérieure, ser. 3, vol. 4 (1887), p. 361. 

tJournal de Mathéwmatiques, ser. 4, vol. 7 (1891), p. 157, especially chapter I, pp. 
159-176. 

§ Acta Mathematica, vol. 20 (1897), p. 285. 

|| Acta Mathematica, vol. 15 (1891), p. 317. 

{ Proceedings of the London Mathematical Society, ser. 2, vol. 2 (1905), p. 438. 

** Proceedings of the London Mathematical Society, ser. 2, vol. 8 (1910), p. 125. 
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with some restrictions on A(a#), B(w), C(x), the object of his investigation 
being to obtain a solution which is of use in applications to the theory of linear 
differential equations. Two analytic solutions are obtained, but the question of 
their independence is left unanswered. 

Finally, GaLBruN* has employed the Laplace transformation which carries a 
linear difference equation with polynomial coefficients into a differential equa- 
tion, and by means of this transformation has obtained important existence 
theorems for the case in which the difference equation has polynomial coefficients. 

The primary object of the present paper is to prove that there exists a funda- 
mental system of simple analytic solutions of the system of n linear homogeneous 


difference equations 


(A) G (mt 1) eae) G (2) (t=1,-+-,"); 


the known quantities entering into the equations being defined as follows: 
1) a is a constant ; 
2) the functions a,,(a) are single-valued and 
¢ 


% Ay Adal ug eees | Pie) . Sapte Be 
a,(@) = a, + a,,@ +a,,077... (959 =U, a5 2) | 3) Sede 
3) the constants @,, are such that the roots of the equation 


: Oifi+y, 


| ty = Oy P| a ea ee aie 


are in absolute value different from each other and from zero. 

In $1 a form of the method of successive approximation is developed in con- 
nection with a single equation of the first order and by means of it a study is 
made of the nature of a simple particular solution of the equation. 

The methods of § 1 are readily extended in § 2 in such a way that they lead 
to a similar solution of the normal system 


1 mM; n 
(B) f(e+1)—a,(1 +5) (2) = ab Car) fam (i=1,---,n), 
ron 
where ; 
0<!la,|<|a,|<---<]a,| 
and 


$, (x)= oiar+ pivot... (ij f=1,--.n) eleueaeae 


t) 

A method of induction in $3 leads to the determination of a fundamental 
system of solutions of (4) and to the development of important properties of 
the functions of which it is composed. 

In § 4 it is shown that system (A) can be reduced to the normal form ( B) 


*Comptes rendus, vol. 148 (1909), p. 905; vol. 149 (1909), p. 1046; vol. 150 (1910), 
p. 206; vol. 151 (1910), p. 1114. 
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and thus the general existence theorem for (A) is obtained. Finally, an appli- 
cation of this result is made in deriving the general existence theorem for a 
single equation of the mth order. 

I desire to express my cordial thanks to Professor G. D. Birkhoff for valuable 
suggestions and encouragement in the preparation of the paper. 


$1. The method of successive approximation for a single homogeneous 
equation of the first order. 


We shall begin by considering a single homogeneous equation of the first 
order in the normal form * 


(1) fe +1) a(t +7) Me) =o) Mle), a+0, 


1 m 
fet=Ve)se),  yoysa(145) + 6(@), 
where 
(2) d(z)= Pur? +p w't---, for |x#|=R>1. 


We assume that y(«) is single-valued and analytic at all points of the complex 
plane where it is defined, and that that determination of (1+1/a)” is taken 
which approaches 1 as x approaches infinity. The sequence of equations 


f%(ex+1)—a (1 cr =) fC) = 0: 


mt —a TY" ye eye= b(n) FO Co 
5 (e+) —a(1 $s) F(x) = 4) F(2), 


™m 


il 
PIE AYR als 5) $C) = Hera); 


; 
will serve to define a sequence of approximation functions f(a), f°(@), «++. 
A particular solution of the first equation is evidently a*a”. All the other 
equations of the set have the general non-homogeneous form 


1 m 
(4) g(w+1)—a(1 +2) 9(#)= (2). 
* It is easy to reduce the general first order equation 


G(a+1)=274(04+ 2-14 6% 7-2+---)G(az), é+0, 
to this form. Put 
Gry =A (ei 7 Ce): 


Then 
S(at1)= (04 Wa-1 4 x-2 +--+) f(x); 


and for |x| sufficiently large this evidently may be put in the form (1). 
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One readily obtains a formal solution of this equation as follows: Let 


g(@) = a'a"G (x), 
where aa” has any determination fixed by making a cut along the negative axis 
of reals in the x-plane. Substituting in (4) this value of g(a) and dividing by 
a’*'(e2 + 1)” one has 
7 (2) 
Gx + 1 )™* 





j(@+1)—G(#) = 
an equation which has the formal solution 


(oo) en eg) el 
g(@)=— a**"(e +1)" a? (ar 2)" a? (toe 
Hence 





n(«) m(w@+1).  n(e+2) 


g(@) Tay 1 Tek 2 mm 2 mm 
a(1 +) #(1+2) a(1+5) 
4b) Ab 4b 


Now 





eee, 


w(1 +") =A(x)rA(w+1)---A(e~+r—1), 


A( oe) = (1 + 5): 


and therefore (5) may be written in the form * 


= (w+ 72) 
6 = = 
io) a ae (a) r( Bendy -A(v +7) 
This yields not merely a formal but an actual solution for any values of w for 
which it converges; and if 7(2) is analytic, then (by Weierstrass’s theorem) it 
yields an analytic solution throughout any two-dimensional continuum where it 
’ converges uniformly. 


where 





By the aid of (6) we obtain a sequence of formal solutions /(2) satisfying 
(3) identically. Employing the notation 





ce ; x(x + 2) 
SAX) 51> 22 ener yes en ge ee 


and using for each equation that particular formal solution which is obtained by — 


adding the solution a*x” of the homogeneous equation to the solution derived 
from (6), we have 


if (40) = anu fat 
7 a ( 2) = ax” of S (oa ao”), 
if a) = ax” at S, { ba’ on™ ae pS,(pa'x” ) } ' 





*Cf. MELLIN, Acta Mathematica, vol. 15 (1891), p. 319. 
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It is easy to see that this leads to a formal solution J,(@) of (1), defined by the 
series 


f(a) = ara" + S,( para") + S,{bS,(para")} 
+ S.[¢S,{bS,(Para")} ] +--+. 
That this series formally satisfies (1) we may verify by forming the difference 


7,(@+1)—a(1+1/x)"f,(«) and effecting a reduction of the resulting series 
by means of the general formula 


i m 
Ben xX) —a(4 +3) S.(x) mea? A 


(7) 


Consequently whenever all the series S| in the terms of (7) and also the series 
(7) itself converge, this series represents a solution of (1). 

In studying the nature of the formal solution (7) (and in the work of the 
succeeding sections also) it will be convenient to have names assigned to certain 
regions of the plane about which we shall have to speak often. Let R be the 


a) 
——————— 


R 


RiGee 


circle |x| = #. Let / be a line cutting the positive axis of reals at right angles 
and not cutting #. The part of the finite plane to the right of and including 
l will be called a P-region. Let mand n be parallel to the axis of reals, m 
lying above and n below &. The part of the finite plane lying above and 
including m will be named a ()-region; that lying below and including n, a 
()-region ; these two together, a @Q-region. A region formed by the combina- 
tion of the P- and @-regions will be called a D-region. The part of the finite 
plane not included within D will be called the H-region corresponding to D. 
It is scarcely necessary to remark that () and @ have each a part in common 
with P. A 

In what follows immediately we are to prove the existence of /, («) and develop 
its properties in particular regions P,, Q,, D,, #,; for convenience all these 
regions are defined at once. For any positive constant c, less than |a|, there 
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exists an #2?’ such that 


| ( a) 
a\ lop ieee, 
oy aa) 


From the nature of the function ¢(2) it follows that there exists an JZ such 
that 








=f. 





wv 





Me 
|o(@)| <i» for 
If one writes 
e=utkvY—l1 


where v is positive and both w and v are real, it is now clear that one may choose 
particular regions P, Y, D, H—call them P,, Q,, D,, #, respectively — such 
that 








| 1 m ; , 
(8) S@)1< jap a(14;) nt, for 2 inte 
(9) Uo Me fOr aD. 
A MM; 2M 

(10) ; ae — + ay eae for « in @,, A being a constant ; 

1 m F 
(11) a 1+2) + (x) +0, for vin D,. 

Let us consider the function 
o(epija*(e4+7)" _ |) S P(e + t)ara”| 








wa 


(12) 8, ($a°a") = eee a 





-A(x +t) Vee ‘mo| (3 


Employing inequalities (8) one has the relation * 





(18) 








2 |b(@ + i)a™a” Kx Mr 3e 
a A(x + 7) = —(u+ 7)? 4+ v2 


subsisting throughout D,. The series of the last member of (18) is evidently 
uniformly convergent when « lies in any closed region in D,. The same then is 
true of the series in the first member, and hence also of the series in (12). 
Therefore S| (¢a*x”) is a uniformly convergent series in the same closed region. 
and hence, in accordance with a well-known theorem of Weierstrass, represents 
in this region an analytic function of «. From this it follows that the first and 
second terms of the series in (7) represent functions which are analytic in D,. 
In order to show that the remaining terms are analytic in the same region it 
is necessary to know a bound to the magnitude of |S_(¢a*a”)| as w varies. In 
carrying out the needful reckoning it is convenient to treat the regions P, and 
Q), separately. 3 





* The symbol < is to be read is less term by term than. 
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First, let us consider the region P,. Of the two series 


Secs Sy B/ 
Liye Dy erarary for x in P,, 





the terms of the first in order are equa] to or less than the corresponding terms 
of the second. But the latter series is less than the integral 


i M M 

— dz = —=; 
roe u—1 
and therefore 


(14) S:(pata 


Hence 


e p,m 








M 


|S, (pa*a™) agp 


Using this result and making an argument similar to that associated with 
inequality (18) one may show that S.{¢S (¢a*a”")} is analytic throughout 
P,. Again, in view of (14) we have 





< | a* om 








ae |. = mM Vee Tele 
5 bS.(daro")} <5 folate) Ay |< S (gare si ah a Ge ee 1 


Similarly it may be proved that S,[¢S,{S,(fa*x)}] is analytic in P, ; 
an upper bound for the value of S_[¢S_{dS,(da*x™)}] may be obtained ; 
and so on. Hence in series (7) every term is analytic throughout P,; more- 
over the following inequality has been established for x in P,: 


S(parw) + 8, {b8,(parw")} + S[ PS, {b8,(fara”)}] + ++ 
(15) Mea") Miata”) | Maa 
€ u—1 twa aCe ihyy 


From (9) it follows that the second member of (15) is absolutely and uni- 
formly convergent throughout any closed region in P,; and therefore the same 
is true of the first member. Hence series (7) is uniformly and absolutely con- 
vergent throughout this region. But its terms are analytic functions of ~; and 
therefore, by Weierstrass’s theorem, its sum /,(#) is an analytic function of x 
throughout P,. Evidently, then, f(~) = f(x) is a solution of (1). 

A comparison of (7) and (15) shows that the following inequalities are valid. 
for xin P, : 











M v7 
| a" oo” | aa ae Ce fb <LAC@) 








M Pi) 
<|ore"| 1+ | 


FL a a 
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Hence we have 


OMe u—1 
(16) [os ee 





a set of fundamental inequalities bounding the increase or decrease of f(x) 
throughout P,. 

Again using relation (18) as a point of departure, we obtain similar results 
valid in @,. In this region v is different from zero. It is evident that 


wi end : = °“ dz MM) Mr 2M A 
wrote < Deas s2| mf apate{n aE ee 


A being a properly chosen constant. Comparing this result with (12) and (13) 
one has : 


2 A 
(7) | S,(pa%a")| SB (para) <[ara™ |= 








On account of (10) and (18) it is clear that one may employ an argument 
similar to that associated with (13) to show that S,{S,(¢a*x”) } is an ana- ~ 
lytic function of x in Q,. Again, on account of (17) one has 
2 


me bs me A At A 
(18) S.{bS,(darx”)h< 5, lara at ae S,( para”) <| ara" | Gg 


In like manner it may be shown that the function S,[¢S, {S_ (gaa) } ] 
is analytic throughout @,; also, an upper bound for the value of 


S,[ PS, { GS, (pa%2") }] 


may be obtained; and so on. Hence every term in series (7) is analytic in Q,. 
Moreover, for this region the following relation exists: 


(19) S,(parw") + 8, (68, pee w)} + SLPS, [$8,(ara")}] + --- 
g¥ 
€ 
By a method similar to that employed in the previous case it is now easy to 


show that f(x) is analytic in Q,, and that throughout this region it is bounded 
as in the inequalities 





atan|< Facet +. | a* a ym 





A? A$ 
oy + |a*a"|— a + 


— 2A 
(20) Jara |" <[f,(w)| < lara]. 


It remains to determine the nature of f(a) in the region #. For this study 
series (7) does not furnish a convenient means. We proceed as follows: If we 
solve (1) for f(«) and in the result write « — 1 for w we have 


(21) f(w@—1) = $(e—1)f(@) 
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where 

(22) w(e%)={¥(#)}". 

By means of (21), the solution f(x) which is known to exist in P, can be 
extended across the plane to the left; and in this way the nature of f,(#) in £ 
is determined. 

Consider the set of points [S] which is formed of the set [a] and of the 
sets [a —i],i=1, 2,3, ---, where [a] is the set of singularities of y(x). 
A point « —i is said to be congruent to a on the left ; in a similar way con- 
gruence on the right is defined. It is easy to see that f(a) is analytic at every 
point «’ not belonging to [S]. For, by (21), 


f(a) =F (a )b(a $1) +. P(e tv—1) f(a +7). 


yan be so chosen that «# + lies in P,. For such a value of v, f(x) is 
analytic at « + v; also, (a) is analytic at each of the points wv, w+1,.---, 
«x +v—1. Therefore f(a) is analytic at «. Combining this with previous 
results, we see that f(a) is analytic throughout the finite plane except at the 
singularities [a] of y(a) and the points congruent to them on the left; at 
these points its character depends upon the nature of the particular y(«) 
involved. 

Let each point of [S] be inclosed by a small circle of radius e having the 
point as its center. Denote by Z£,, the whole of that part of , no point of 
which is within one of these small circles. 

Inequalities bounding the increase or decrease of f(a) for « in H,, may be 
found as follows: Consider any positive constants a_ and a, satisfying the 
relations 

(2 eae eA i De 
Since 


L je +5) +9() = tt, 


2=n 


it is clear that 7 may be chosen so that 


0 ICDC ia 





| saa 
a> a(1+5) + (x) 


and also so that the circle |~| =r cuts the boundary of LZ, twice on the left of 
the origin and at no other point. Since f(a) is everywhere analytic in #7, it 


follows that there exist constants JV, and N, such that 
Ni =\f,(2")|<N,, for #” in #,, and r=|x"|=r +1. 
But (21) yields the equation 


f,(0" — 6) = (0" — w)v (a —wH+1) ++ (a —1)f(2"). 
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Hence we have 
Na," S| f(a" —pv)| < Nia, for x” in #,, and r= 

As pw varies over the range w=0,1,2, ---, ~’—yp runs over all points in #,, 

and outside of the circle |x|=r. Also, f,(«) is finite in the part of £7, 

which is in the circle |x| = 7. Hence it is clear that there exist constants JV, 

and iV, such that 

(23) ¥,|a; 


the result sought. 


S=r+i1. 


” 
we 











=| 7, (0) | ene |, for ot ieee 


So far we have said nothing of the position of the zeros of f(a). By means 
of equation (1) we shall show that they can occur only at the singularities of 
v(x) and at points congruent to them on the left. We have 


SC +e) = (e+e L)ple t+ p—2)-- ve) fle), 

where yu is a positive integer. From inequality (16) it follows that for every a’ 
there exists a w such that f,(« +») is different from zero. Hence f,(’) can 
be zero only when one at least of the factors (a), (w'+1), ---, W(a+u—1) 
is infinite: and therefore the zeros of f,(a) must all be contained in the set of 
points composed of the singularities of (a) and the points congruent to them 
on the left. 

The principal results contained in the section may be enunciated as follows: 

The difference equation 


f@+1=¥(2)fle) or fl@-1)=F(e—V fla), Ha)=aty(a)}>, 
in which v(x) is single-valued and 


1 m 
v(w)=a(1 +5) +(x), b(a)=b'a "+h" aF+..., Jor |x|=R>1, 


has a particular solution f,(x) which is analytic throughout the finite plane 
except at the singularities [a] of W(x) and the points congruent to them on 
the left, and which can vanish only at the singularities [PB | of v(«) and at 
points congruent to them on the left. If D, is defined by relations (8) to (11), 
then throughout any closed region in D, this solution is representable as a 
uniformly converging series in the form 


Si (2) Heart S,(Para™)+ S{PS,(Paa")} + S.[PS,{PS, (Para")} ]+---- 


The increase or decrease of f,(x) for « in the corresponding regions P, and 
Q, is bounded as in the inequalities 











u—2M—1 u—1 é 5 
| ara” | rtp <A) <1" | pq Sor & in Py 
v—2A v ‘ 
| oa" | < | Ai(#)| << |e 2"|- 7, for x in Q,. 
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Also, for any positive constants a_ and a, satisfying the relations 
Ge | 0 pene 
there exist other constants N,, N, such that 
. Pay Le x e ° 
Niele 1 7.0) <— V,| 25 “fore im By 


Remark. About each statement in the conclusion of this theorem it should 
be observed that, insofar as the statement refers to the region D, or any part of 
it, it is independent of the nature of ¢(«) in the region exterior to D,. More 
explicitly: Jf 6(w) is any function which is analytic in some D-region and if 
also 


Mc ‘ 
|o(e)|< hig Jor ene), 
then there ewist regions P,, Q,, D, having as before the properties (8) to (10), 
and there is a particular solution f,(«) of the difference equation having in D, 
the same properties as the solution f,(«) of the equation in the theorem. These 
conclusions follow from the preceding discussion without change of argument. 


§ 2. The method of successive approximation for a normal system of n equa- 
tions. Properties of the solution thus obtained. 


Let us consider the system of n linear difference equations of the first order 
in the normal form 


(24) fet) —4(145) £@)= L6G) (gee Poe, ye 


or 


MetH=Lw(@ sO) Yoo) = 8a (14 a) + by(2); 


where 


(25) 0<|a,|<[al<-<|a,| 
and 
Boyd, (2)=d 2 '+o,,0 °+-°- (t,j=1,---,n), for |2|=R>1. 








We assume that y,(a) is single-valued. If we solve (24) for /;(«) in terms of 
f{v+1),i=1,.---, 2, and in the result write x —1 for @, we obtain 


(27) fle) = LA (#- V4) (f=1,>+-, n), 
Wr, (@) having the form 
(28) Fy(w) = 


where A is the determinant 





DM = 





1 my 
5,a,( 1+.) + $,(2) 
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and a,.(«) is the cofactor of the element in the jth column and the ith row of A, 
The object of this section is to obtain a particular solution of (24) and to study 
its properties throughout the plane. 
On account of (25) and (26) it is clear that there exist particular regions P, , 
Q,, D,, # and constants c, Mand A such that the following inequalities are true : 


| T\e4 a / 
(380) |o,(% <a a(1+5) ae” (i,.9 = 1, -- +52), On ieee 


‘ | 71 my | ] my 





(t=2,.--,n), TOrm nee 











(32) u>M+1, forxin P,, wherexv=u+vV —1; 
A Mr 2M A 

(33) ~< - + e pol eeionr Inu 

(34) A+0, for|x|=RER. 


In the study of our system of equations these regions are treated separately. 
It will be convenient to employ the notation 


Bis x(@ +7) 3 ae 
Sx)" -Laaner ip neaey = Maat tg) s 


v=0 





also we write 
t= Cae, 
a t a 


where C’, is any periodic function of « of period 1 and analytic throughout 
ED. 
The form of the method of successive approximation employed in the pre- 
ceding section is readily generalized so as to lead to a particular solution of (24). 
Consider the set of systems each of n linear equations, all except the first being 


non-homogeneous : 


il Mm; 
(1) om“ aa Ce eh 
IP (2 +1) (145) el ey) aN), 


f?(e#+1)- a,(1 ve =) P(e) = ZL by(@)f (a), 


(t=1, «<5 mie 
F(e+1)—a (145) Pe) = Lo @VPO), 


vt 


Proceeding as in the foregoing section, one writes out in order formal solutions 


1911] AND THEIR ANALYTIC SOLUTIONS 111 


of these systems, obtaining thus the following set of approximation functions : 
a (m) = u,. 

(2) 1 
fs (a) maiog! ay ise (X¢ p;;2 w), 


f(x) =u, + s.(X¢ $, w)+s | 4, S,(Dbur | ts 


It is easy to verify by actual substitution that a solution of system (24) is 
obtained in the limit functions (if they exist) of the sequences f{), f?, f®, 
--,¢=1,---, 7; that is, in 


S(e)=u,+ ie (x dX pu fi i) a5 8. DX $5, ( dX $0) 
(35) 4 . Teor ye 
S| DFS} beSa (2 tu) | + 
= 
This solution is in general illusory on account of the divergence of certain series 


contained in the terms of the expansions formally representing the f’s. In 
fact, let a, and a, be any two a’s such that |a,| > |a,|. Put 


CBr ey Coat 
For i = s the second term in the series in (35) becomes 








ie 

(36) 
a + v)ar (e+ vy 
ie!» Ora rer) aa 


a series which is evidently divergent at least for some values of ¢$,.(a”) as for 
instance }, (x) = 1/2’. 

On the other hand, there is at least one particular convergent solution, arising 
from the following special choice of values of the periodic functions C,: 


CG.) t+1; Gia. 
If we call this particular solution f,,(«), we have formally from (85) 
fa(@) = ee OH ) ae 2 S.i( Gi ay a”) oe Sy a ;; ak Py aa") 
je 
(37) f 
S. b i; 8, Dd Si ( Pan Ge | oo e168) - 
j=l = 
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That all the infinite series contained in (37) are actually convergent in Dis 
readily shown. Consider the series 





M 
§, Ua ri Ss . CG ar wn) 4 8, 


= Me Me 2 — Mi 
+8,|¢ py |i iy AG aie) | pes 


i carer ad | NW 7a NX 


(38) 





where S, denotes what S,, becomes when the terms of the series which it indi- 

ates are replaced by their absolute values. On account of the first inequality 

(30) it is evident that all the infinite series in (37) are convergent provided that 

all those in (38) are likewise convergent ; for if these expansions are written out 

in detail, the former, term by term, is less in absolute value than the latter. 
Compare (388) with the following series 


6 py re Me xX pam VG Mc a Mc Ginn 
ara + S| = a eee e ho ete 


w C 


=wleite — | Mew te 
We Ss E = 5 i ep 5al ae |} | forename 


On account of inequality (31) it is clear that the convergence of (39) carries with 
it the convergence of (38); this is at once apparent from a term by term com- 
parison of the two series, since (39) is obtained from (88) by replacing each de- 
nominator by one at least as great. But (389) (except for its first term) is of 
the same form as the series in the first members of (15) and (19). Hence, just 
as in the case of the latter series, one proves that throughout the region D, the 











(39) 





successive terms of (38) represent analytic functions and finally that the series 
itself represents an analytic function. 

We shall now find an upper bound for the values of the n —1 fansheme 
f,(@), i = 2, +++, , as & varies within P,; and, for similar variation of «, both 
upper and lower bounds for the values of f,,(~). We have evidently 


= {Me - {Me Mc 
aa) = 5,( 2 ajo" ) BERS nt = Br ie | Sheree 


: mf M 0 i 
|e 7 UN aoe La 











(12) Sea 


the latter inequality being deduced by aid of (15). Hence it is clear that 


M 
a) fa (@)| < [ope | ay 7 (= 2s tae 


Similarly, one has 


M u—1 
a(@)| <leram| (1+ py) = late ge 
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and also, 


. ™m fh ag mm ee 
lf (@)| > lap W(1-—4-4)= Bree" | i =) 





Combining these two inequalities we get 


“~—2M— 1 u—1 
(41) | a0" | ‘aay | alas <| fn (#)| <|aza™| 





Sivcme 1) (mae 





The desired results for the region P, are contained in inequalities (40) and (41). 
Starting from (19) and working in a similar manner one obtains the follow- 
ing inequalities valid in Q,: 


(42) |fa(2)|< 


(i=2,--7, 0); 





eC pyMy 
On | 


v—A 
yo — DA v 
(43) Jaga | °F < | fq(a)| <lazam| 





By means of (27) we are able to determine the nature of f,, (7), i=1,---,”, 
in the region /,; for we have 


(44) fu(®— 1) = 2 ¥,(2— 1) (2). 


Now the functions f,,(«) are analytic throughout P,. This solution may there- 
fore be extended across the plane to the left by means of (44); it is evident 
_ from the nature of the process that the singularities of f,,(«) for « in #, are at 
the singularities of Wr, (a) ,t,j7=1,---,n, and the points congruent to them on 
the left. The nature of the singularities which the functions f,(2) may have 
depends upon the particular functions y,,(a) entering into a given particular 
system of equations. In special cases it may happen that some or all of the 
functions have ne singularities at the points indicated. 

Inequalities bounding the increase or decrease of | 7.,(@)| for « in Z are not 
as complete as those for « in P, and @,. We shall however obtain bounds for 
| f,(#)| when « is in £., #,, being defined as follows: Let [ S] be the set of 
points composed of all the singularities of W,(7),%, 7 =1, ---,, and the 
points congruent to them on the left. Enclose each point of [ S] by a circle 
of radius ¢ having the point for center. The part of 2) no point of which is 
interior to one of these circles is the region £’,.. 

Referring to the definition of Wr, (a) in equation (28), it is easy to see that 


eet. 
L a,,( 2) = n 
zw ay [] a, if j =%, 
s=1 


Trans. Am. Math. Soc. 8 
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and that 
n 
LA=][{[a,. 
cco rey 


Hence we have 
0 if 7 +i, 
1 ae 


a 


Liue=| ifjai 


From this it follows that for every positive constant a such that a <|a,| there 
exists a positive constant 7 for which 


=e 





we 





LFy(2)/<at (G1, yn) 


It will be assumed that r is so taken that the circle |~| =r cuts the boundary 
of LZ’ in two points on the left of the origin and in no other point. 

Since each of the functions f,,(#) is analytic throughout #7, it follows that a 
constant WV exists such that 


|fi(@")| < WV for x” in #,, and r=|x"|=r41. 


But from (27) we have 


fx (@ — #) = XV, (2) Dvn" — perel yes pe; Piya’ DF @)- 
thee j= jy= 
Hence we get 7 
| faa" — #)| < Na. 
As p varies over the range w= 0,1, 2, ---, x” — mw runs over all points in Z,, 
and outside of the circle |x|=r. Also, |f,,(«)| is finite in the part of Z,, 


which is in the circle 


NV, such that 


«|=r. Hence it is clear that there exists a constant 











Fa(#) |< WV] a" 


The principal results of the section may be stated as follows : 
The system of difference equations 





(t=1,.---,n) ein H;.. 


fe+h)= Ly (#4 (@) or feN= X Fy(@-V,(2) ie 


in which ,,(«@) is single-valued and 


1 mM; : va 
Hi (#)=8,4,(14 5) +9$,,(@), $,,(%) = 7? + hia fee 
for |x|=R>1, 
6,, = 0 when i+9;3 é&..=1, 


uw 


has a particular solution, f,,(«), each function of which is analytic throughout 
the finite plane except at the singularities [a] of W,,(«) and the points con- 


J 
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gruent to them on the left. Jf D, is defined by relations (80) to (34), then 
throughout any closed region in D, this solution is representable as a uni- 
formly converging series in the form 


Fiu(@) = 8,52" + S06, 0,0") + S,, 2 $;;, 5.5 (PG ve") | 
j= 


n n 
8. © 4, Nar de X¢ jk Si (Pun G a”) | [+o (ise ly =-5 8). 
= = 
The increase or decrease of these functions for x in the corresponding regions 


P, and Q, is bounded as in the inequalities 


ve p,m “ait — 1 - ® p,m tren ., 
| apa" | Veeag | Eb <|fn(@)|<|afex pei 7 ea for xin P,; 





ata” ie fore 
1 








= 24 <lfa() <|ajam|—" 4, for a in.Q,; 


fa (%)| < ape" | -——ap (LS ee ne ee fOr eit, 5 


A : : 
Ppa) Ve | ye ay | Ci 2 era ee or wor G) 


Moreover for any positive constant a such that a<|a,| there exists another 
constant N such that 


lf (et <= LV | a*| (iL, te ae Or. a ti, . 


Remark. It is important for later use to point out the fact that, in so far as 
any statement in the conclusion of the theorem refers to the region D, or any 
part of it, it is independent of the nature of $,,(@), 7,7 = 1,-+--,m, in the region 
exterior to D,. Hence, if the functions $,,(@) are analytic in some D-reyion 
and satisfy the ee, 


(45) | P;; (x yee yee Oy es Ip for xin D, 


n | =I 
then there exists a region D, having properties as in the theorem, and the sys- 
tem of equations has a particular solution f,,(«) having in D, the properties of 


J, (@) of the theorem. 


$3. Huistence of n independent solutions of the normal system. 


For the system of equations considered in the preceding section we shall now 
obtain particular solutions which are independent and therefore constitute a 
fundamental system of solutions. * 
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Since by (87) it is seen that f,,(a) is not identically zero, we may make the 
substitution 


(46) 7 (eee 
(47) (20) =Ji(@) <4 


of which the inverse is 


ey hile v ) (i= 2) - ae 
(48) ACNETAC RE He fy 


ee 
where f,,(~),i=1, ---, , is the solution of (24) obtained in the preceding 
section. Then we have 


g(e@+1)=f,(%7+1)— 


(2%) + 9.0%) sansa 


Fi (@ +1) 
f,(@ +1) 





f,(e +1) 


(i=2,---,n). 


= El) FE 4 


Substituting in this equation the value of /,(«) obtained from (48) we have 
. wh ue oc 7 


(49) (i220: ae 


: Sm fn(®) 
ae if, mec eat: a (a) 


The last line of the expression may be written in the form 





fale +1) sy x x 
13 | Dye Min (®)— Fg eT) Yu Min) f 


Since f,,(@),j7 =1,---, m, is a solution of (24), this reduces to 


g,(2) nee 
Fala 5) {fale + 19 ee ulet ls 





an expression which is identically zero. Hence in writing (49) the last line 
may be omitted. Thus we have 


(50) a2 tH = | Hye) wu) faye) ({—2 ee 


Substituting the values of f.(w),i=1, ---, , obtained from (48) in the 


first equation of system (24), we have 


61 ae t= Ley, ale) + Dy (ogo) 





Replacing in (51) and (50) the functions y,(a) by their original values, we 


1911] AND THEIR ANALYTIC SOLUTIONS Ld 


obtain the transformed system of equations: 


62) gett—a (142) n= DE) 4, alot Dy (9), 


(68) g(e+1)—a (145) ale) = 2 [be et by (@) bg, (@) 


je 


This system has the simple solution 
9,(©) =fi(@)> g;(«) = 0 (i=2,---,). 


By substitution of this solution in (48) one reproduces of course the known 
solution of (24). We shall prove next that system (52), (53) has a second 
solution, and by means of it find a second solution of (24). 

It will be noticed that the » — 1 equations (53) involve only the n — 1 fune- 
tions g,(w),i = 2, ---,; and therefore (53) is a system of » — 1 equations 
in these unknowns. It satisfies the hypotheses of the theorem indicated in the 
remark at the close of §2; that is, there exist a constant J’ (= MW) and a D- 
region such that each of the coefficient functions 


p;, (x yee mia TT by(2 x ) (1,7=2,-+-,n), 





is analytic in D and the inequality 


eat a ) M’c 
$y (2 aes € th 6y(2)|< Gaye 








is satisfied by every xin D. The statement referring to the analytic nature of 
the coefficients is evidently true; for in a suitable D-region f,,(a) does not 
vanish. It is clear also that there exists a constant JZ’ such that the above 
inequality is true provided that there is a D-region in which f, (#+1)/f,(w+1) 
is in absolute value equal to or less than 1. ‘That this is true follows at once 
from inequalities (40) to (43). 

From the above considerations and the theorem indicated in the remark 
referred to may be drawn several conclusions which are important for the 
succeeding argument : 

1) There exist particular regions P,, Y,, D, and constants c and M, (= 1’) 
such that inequalities analogous to (30) to (84) hold and such that also 


(54) u>2M+1, Afvo<d,  |fa(@)/fn(®) 





eS eee lor 2 ine D),. 


2) The system of equations (53) has a particular solution, g,,(a),i=2,---,n, 
each function of which is analytic throughout D,. 
3) The increase or decrease of the functions which constitute this solution is 
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bounded as follows: 


v—2A, 
| a5 a" | eae *<|Jo2(%)| << a5 eae 


(55) i for z in Q,; 
\go(#)|<lagam| te (G= 8, -- 4m), 











© prme u— 2M, — 1 T prMme u—1 
| asa" ewes <|9n(2)|<|ajx rama, |< 
(56) uv for x in P,. 
gal )] <1 Garay eee ai 





These n — 1 functions are a part of a particular solution of the system (52), 
(53). To find the other function g,,(2) of this solution we have the non-homo- 
geneous equation 


fe gale +1)—a,(145) gale) 





Fir 
= = te) (2 >) Gi2(2) + Lby(#)g(2)- 
We obtain first a solution of the reduced equation 


68) g(e+1)—a (147) 9) = LPO ole), 





an equation which satisfies the hypotheses of the theorem indicated in the 
remark at the close of $1, as is shown by relations (64) and those indicated in 
the lines preceding (54). Accordingly it has a particular solution g(a) 
analytic and not zero throughout D, and approximately characterized by the 
inequalities 


a FR oa ae E i 
| az" | = Z <|9(x)|<|aj ad Ae for x in AK 





























: 

59 

ae to u—2M—-1 Bs a4 u—l f ey 
7G Prema mse le 1? 


Substituting in (57) 
(60) J12(@) = h(x) g(x) 
and making use of the fact that 7(«) satisfies (58), one obtains by easy reduction 
+ Pj (#) Jia(*) 
61 ] 1)—A(xz) = >) 4 = ; 
(61) v(@ + 1) (x) 2 g(x#+1) (2) 


It is clear that (a) is analytic throughout D,. 
Bounds of increase or decrease of n(x) may be readily obtained. From (55), 
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(56), and (659) we have 

! a, G mae Mo ms “ 
(62) incon <|(3) 7 ad ae 


| a, \* - ay M(u—1) , 
in(z)l< (2) x 2 1? for x in P,. 





From the first of these inequalities it is clear that the series 


(63) ee) +a (ee A) 8 


is uniformly convergent throughout any closed region in QY,; and hence the 
function s(x) is analytic in Q,. We have also 


(64) s(2+1)—s(x)=2(z), 


so that A(x) = s(x) is a solution of (61) which is analytic in Q,. But its 
behavior near the positive real axis is complicated; and the solution of (52), 
(53), and hence of (24), to which it leads is composed of functions which are 
complicated in their character in the same region. We seek therefore another 
solution, one which will avoid this difficulty near the real axis; it will of course 
differ from s(x) by a periodic function. 

A solution of (61) in the form of a contour integral, the path of integration 
going to infinity along two parallel lines, will be found to serve our purpose. 
We form the integral 


dz 
(65) x)= f Qe. 


where the path of integration Z is yet to be chosen. Since 7(~) is analytic 
throughout D,, it is evident that all the infinities which the integrand has in D, 
are at the points x + r, where r is zero or a positive integer. Let AB be the 
straight line containing all these points. Let the path of integration Z or 
CKRH lie entirely in D, and be formed in the following manner: It consists 





Fie. 2. 


of three parts: a part RH lying entirely above AB and extending to infinity in 
a negative direction parallel to the axis of reals; a part AC lying below 4B and 
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extending to infinity in a negative direction parallel to the axis of reals ; a finite 
part AP which crosses A once between «—1 and x and at no other point. 
Moreover the path CA? is such that LZ, lies entirely to the left of it. From 
(62) it is evident that the integral along such a path has a meaning. It is clear 
that for a particular 2 the path of integration may be deformed at will without 
changing the value of /(), provided that during the deformation it has always 
the properties stated in the definition of CK RH. Furthermore, J(2) is analytic 
ines 

We show that f(a) == (a) is a solution of (61). In view of the fact that. 
the integrand considered as a function of x is periodic of period 1 it is clear that 


we have 


n(z)dz 
(66) (a+ 1)= 1 aii ’ 


JL’ 


where L’ is the path CTSH. Now 


J f- J Ih K 


But by Cauchy’s theorem the last integral is equal to n(x). Hence, subtract- 
ing (65) from (66), member by member, we have 


I(*«+1)—La#)=7(2); 
hey (a) 





that is, 


is a solution of (61). It is this particular solution which we shall take for the 
value of A(«) in the remaining discussion. It is analytic in D,, as we have 
seen. 

It is necessary, for later use, to know a bound to the increase or decrease of 
|2(x)| for «in @, and P,. We consider the two regions separately, first taking 
the region Y,. On account of (64) and the analytic nature of both h(a) and 
s(w) in Q,, it is evident that h(a) — s(a) is a periodic function of x of period 
1 and analytic throughout Q@,. Now 


(67) |4(@)| = |A(e) — s(x)| + [s(2)]5 


accordingly we find upper bounds for |/(a)—s(x)| and |s(a)| separately. 
Consider the function h(«) — s(a#) for x =u+vV — 1, & being in Q,, where 
v is fixed and where w runs over any stretch of length 1. For such variation 
of «, |h(#) — s(a)| has evidently a maximum which is entirely independent of 
the range for w but depends directly on v. Call this maximum m(=+ v). 
Then we have 


(68) |i (w) — 8(@) 


where m(=+ v) is a single-valued function of + v. 


=m(+v), for xin Q,, 
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Now 
=< . F Mv ey a, x—t : | 
s(@)|=>o|a(@—i)|<—3 (2) (@—ie |], 
¢=1 2A, =1 | a, | 


v i 
a 7 \ Mo—mM,—2 | 
a, a | 


for xin Q,, 


by (62). Hence we have 


a 


Mv x 2 
tia) <p |B ome 


Therefore we obtain the result 


B, | Ce) ar ee 
AE ESS pee (3) gema—m ; 


| 








(69) 








where B, is a properly chosen constant. Then, finally, from (67), (68), (69) 
we have 


Dee OeN i 
&)) << m\ =v St = |p Beer OLIN Cs. 
(70) | 2( )| ( ) + 4 ( ') mg—m | fi Q, 
1 


ae 








In order to find an upper bound for |/(x)| when is in P,, we proceed as 
follows: Let AB be the line parallel to the axis of reals and containing the 











point x. Construct the contours HLF’, HM, ENF’, P as in the figure, 
where the stretch C’D is equal to}. Let us denote by 7,(), L,(#), Iy(@), 


I(x) respectively the integral 
n(2) dz 
5 ee e27ix—z) 


taken around these contours. For any value of «, either J,,(x) or Zy(a:) repre- 
sents an integral which is convergent, though the path of integration of one of 
them may pass through an infinity of the integrand. J,(«) and J,(a) always 
have a meaning, if it is understood that the contour P may vary so as not to 
cross AB at a point congruent to a. 

Since h(x) = [,(«), we clearly have 


|A(@)| =| Zu(#)| + Lp(#), 
4 (@)| = |Lv(#)| + L(#), 


for x in P.,, 





122 R. D. CARMICHAEL: DIFFERENCE EQUATIONS [January 


where 7,(a) is the quantity obtained by applying to Z,(x) the calculus of 
residues and replacing by its absolute value each term of the sum so obtained. 
Let x vary along AB. For each x take the smaller of the quantities | Z,,(x) | 
and |ZJ(«)|; call this quantity 7(@). From the nature of the integrand in 
I(x), it is evident that 7(#) has a maximum; we denote this maximum by 
(+ v), since it depends on + v alone. Thus we obtain 


|2(v)|Su(+v)+i,(), for x in P,. 

Now from (62) and the calculus of residues it is clear that when x is in P, we have 
eo Ai 2 | E\(2 a 

IS a ¢— a Mg—mM—2 


i=1 | 








Hence we obtain 


Bat Gene =: : 
|Z-(#)| <i op! 2) mem), for ain Py 


a, | 


where £B, is a properly chosen constant. Therefore we have 


x 
a, gine—™1 
a, 


Since h(a) and g(x) are known functions, both analytic throughout D,, 
equation (60) gives us a function g,,(#) analytic in D,. From (59), (70), (70) 


we have 


(1) | h(n) | <pa(Eo) FS 





» for 2 msi 











v-m(+v B, v : 
lgin(#)| <a gm Las a"? Fe Vaan for @ in Q, 3: 
(T1 
ee _ b(v)(u—1) u—1 








| 9y.( x ) | = \apar| u—M—1 + | az gone ge rae 1 for xin P,. 


From (48) we now have a second solution of (24); calling it f,,(@),i=1, ---,, 


we may write 
Fi2(®) = Jn(#); 





ie fq) | 
fal) =F) fal2) + Jal) (2, ym) 
Also from (55), (56), (71) we have the following inequalities : 
ee 83 v v- oe v) 
lfio(@)| < | azam| —2 . fat a? | ———— , 
12 ( ) <4 2 ies. ne, A | | 70 


fal@)| <laga™| "> + [fa(#) | 

(73) a for x in OF 
i 

fal #)|> lagu |" = — | f.(2)|, 














Fig(®)| < Jagan = a, + lFa(#)! (t=3,-+-+,n), 
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x pam Jy Le X >rm w(+ v)(u—1) 
|Fi2(%) | < Jaga”? | > ae Rei | v1 








| fon %)| < | a3 on he 


(74) om — TOP ait. 
fa(@)| > lage) pF — fal) 








| m M, . 
Fol)! <laga"| ap a t lFa(#)| = 8s ---5”), 


It should be observed that the results of this paragraph, inasmuch as they refer 
only to the region D,, are again independent of the nature of the functions 
$,,(%) in £,. 

If n > 2 we may obtain a third solution of (24) in the following manner: 
The solution of (24) just obtained depends intimately upon the two smallest a’s 
in the system, as inequalities (73), (74) show. Hence it follows that (53) has a 
corresponding solution depending in like manner upon the two smallest a’s in 
that system; this solution we shall call g,,(~),i=2,.---,n. It is analytic 
throughout some region J), and satisfies the inequalities corresponding to (73): 


a x m B. e pnnm vem ‘E= v) 
ORS SSR eg tae a + [age 1 oe 





v 
| 733 (@ ) | Seas Bean | Jo3(%) | 
75 for x in Q); 
(78) sa 0. 
| Js3 Jo3(@) |» 


neg 








eee 


A, 
. 19is(#) | < age] — arr + |Go3(@)| (t= 4, +++, 2), 


where D,, Y,, m,(+v), A,, B, are defined in a manner analogous respectively 
to the definitions of D,, Q,, m(+v), A,, B,. Also there exists of course a 
set of inequalities similar to (74) for w in P,; it is not necessary to write them 
out. 

We have thus n — 1 functions of a third solution of (52), (53). To find the 
other function, which we will call 7,,(”), we have an equation corresponding 
to (57) above. If we write 


Ji3(@) = A, (w)g(@), 


where 7() is defined as before, it is easy to see that h,(«) is a solution of 


(16) hye 1) — (a) = Dy SEIS) os 9 (2). 
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From inequalities (59), (75) and those for x in P, corresponding to (75) and the 
fact that 7,(«) is analytic throughout D, it follows that the method used for 
solving (61) is applicable to (76) and that a solution may be obtained as before 
in the form of a contour integral. We thus find a third particular solution of 
(52), (53). Just as before this leads to a solution of (24). It is evident that 
this process may be continued until ” particular solutions of (24) are obtained 
and that there exists a D-region in which each of the n? functions of these solu- 
tions is analytic. We shall call these n solutions 


(77) Fig (®)9 Say (@) 9.009 Say (%) (J=1,--4,2). 

It is clear that we may employ (27) to extend each of these solutions across 
the plane to the left and in this way prove that each function /;,(@) is analytic 
throughout the finite plane except at the singularities of ~,,(«) and the points 
congruent to them on the left. 

A reference to the discussion (in the preceding section) of the bounds of 
| f,(#)| in the region /, will bring out the fact that an argument similar to 
that employed there is applicable to any one of the n particular solutions which 
we have obtained, and. that the result in each case takes the same form as that 
obtained for the first solution. 

Let us now write 

Ji (@) = a0 UO, (2) (f=), 
where the functions U,,(«) are defined by these equations. Inequalities (40) 
to (43), (78), (74) and the analogous inequalities for the other solutions enable 
us to conclude (without further argument) that when x approaches infinity 
in the positive direction along any line parallel to the real axis we have * 


Oif i+), 


78 lim U..(a) = 
78) WO=T sii ey 


This fact will enable us to prove the independence of the solutions (77). The 
necessary and sufficient condition for such independence + is that the determinant. 
of which /,,() is the general element is not identically zero. Now we have 


fig (@) | = okay «+ azambne mn TT, (a). 


From this result and (78) it follows that the determinant of which hy (x) is the 


* This result brings into prominent notice the important question of the asymptotic character 
of the solutions for every approach to infinity. The full discussion of this subject requires a 
separate investigation. There are several excellent papers by HORN, FORD, PERRON and others. 
treating the highly important special case in which 2 runs over a set of points 2, v)+1, 7 +2,---. 
See references on pp. 160, 190, 191 of HoRN’s paper in Crelle’s Journal, vol. 138 (1910). 
To the papers which he lists should be added one by PERRON in Jahresbericht der deut- 
schen Mathematiker-Vereinigung, vol. 19 (1910), pp. 129-137. See also the paper by: 
WATSON referred to in the introduction to the present paper. 

+ Cf. PINCHERLE and AMALDI, Le operazione distributive, p. 218. 
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general element is not identically zero. _ Hence the solutions (77) are independent 
and form therefore a fundamental system of solutions of the system (24); and 
hence the general solution is 


Fe) =X 0, (fy (2) (§=1)-4), 


where the functions ,(#), 7 =1,---,n, are arbitrary periodic functions of 
period 1. 

In the theorem below, the inequalities bounding | Fis(%) lot, Joly rryn, 
are not given; otherwise the principal results of the section are as follows: 

The system of equations 


Ket= Dy (@)F (2) or f(@-V)= L$, (ef (e) Gt m), 


..(x) being restricted as in the theorem of §2, has the fundamental system 
ij g 3 y 
of solutions 


Sis (®)» Aaj (®)s a Tee) (j=1,--:,”), 


determined in the preceding pages and having the following properties: Hach 
function f,,(x) is analytic throughout the finite plane except at the singulari- 
ties of \,,(%) and the points congruent to them on the lejt. The general solu- 
tion of the system of equations is 


Te) — Doo, () fi, (2) (i=1,---,”), 
eS 


where the functions o,(v),7=1, ---, 7, are arbitrary periodic functions of 

period 1. Further, for x approaching infinity along any line parallel to the 
positive real axis we have 

hi CORE 

lim is (x) a5* em) = 


tent ee i 


§4. Reduction to normal form. General existence theorems. 


Let 
(79) G,(w +1) = 2 Dia, ()G,(@) (i=1,---,”), 


be a system of 7 first order linear homogeneous difference equations involving 
n unknown functions G,(a), ---, G,{«) of the complex variable w, the known 
quantities entering into the equation being defined as follows : 

1) a is a constant ; 


2) the functions a,, (#) are single-valued and 


a,,(%)=G,,+ a," "+ aj, a7 + --- Cig yas leer Te} [ol _F ; 
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3) the constants a,, are such that the roots of the equation 


Oifi+,7, 
(80) |; 7 6; P| a 0, 8, = ope . 
dit eas, 
are in absolute value different from each other and from zero. 
Equation (80) is the characteristic equation associated with (79). For con- 
venience we assume that its roots a,, ---, a, are arranged so that 


(81) 0<|a,|<|a,;<<---<|a,|. 


The object of this section is to extend the theorem of § 8 to the system in its 
more general form and then to apply the result to a single equation of the nth 
order. The work is carried out by first reducing (79) to the normal form 
already studied. In this discussion two properties of the I’-function will be 
assumed; namely, that it is analytic to the right of the axis of imaginaries, and 
that it satisfies the functional equation 


(82) Die +1)= eI (a). 
It is obvious that a can be reduced to zero by means of the transformation 
(83) G(x) = {TP (w)}*@, (a). 


Effecting this substitution in (79) and reducing by means of (82) we have 
(84) Ge +1) =D) a,(2) G) (a) (is21 ee 
j=l 


The first step in the normalization of (84) will be made by means of a linear 
transformation with constant coefficients. This done, a further reduction (of a 
different type) will enable us to remove the term in «~’ from the resulting 
coefficient functions @,,(a@), 7+). 

Let us put 


(85) CNC SSIES (4=1,---,n), 
j=l 


where the determinant |«,,| is different from zero. Making this substitution in 
(84) and solving for #’,(@ + 1) one may write the result in the form 


(86) F(x FL) =F Oo me) Ets) (i=1,---,m), 
j=l 


where the functions @,,(@), being linear combinations of the functions a, (a) 
with constant coefficients, may be expanded in powers of a—' for |x| > FR’. 

In connection with this transformation, let us consider the effect in the linear 
substitution 


(87) yD, (t=1,-++-,n), 
j=l 
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of replacing y, and y, by their values as given in the transformation 


(88) Y= Li yy; Ve = De H59) (4=1,+--, 0). 
= j= 


Having made these substitutions, solve for 7, and write the result 


n 
oi, O (ia 17 - ), 
gal 


Comparing the operations of this paragraph with those of the preceding, it is 
easy to see that the constant term in the function @,,(2) must be identical with 
d;, for each pair of values 7 andj. But, on account of (81), it follows from the 
well-known theory * of linear substitutions that a proper determination of «,, in 
(88) will transform (87) to the simpler. system 


(89) Yo = CY. (ie Ves veen))). 
Suitable values of a,, may be determined * by solving the following » systems. 
of equations : 


n 
(90) Do; 45, — 4,4, = 0 (greet sen); 
Jj= 


a separate system being formed for each 7. That each system (90) is consistent 
follows from the fact that p =a, is a solution of the characteristic equation (80). 
Hence the ratios of «,, for fixed 7 andi=1, ---, m are determined by (90). 
Out of the infinity of proportional solutions of each of these n systems of equa- 
tions we suppose a particular one chosen, and that the quantities «,, have these 
fixed values throughout the remaining discussion. 

If the values of a,, so determined are used in (85), that transformation throws. 
(84) into the simpler system 


(91) Fi(xe+1)=4,F,(«) + 20d, (2) 2, (x) (i= 1,3); 
where a 
b,,(@) = 6,07" + 0,077 + --- (4j=1, ++, 2) cht io Oa 








In order to remove the term in «~! from each of the coefficient functions. 
b.,(@), t + j, we employ a transformation of the form 


(92) Fo) =f(2) +2 fs), Bua, Gates), 
jai * 


where the constants §;,, 7 + 7, are as yet undetermined. The determinant of 
this transformation is 


Bi; 


we 


= 1 + terms in 2’, x, ---. 


AS 





6, + 








* Cf. HORN, Gewdhnliche Differentialgleichungen, pp. 72-74. 
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Substituting these values for ’, (a) in Se and ee only those terms which 
do not involve «~?, 2~*, ---, we have, 








ets} ( er fos A 


(93) +o{ (H+. J[4o+DSn@]} 


=(qtH4e Vey +X (Ete --)f,(2) 


the accent in >’ denoting that in the summation the term for which j = 7 is to 
be omitted. 

It is necessary to solve (93) for f,(a +1). We proceed thus: The cofactor 
A,, of the element in the ith row and jth column of A has clearly no constant 
term, except when ¢ equals 7, when there is a constant term 1: the term in 1/x 
for i + 7 is clearly —8,,/x. For, if we cross out the ith row and jth column 
of A, there remain n — 2 elements with a constant term 1; and therefore the 
expansion of this minor can contain only one term in 1/, namely that term 
which contains all the m — 2 factors 1 and whose remaining factor is not in the 
same rows or columns as these. Therefore this term is + £,, /x; and, since an 
even number of interchanges of rows and columns bring the elements §,;/% and 
8,,/” to the place in the first row second column and second row first column 
respectively, the negative sign must be chosen. In the cofactor A,, there is no 
term in 1/x; for every term in the expansion containing one fast 1/a neces- 
sarily contains another. Hence the cofactors may be written 


A,, = ——" + terms hie paar sterin hc (t+ 7)5 


A. = Letters ringss os, se 


uu 


Solving (98) for f,(2 +1) we readily obtain 
a; i) Bi +8; 


we 





+f 4) 


(1=1, 6 


(94) Af.(w+1)= (« tae Al 2)+ > Gs 


j=l 


A denoting the determinant 





ye rye Sete 
Patt tee Pica | 
For values of x such that |a| = 2”, R” being a properly chosen constant greater 
than 7’ and greater than 1, the determinant A is everywhere different from zero 
and is expansible in the form 1+ terms in w*, a, --.-. If we divide by 


1911] AND THEIR ANALYTIC SOLUTIONS 129 


A we obtain therefore 


ee + 





fA (@) 
| V | = ieee 
the terms of order x~?, x~*, .-- in the coefficients of f,(~) in the right hand 


member are of course different from the corresponding terms in (94). 
On account of (81) it is always possible to determine f,,, i + j, so that 


(a,—a,)B, +b,=0. 


When the values of 8,, so determined are substituted in (95), that system reduces 
to the form 


(96) f(e+1)= (4,42 ) f wor (44 SA (0) (@=1, --+,2”) 


|e j= 


J} 


Now 
(1+; LE = b.. 


and hence, changing to more convenient notation and employing relations (81), 
we obtain the normal system 


1\™ n 
(97) fe+1)—a,(1 +5) F(®) = 2 by(@)G(@) (i=1,---,n), 
where 


0<|a,|<|a,|<---<|a,], ae 
and 
Gy(@)= Fie? +o e+e [wl ek, 
where R= PR”. This is the normal form which we have studied in the preced- 
ing sections. 
Combining the transformations (83), (85), (92) we readily obtain 


8) G(ay= (Ta Da,| AO+ LEA | Cat, 


It is evident therefore that if we replace f,(v),7=1, ---, ”, by the particular 


solution f,,(%),i=1,---, ,7 fixed, we obtain a particular solution of (79) 
which we will call G. te), i=1, n. Doing this for j=1, ---,, we 
have n particular solutions 


G,(@), G,,(«), “ae 98 G,,; (&) (j=1,---,”), 


Trans, Am, Math, Soc. 9 
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where 


(99) @,(#) = {TP (#)}* Sau fy (o) + poe 


* fy (2)| (4,j7=1, "77a 


v 


Let us associate with (79) the corresponding equation 


(100) G(#—1) =D Age = 1)G;(2) a1 eee 


Now there is a P-region, as we have seen, in which the functions f(a) are all 
analytic. It follows from (99) that the functions G',(a#) likewise are all 
analytic in the same region. By means of (100) the functions of each of these 
solutions may be extended across the plane to the left; and in this way it may 
be shown that each of the n” functions G',,(x) is analytic throughout the entire 
plane except at the singularities of A, (a) and the points congruent to them on 


the left. 


Let us again write 


f(a) = a0 ,(#) (,5=1, oHMe 
If we substitute these values for f,;(«) in (99) we have 
G,,(%) = { P(x) }oaja V(x), (i,j=1,--+,%), 


where 
n eee 
Vij(@) = du au| Uy (o) + X am Uj, (0) | Fi 


From (78) it follows that when « approaches infinity in the positive direction 
along any line parallel to the real axis we have 


lim Vi(%) = ay. 


This result and the fact that the determinant |«,;| is different from zero lead 
easily to the conclusion that the n particular solutions G,(«) are independent. 
The method of proof is that employed for showing the independence of the solu- 
tions f,,(”) in the preceding section. Hence the general solution of (79) is 


n 


Gi, (ae) = DE @) (8) Gy(x) (i=1,---,n), 


j=l 
where the function @,(#), 7 = 1, ---, , are arbitrary periodic functions of 
period 1. 
The principal results of the section may be stated in the following theorem : 
Let there be given the system of equations 


G(x +1)=2* > ay(x)G, (a) (i=1,---, 0), 
jal -% 
where : 
1) a is a constant ; 
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2) the functions a,(«) are single-valued and 
G,(e) =a, + 4,07 + aa? +... (t,g=1, ---, 2) |x| > 2’; 
3) the constants a,, are such that the roots p = a, of the equation 

| a; a 5;,P| ork 0 


are in absolute value different from each other and from zero. 
Associate with the given system the corresponding one 


G(w—1)=)0 A, (a —1)G (x) (¢=1, +++, 0). 


j= 


Then the given set of equations has the fundamental system of solutions 
G,(2), G,,(#), SOE Gace, Kj Lien), 


determined in the preceding pages and having the following properties: Each 
of the n’ functions is analytic throughout the finite plane except at the singu- 
larities of A,,(«) and the points congruent to them on the left. The general 
solution of the system is 


G;(a) = D1 o, (x) G,, (a) (4 = 1;\- 4,98), 


where the functions o(%),j=1,--+,, are arbitrary periodic functions of 
period 1. Further, if x approaches infinity in the positive direction along any 
line parallel to the real axis we have 


lim G,,(%){T'(%)}*a7*a-™ = a, 


where the constants a, are determined by equations (90) and the constants m, 
are those introduced in (97). 
Let us now consider the single difference equation of the mth order 


(x +n)+ (ex +n)*b(7)H(e+n—1)+ (e+ n)*(~4+n—1)s 
x b,(w)H(a+n—2)4+---+ (w+ n)t---(w@4+1)20°b (wv) M(x) =0 


where @ is a constant and b.( x) is single-valued and 


(101) 


b,(v) = b, + bia 4+ ba? 4+ .-- (Cea Baa) Clee ae 
and where the constants 6, are such that the roots a,, ---, a, of the equation 
(102) p" ts HOR aT Op ats aa S + 6, 1P ate b,, ao 0 


are in absolute value different from each other and from zero. 
Making the substitution ' 
(108) H(x) ={0(x)}s A(x) 
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we have 


(104) A(w4+n)+0,(w)H(a+n—1)+-+--+5,(x)H(a) =0. 


It is evident that this equation is equivalent to the following system 


Hi,(@+1)=% {-B(#)) B(2)=0, 


(105) 

H,(a+1)=H,(@) (i=2,-+-,n), 
where 4 a 
(106) A(x) = H(«x). 


Now the characteristic equation [compare (80)]| associated with (105) is readily 
reduced to the form (102). 
If we solve (105) for H(x)i in terms of iene +1),i=1, ---,m, and in the 


result write « — 1 for x, we have 


H,(x% —1)=H,,,(2) (i=1,---,n—1), 


= i = n— 1h =A 
HA 1) ee ea H,,,(@). 
Consequently, from the foregoing theorem, we have the .. conclusions : 
The system (105) has a fundamental system of solutions 
eye H,,(#)5 +++, H,;(@) (j=1,--+,2), 


each function of which is analytic throughout the finite plane except at the sin- 
gularities of the functions 


er 6; (x) (j=1,++-,n) 
b,(«)’ 6, (x) ‘id : ‘ 





and points congruent to them on the left; further, if 2 approaches infinity in the 
positive direction along any line parallel to the real axis, we have 
lim H/, (0) az ao = a, 
where @,, and m, are constants corresponding to the a, and m, of the above 
theorem. Since only the ratios of a, 7 fixed,i = 1,---,n, are determined, 
wetake d= 159 = 15 seme 
Combining (103) and (106) we have 


H(w) = {V(w)}H,(«) 


Hence we have a fundamental system of solutions /7,(x),j =1,---,%, of (101) 
in the form 


(4 Gy ee ee (fj=1,+++,n). 
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Making use of this equation and the properties of (#) stated above and 
determining the position of the singularities from the equation itself by extend- 
ing the solutions across the plane to the left, we obtain the results stated in the 
conclusion of the following theorem : 

Given, the difference equation 


(a+ n)+(x+n)*b (x) (e+n—1)+-+++(e4+n)-+-(w+1)%0%b (x) H(x)=9 
or 
B(x)H(a+n)+B,_(@)1(w+n—1)+---+8(@)H(a+1)+H(x)= 9, 
where a is a constant and b,;(x) is single-valued and 


9 


b,(@) = b, + dix" + byw? +. (2 corel sae mraeee)} eaieeae oe 
and where the constants b, are such that the roots a,, +++, a, of the equation 
Pe Op pimeeee <b, 0 pb ieeO 
are in absolute value different from each other and from zero. 
This equation has the fundamental system of solutions 


H,(«), H,(«), +++, H,(#) 


determined above and possessing the following properties: Each of the func- 
tions H,(w), ---, H(x) is analytic throughout the finite plane except at the 
singularities of the functions B,(”),i=1,---,n, and the points congruent to 
them on the left. If « approaches infinity in the positive direction along any 
line parallel to the real axis, we have 

lim H, (x) {T(x) }-*ap*a-™ = 1 (F154) 0), 


where m, are constants. 
The general solution of the eqation is 


A(x) = o,(%) H,(w) + +++ + @,(%) A, (x) 


where w,(«), +++, @,(#) are arbitrary periodic functions of period 1. 

It may be observed that a modification of the foregoing method will lead to a 
different fundamental system of solutions of (79) and likewise of (101). We 
confine our attention to (79). A few remarks relative to the equation 


g(e+1)—a(1 +2) 9(e)=n(@) 


will sufficiently indicate the necessary changes. Employing the notation 


1 m 
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we have two formal solutions of the above equation as follows: 


) n(x +7) 
9(#)= — 2 x cayx(e+ 1) MH A) 


i=0 





HEN Coee So A(# = 1)A(w@—2) + A(#—i)n(@— i=). 


The first of these, as we have seen, leads to a solution of (1). The second may 
also be employed in a similar way to obtain a solution of the same equation. 
The extension to a system of n equations is obvious. In this way a second 
fundamental system of solutions of (79) may be found. 

Suppose further that transformation (83) is modified by the use of a func- 
tion I'(2) which satisfies the equation 


T(e+ 1)=2I'(2) 


and is analytic to the left of the axis of imaginaries, this function replacing 
I'(a) in (88). This modification having been made, it will turn out that each 
function of the fundamental system just found is analytic throughout the 
finite plane except at the singularities of a,,(a) and the points congruent to 
them on the right; and their properties may be developed by a method similar 
throughout to that employed in the paper and with like results. 


PRINCETON UNIVERSITY, 
August, 1910. 





BIORTHOGONAL SYSTEMS OF FUNCTIONS* 


BY 


ANNA JOHNSON PELL 


Introduction. 


In boundary value problems of differential equations which are not self- 
adjoint, biorthogonal systems of functions play the same role as the orthogonal 
systems do in the self-adjoint case. LiouviLLEy has considered special non- 
self-adjoint differential equations with real characteristic values of the parame- 
ter; BrrkHorF t has proved the existence of the characteristic values (in general 
complex) for the differential equation of the nth order and obtained the related 
expansions. ae 

If the integral equation 


u(s) =rf L(s, t)u(t) dt 


with the unsymmetric kernel (s,¢) has solutions w(s), and therefore the 
integral equation 


Ue) nf L(t, s)v(t)dt 


solutions v(s), it has been shown by PLEMELJ§ and GoursAT|| that the solu- 
tions or functions closely related to them form a biorthogonal system. But 
expansions in terms of these solutions have not been obtained, and no criteria 
have been given for the existence of real characteristic numbers of an unsymmetric 
kernel. 

The object of this paper is the development of a theory of biorthogonal systems 
of functions independent of their connection with integral or differential equa- 
tions. In the theory frequent use is made of the theorems by Riesz, FiscHEr, 
and Torpiitz (Lemmas 1, 2, 3, and 4, § 2). 


* Presented to the Society (Chicago) April 10, 1909. 

ft Liouville’s Journal, ser. 1, vol. 3 (1838). 

{Transactions of the American Mathematical Society, vol. 9 (1908). 

§ Monatshefte fiir Mathematik und Physik, vol. 15 (1904), 

|| Annales de Toulouse, 1908. 

{| Since this paper was written J. MARTY has published some results for unsymmetric kernels, 
Comptes Rendus, February 28, March 7, April 25, and June 6, 1910. See also the note by 
the author in Bulletin of the American Mathematical Society, July, 1910. 


Trans. Am. Math. Soc. 10 1385 
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Necessary and sufficient conditions for the existence of the adjoint system {v,} 
of any system of linearly independent functions { w,} are deduced (theorem 2, 
§3). Theorems for biorthogonal systems analogous to those of Riesz and 
FiscHErR for orthogonal systems are: (a) if 


2 (Jr) 


converges for every function f which is integrable and has an integrable square, 
then for every system of constants {c,} of finite norm there exists a function g 
such that c, = i gu, (corollary 1, theorem 6); () if the system { w, } is complete 
and if certain conditions are imposed on the function g, then (theorem 8) 


The equivalence of two biorthogonal systems is defined and a classification 
into types is made ($7). With each type satisfying a certain condition there 
is connected uniquely (§ 6) and in a reversible way (theorem 20, § 8) a single- 
valued functional transformation * 7’(f), which transforms every function which 
is integrable and has an integrable square into a function of the same kind, and 
is defined by the properties 


(1) Pa, 5, +. 4,J9) =i) + GL ais 
(2) [AZ See = 9) 
(3) [SEC f)=0. 


The class of all orthogonal systems of functions is a special type, for which 
T( f ) is the identical transformation. Other special cases of 7'( f) are 


p(s) { p(s)f(s)as 
[ wore 
Lip = [ KX. t) f(t) dt. 





MU OV. Pa 


9 


By means of the theorems by Riesz, FiscHer and Torpiitz, it can be shown 
that there is a one-to-one correspondence between this functional transformation 
7 f ) and positive definite limited quadratic forms in infinitely many variables. 





* Linear functional transformations have recently been studied by F. Riesz, Mathe- 
. matische Annalen, vol. 69 (1910), p. 449. 


“ 
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§ 1. Hundamental Notations. 


We consider an arbitrary interval 7: a=s=b: of the real variable s, and 
the corresponding square S: a=s=b,a=t=b: of the real variables s and ¢, 
and real functions of these variables. We denote functions of a single variable 
by /, 97, ¢, >, ete., omitting the argument. % is the class of all functions f 
such that f and /? are integrable in the sense of Lebesgue* on the interval J. 
As usual, we regard two functions of ¥ as equal if they differ only on a set of 
points of content zero. We call two such functions “ essentially equal.” 

When there is no ambiguity we omit the variable of integration In all cases 
the limits of integration are omitted, since J is the only interval of integration 
considered in this paper. 

Constants and functions with the subscripts i, 7, & denote sequences of con- 
stants and functions. 

@ and § denote subclasses of % and the elements of these subclasses are 
denoted by the small letters g and h. 

To express that a relation involving the function g holds for every function 


of the class we write (q) after the relation ; for example 


f7e7z0 (f). 


We use a similar notation in the case of several variables ; for example 


A el ie cata 


Let { f,} denote any sequence of linearly independent functions of the class 
&, and { ¢,} the sequence of normalized and orthogonal ¢ functions which are 
obtained linearly from the functions f, by means of the construction given by 
E. Scumipr7, § 


of ; = D f, $,.S; 


fu Sa for 


Each ¢, may be expressed linearly and homogeneously with constant coefficients 
in terms of f,, f,, ---,f,, and conversely : 








(1) = Daaly ih es Faby (i). 


* LEBESGUE, Sur l’intégration, p. 115. 

tT LEBESGUE, 1. c., p. 106. 

{A function f is normalized if f f?=1. Two functions f, and f, are orthogonal if’ £ hia OG 

2 Zur Theorie der linearen und nichtlinearen Integralgleichungen. Mathematische Annalen, 
vol. 63 (1907), p. 442. 
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The constants a,,, ,, have the following properties : 


a, + 0 ‘ (4), 
Cy = (k>7#), 
(2) 
b,, + 0 Ce 
iw (k>4). 


The matrices formed from the coefficients a, and b,, we denote by (@;,), and 
(d,,), respectively, or simply by (a), and (6),. 

If {¢,} are the normalized and orthogonal functions corresponding to 
hi =, f,} where {A,} are constants different from zero, then d, =p 


§2. Preliminary definitions and lemmas. 


Definition. A system of functions of % is called complete * for the interval 
I if there exists no function f of %, essentially different from zero, which is 
orthogonal to all the functions of the system in the interval J. 

Definition. A sequence of constants {c¢,} is of finite norm if the sum of the 
squares, 


2c 
i? 


t=1 
converges, and it has the norm J/ if 


ao 


t=1 


For any system {¢,} of normalized and orthogonal functions of we have 
the three following lemmas.t 
Lemmai. The sequence of constants 


{ f7, 


is of finite norm for every function f of %. 
Lemma 2. If the system { $,} is complete, 


|For ealioe asf). 


*F. Riesz, Comptes Rendus, November, 1906, p. 738. 
7 E. Scumipt, 1. c., p. 439; F. Riesz, Comptes Rendus, March, 1907, p. 615, and April, 
1907, p. 734; E. FiscHerR, Comptes Rendus, May, 1907, p. 1022. 





wv 
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Lemma 3. To every system of constants {c,} of finite norm there corre- 
sponds a function f of ¥ such that i 


c. =f fd, (i), 


and this function / is essentially unique if the system { ¢, } is complete. 
Definition. A matrix (a,,) is limited if 


ps AU; 


t=1 


converges for every k, and 
J oO 
Dy Or %; 
( i=1 


is of finite norm for every system of values of { «,} of finite norm. 
Definition. A bilinear form of the infinitely many variables x, and y, 


ao a 
yD 3 a, wv; Y;, 


Viens iw | 


is limited if for some positive constant J/ 





> da,2y,| <a (n 
| k=1, 7=1 | 
for all values of {x,} and {y,} of norm =1 (, IV, p. 176 *). 

Lemma 4. The matrix of the coefficients of a limited bilinear form is lim- 
ited (H, IV, p. 179); conversely, in virtue of a theorem by ToEpuirz f a bilinear 
form whose coefficients are the elements of a limited matrix is limited. 

Lemma 5. If the matrix («,,) is limited the matrix («,,) is limited also. 

Lemma 6. The product of two limited matrices is a limited matrix (//, 
LV, p. 179). 

Definition. A matrix (a,,) is orthogonal if 


2 er 
3% | jek SE: 
: ey: 

Faw | jak (j,k). 


Lemma 7. An orthogonal matrix is limited (47, IV, p. 180). If some of 
the elements of the orthogonal matrix are replaced by zeros, the resulting matrix 
is limited. 

* The references to the memoirs by HILBERT in the GOttinger Nachrichten, 1904-1906, 
are denoted by (4H, I, II, ---, V). 

+ E. Scomipt, Palermo Rendiconti, vol. 25 (1908), p. 2; HELLINGER and TOEPLITZ, 


Géttinger Nachrichten, 1906, p. 351, and Mathematische Annalen, vol. 69 (1910), 
p. 289. 
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Lemma 8. The value of a limited bilinear form for arguments {#,} and 
{y.} of norm 1 is obtained by summation either by rows or by columns (/, 
IV, p. 180). 

Lemma 9. If a,, are the elements of a limited matrix, and if a, = a,,, 
then the system of homogeneous linear equations 


%,—AD) 4,2, = 0 (i) 
ial 


has a solution {«,} of finite norm when and only when X is a “ characteristic 
number,” that is, a root of a certain associated equation, and the number of 
linearly independent solutions is equal to the multiplicity of the root (4, 
TY, ip. 1198). : 

Definition. Two systems * (w,) and (v, ) of functions of % form a biorthogonal 
system of functions (w,, v,) if a one-to-one correspondence can be established 
between them such that the integral of the product of two corresponding func- 
tions is equal to unity and the integral of the product of two non-corresponding 
functions is equal to zero; i. e., 


(3) fue={o ire 
J): 

Each one of the two systems (w,), (v,) is called an adjoint system of the 
other. 

The biorthogonal system (w,, v,) 1s complete as to u, v, respectively, if the 
system (w,), (v,), respectively, is complete. 

For a biorthogonal system (w,, v,) the functions w, and also v, are linearly 
independent. Suppose there existed a linear relation 


CU +¢6,U,+ +--+ +¢6u,= OR 


Multiply by v,(i=1, 2, ---, 2) and integrate; from the properties (8) we 
obtain . 
c.= 0 , ((=1, 2) ee 


2 


§ 3. Denumerability and existence of the adjoint system. 
Theorem 1. A system (u,) of functions of § having an adjoint system (¥, ) 
is denumerable. 


We follow the method used by Rresz + to prove that an orthogonal system of 
functions is denumerable. The proof is based on the following theorem: If for 





* Until after theorem 1 the subscripts i and j are used to denote not only sequences but any 
system of functions. 
{Comptes Rendus, November, 1906, p. 738. 
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every sequence { f,} of linearly independent functions selected from a given 
system 


KAS ae Gavan 


then the given system is denumerable. 
Without loss of generality we may assume that 


foes (4). 


Let {w,} be any sequence of distinct functions selected from the system (1, ) 
and let v, be the corresponding functions of the adjoint system. By Bessel’s 
inequality we have 


a =| fies Cee — te) | Sf (a, — U;,)° (i,, i,). 


The hypotheses of the theorem are satisfied and the system (w,) is denumer- 
able. When the system (w,) is complete it cannot be finite, and is therefore 
denumerably infinite. 

Let {¢g,} and {y,} be the systems of normalized orthogonal functions con- 
structed linearly from the functions { w,} and { v,}, respectively, of the biorthog- 
onal system (w,, v,). Connected with these systems of functions we have the 
four matrices (a),,(6),,(a),,(6),- (§1.) 

Theorem 2. The necessary and sufficient condition that a given system of 
functions {u,} of ® have an adjoint system is, that the a,, of (a), be of finite 
norm for every k. 

Suppose the condition is satisfied; then from lemma 38 follows the existence 
of a system of functions {v,} of § such that 


(4) as, =f 9,0, (i,k). 


The equations connecting {w,} and { ¢,} are 


(5) Lia De Dy, Uy (1) 
kt 


and 
(6) a dX bP: 
Multiply the equation (6) by v, and integrate : 


f 2, a e ba | 94%). 


By substitution from the equation (4): 


z 
{ U,V; = DD Oye ; 
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Since the matrices (},,) and (a,,) are each the inverse of the other we obtain 


f be 0 i=j, 
BP jh itj. 


Thus by definition the system { v,} is an adjoint system of { w,}. 
Suppose conversely that an adjoint system {v,} exists. Multiply the equa- 
tions (5) by v, and integrate 


a,= f 9;, (i, ). 


Applying lemma 1, we see that the condition is necessary. 

Example. Let u,= s*',a=—1,b6=-+41. Since the Legendrian poly- 
nomials P,(s) form an orthogonal system of functions for the interval (—1, 
+1), and since P,(s) is linear in 1, s,s’, ---, s’, it is clear that the functions 
gy, defined by the equations (5) are the Legendrian polynomials multiplied by 
the proper constants. The value* of a,,, , is given by 


2 fh oer (27 — Ly) 
Jon,1 = VB fede ome 








Hence 
4m +1 2 


“2m,1 > F (9m + 1) a 


And the constants { @,,, ,} cannot be of finite norm. This is sufficient to show 
that the system of the powers of s has no adjoint system in the interval 
(—1,+41). 

§ 4. Limited matrices. 


Lemma 1, § 2, can be extended to biorthogonal systems only when certain 
conditions indicated in the following theorem are satisfied. 

Theorem 8. If { f,} is any sequence of linearly independent functions of ¥, 
the necessary and sufficient condition that the sequence { Sate be of finite 
norm for every function f of § is that the matrix (b), be limited. 

Multiply the second equation of (1) by any function f of ¥ and integrate : 


fm=Dra for | a 


By lemma 1, { ii b,F is of finite norm for every f of %, and therefore 
{ y' ter is of finite norm for every f of ¥ if the matrix (0), is limited. 


On the other hand, if 
(0 


* BYERLY, Fourier’s Series, pp. 180 and 70. 





oy 


‘ 
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is of finite norm for every f, then 
> > b,,% a! 


is of finite norm for every {a,} of finite norm because 


[t= Dury 


where f is the function of § which by lemma 8 corresponds to { @,}. 
Remark. We can always multiply the functions { f,} by constants X, + 0 


so that 
1, f tf; (f) 


is of finite norm. This is evident since it follows from Bessel’s inequality that 


2 lee Eze (hee Ga 


Corollary 1. If { f,} is any sequence of linearly independent functions of 
®, the necessary and sufficient condition that the sequence { { th be of finite 
norm for every function f of ¥ is that 


= 2 
Pe) = a0 [2, 
where /V/ is a constant depending only on the sequence { f, } 
This is a consequence of the property of a limited matrix that 


D(a PSM De; 
a k 


where MM does not depend on >? x* (lemma 4). 
Corollary 2. If {u,} and {v,} form a biorthogonal system of functions, 
the necessary and sufficient condition that { iF fu, Ne { f fo; respectively, be 


of finite norm =M ff? for every function f of § is that (6), (6),, respec- 
tively, be limited. 

Theorem 4. If the biorthogonal system ee v,) ts complete as to u,v, 
respectively, the necessary and sufficient condition that { ii fo; \, { if fu, 
respectively, be of finite norm for every function f of & is that the matrices 
(a),, (@),, respectively, be limited. 

We prove the theorem for the case that {wu,} is complete. From the equa- 
tions (5) it is clear that the system {¢g,} is also complete. Applying lemma 2 
and the equations (4) we obtain the following equations: 


(7) [fe - 2 as { ea corp 
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The remainder of the proof is precisely the same as for theorem 3. 

Corollary. When the biorthogonal system (w,, v,) is complete as to wu, v, 
respectively, a limited matrix (a), (@),, respectively, implies a limited matrix 
(b),, (0), respectively, and conversely. 

Theorem 5. If { f,} is any sequence of linearly independent functions of 
®, the necessary and sufficient condition, that for every sequence of constants 
{c,} of finite norm there may exist a function f of & such that 


= S ff, (4), 


is that the matrix (a), be limited. 
Multiply the first set of equations (1) by an arbitrary function / of % and 
integrate : 


(8) frnden f rr (4). 


Suppose first that the matrix (a), is limited ; then the sequence of constants 


i 
Ds Qin, Ci, 
k=1 


is of finite norm and there exists [lemma 3] a function / of § such that 


LR a PTE (7). 
° i 


Taking into consideration the properties (2), § 1, it is clear from the equations 


(8) that 
q= | DS (i 


We now make the assumption that to every sequence of constants { c,} of 
finite norm there corresponds a function f of ¥ such that 


c= {tt (i). 


By means of the equations (8) and lemma 1 we find that 
aD: Qi, CG, 
k=1 


is of finite norm for every sequence {c,} of finite norm, and thus by definition 
the matrix (a), is limited. 
If the system { 7} is complete, then 


pe =M Lic. 
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Corollary. If {u,} and {v,} form a biorthogonal system, the necessary and 
sufficient condition, that for every sequence of constants {c,} of finite norm 
there exists a function f of % such that for every i, c,= i teh 6, = {‘ Uf. 
respectively, is that the matrix (a), (@),, respectively, be limited. 

Theorem 6. If {u,} and {v,} forma biorthogonal system of functions, 
a limited matrix (b),,(6),, respectively, implies a limited matrix (a),, (@),, 
respectively. 

We give the proof for a limited matrix (6) 
from the coefficients in the equations 


= 2 byt; (1). 
JI= 


The matrix (0), is formed 


. 
v 


Multiply these equations by ¢, and integrate : 


(9) a; = dX b, [ ?,. (4 k), 
j= 


where by equations (4) a@,, are the elements of the matrix (a,,),. The matrix 


(q,;), 18 the product of the two matrices (6,,), and ( je 4,2) which are both 


limited (lemma 7), and is therefore (lemma 6) itself limited. 

For a biorthogonal system (w,, v,), the functions w, can be multiplied by con- 
stants A, + 0 so that the resulting matrix (q),, is limited. 

Corollary 1. If {u,} and {v,} form a biorthogonal system such that the 


sequence { of fo; } is of finite norm for every / of ¥, then for every sequence 


of constants {c,} of finite norm there exists a function glof % such that 


c= f gu;. 


Corollary 2._ When the biorthogonal system (w,, v,) is complete as to uv, 
the elements of the matrices (a), and (0), are connected by the relations 


(10) Sa=D, (a). 
k k 


A similar relation exists between the elements of the matrices (a), and (6), 
when the biorthogonal system is complete as to v. 

We give below four examples to illustrate the different cases which may arise. 

Hxeample 1. Let {¢,} be a system of normalized orthogonal functions for 
the interval J, and {a,} a system of constants such that |a,| = 172 where 7 is 
some finite positive quantity. Then {w,} and {v,}, defined by 


aeapy a ’ Un, = P,; ae a, Oey ’ Uy oe prs rari” Po; Uy = p,; ’ 
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form a biorthogonal system (w,, v,;) whose matrices (0d) 
(a),, (a), are limited. 

Example 2. The same biorthogonal system as in example 1, except that the 
constants { a,} are such that {1/qa,} is of finite norm. In this case neither of 
the matrices (0), and (0), is limited. 

Example 3. Let {,} be a system of normalized orthogonal functions for 
the interval J: { a, } a sequence of constants such that { 1/a,} is of finite norm. 
For the biorthogonal system (w,, v,) defined by the equations 


(0), and therefore 


u? 


U, ==. P, (7), 
Pe ei (4), 
1 a, : 


the matrix (0), is limited, but the matrix (6), is not. 
Haample 4._ The systems { ¢,} and {a,} are conditioned as in example (3). 
For the biorthogonal system (w,, v,) defined by the equations 


U; = Pris (7), 
vo Poi ap a, Po; (+), 


the matrix (a), is limited but the matrix (b), is not. In this example the 
matrices (a), and (0), are also limited but the system {w,} is not complete: 
compare with theorem 4. 


$5. Convergence and evaluation of 


Definition. For the biorthogonal system (w,, v,), G is the class of all func- 
tions g for which there exists a system of constants {m, + 0} such that 
tp, i gu, is of finite norm, and _ { af Se p, is of finite norm for every 
function f of ¥. 

Heample. For the biorthogonal system given in example 2, § 4, the class 
( is the class of all functions g such that { o fi gu, is of finite norm, where 
Cy; , = 4,5 C, = 1. It is evident that the matrix (0), is limited.. Any other 
system of constants {,} which would make (0),,, limited is such that the 
ratio c,/, 1s less than a fixed constant for every 7, and therefore for any function 
g such that { MK, f gu, \ is of finite norm, the sequence {¢, yE gu; \ is also of finite 
norm. 

When (0), is limited, © contains the class of all functions g of ¥ such that 
{ if gu, \ is of finite norm. 


1911] A. J. PELL: BIORTHOGONAL SYSTEMS OF FUNCTIONS 147 


Definition. For the biorthogonal system (w,, v,), § is the class of all func- 
tions / for which there exists a system of constants { v, + 0} such that { Vy, 1) hv, \ 
is of finite norm, and { df Su,/»; \ is of finite norm for every function f of ¥. 

When (0), is limited, § contains the class of all functions A of § such that 
{ {3 hv, is of finite norm. 

In the definition the function g is assumed to belong to the class %, but any 
function g satisfying those conditions must belong to ¥ since the matrix (6),), and 
therefore the matrix (@),, corresponding to g is limited, and by the equations 
(5), { f 9¢; \ is of finite norm and therefore g belongs to §. Similarly the func- 
tions A must necessarily belong to %. 

Theorem T. If (u,, v,) is a biorthogonal system, then for every function g 
of & and for every function f of § the expression 


E fou fos 
t=1 


is convergent ; and for every function h of § and every function f of * the 
expression 


oe] of: v,h 
t=1 e 


is convergent. 
The convergence follows directly from the two inequalities : 


(Eso frulsk(nfoJE(L) wo. 
(d fr fo yah (t is ; > (> , fhe) (f, h). 


Theorem 8. When the biorthogonal system (u,, v,) 1s complete as to u, or 
when the functions v, and g are orthogonal to the functions which together with 
the u, form a complete system, the integral f gf may be represented as follows: 


(11) far=X foe fos (f, 9); 


when it is complete as to v, or when the functions u, and h are orthogonal to 
the functions which together with the v, form a complete system, the integral 





IIA 





i hf may similarly be represented : 


(12) | = my if fi, i) v,h (f, h). 
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We give the proof for the first part of the theorem. 

From the definition of the matrix (6),,, is limited, and therefore by theorem 
6 the matrix (a),,, is limited. 

The elements of the limited matrix (a), are a,,/m,. Consider the bilinear 
form 


vim 


ao ao Qs, 
2 ue 
Va ee | his 
Make the substitution 
t= 1, f gr, (), 
i= if] gf (4): 


Since 





ff, | 
eel aS s) 


we obtain from summation by rows 


me, oe 


f. fp NE My fu J 
we obtain from summation by columns 
oD I¢; i Gif 


By lemma 7 these two sums are equal, and applying lemma 2 we have the desired 


fot=Xfouf vs (f.9). 


Corollary 1. When the biorthogonal system (w,, v,) is complete as to w, 
then 


(13) fe=-d| gu, fog (9) 
a 


when it is complete as to v, then 


(14) fr- ¥ ra, f v,h (A). 


These relations do not necessarily hold for every function f of ¥ unless 
= ¥ and § = §, respectively. This is illustrated by the example at the end 
of this section. 


Since 


result : 
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Corollary 2. If the function p is orthogonal to all the functions »,, w, 
respectively, then it is orthogonal to all the functions of the classes ©, 
respectively. 

Corollary 3. If the biorthogonal system (v,, u,) is complete as to w, v, 
respectively, and the function p is orthogonal to all the functions v,, w,, respec- 
tively, then the matrices (b), and (0), cannot both be limited. 

Theorem 9. When the biorthogonal system (u,, v,) is complete as to u,v 
respectively there exists no function in ©, 9, respectively, essentially different 
from zero which is orthogonal to the system {v,}, { u,}, respectively. 

This is an immediate consequence of the equations (13) and (14). 

Corollary. When © =%, ) =§%, respectively, a complete system {w,}, {v, } 
respectively, implies a complete system {v,}, {w,} respectively. 

Theorem 10. If the biorthogonal system (u,, v;) is complete as to u,v, 
respectively and the functions u,, v,, respectively, belong to the class G, 9, 
respectively, then the system {v,}, { u,} respectively is also complete. 

A function f of %, orthogonal to the functions v,, would be orthogonal to the 
functions { w,} also, as is seen from the equations (11). 

The following example is that of a biorthogonal system (w,, v,) complete as 
to u but not complete as to v. 

Example. Let {,} form a complete system of normalized orthogonal func- 
tions, and let » + 0 be a function belonging to ¥ but linearly dependent on no 
finite number of functions ¢, and therefore 


n 2 
fr-X( fre) >0 ale 
k=% 
Construct the functions 


us LJ -¥( fo.) Jat fre.De fr, 

SESE) 

ae a 
Py 


The functions w, and v, form a biorthogonal system (w,, v,;) complete as to xu 
but the function p is orthogonal to all the functions v,. The functions v, form 
a system of orthogonal and normalized functions and therefore the matrix (})_ 








(7) 








%.=U.— 
u 1 


is limited. The matrix (0), is not limited; otherwise if p’ could be expressed by 


etek (oa 
t=1 


which is impossible. 
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This construction could be generalized, so that the system {w,} would be 
complete and all the functions v, orthogonal to a finite number of functions 


Pis Po Sita 7, 
§6. Associated functions. 


Definition. The function f, is a vu-associated function of the function f 
with respect to the biorthogonal system (w,, v,) if it satisfies the following 
relation : 


(16) Piaf uh, | (i). 


Remark 1. If the system { w,} is complete, then 7, is the only vu-associated 
function of f, and for a function p orthogonal to all the functions v, the vu-asso- 
ciated function is zero, and the function f + up, where wu is an arbitrary constant, 
has the same vu-associated function as /. 

Remark 2. The functions v, are vu-associated functions of u;. For an 
orthogonal system a vu-associated function is the function itself. 

Remark 3. The sum of two functions, which are vw-associated functions of 
two given functions, is a vu-associated function of the sum of the two given 
functions. / 

Definition. The function f, is a wv-associated function of the function f with 
respect to the biorthogonal system (w,, v,) if it satisfies the following relation: 


(17) ee) ter | (i). 


Remark 4. A statement of the immediate consequences of this definition is 
obtained by interchanging wu and v in the remarks (1), (2), and (8). | 

Theorem 11. If the biorthogonal system (u,, v,) has a limited matrix (b),, 
(b),, respectively, then for every function f of § there exists a vu-associated g 
which belongs to S, a uv-associated function h which belongs to §, respectively. 

This theorem is a consequence of the theorems 3, 5, and 6. Take any 


function f of ¥ and let c, = if Jo,; by theorem 8, the sequence {c,} is of finite 


norm, and by theorems 6 and 5 there exists a function g of © such that 


= f fo= fug (os 


Corollary. If the biorthogonal system (w,, v,) has a limited matrix (6),, 
then for every function f of % there exists a wv-associated function when and 
only when the matrix (6), is also limited. 

Theorem 12. If for a biorthogonal system, complete as to u, the vu-asso- 
ciated function g ewists for every function f of ®, then the matrix (b), is 
limited. 
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This theorem is a consequence of lemma 3 and the equations (5) and (7). 
Multiply the equations (5) by g and integrate and then substitute from the 
equations (7) for ik gu;- By lemma 3 the matrix (2w;,w,,) is limited and by 
reason of the properties (2), § 2, it follows that (a), is also limited. Corollary 
to theorem 4 shows that (0), is limited. 

Theorem 13. If the biorthogonal system (u,, v,) is complete as to u and 
has a limited matrix (b),, and if g is the vu-associated function of f, then the 


integral f Sg can be expressed as the sum of squares : 


(18) | S9 = a (ef fo.) ine 


This follows from a direct application of the theorem 8 and equations (11). 

Remark. ‘If the biorthogonal system (w,, v,) is complete as to u and has a 
limited matrix (6) and if g is the vu-associated function of some function /, 
and the function p is orthogonal to all the functions v,, then p is also orthogonal 
tog. This is a special case of the corollary to theorem 8. 

Theorem 14. IPf the biorthogonal system (u,, v,) is complete as to u and 
has a limited matrix (b),, and if g, is the vu-associated function of f,, and q, 
that of f,, then 


(19) eg Aho: (ines 


This is a consequence of theorem 8. 
If the biorthogonal system (w,, v,; ) has a limited matrix (0),, then by theorem 
11 the vu-associated functions define a functional transformation 7’, 


(20) g=T(f) (f); 


which is applicable to the class %, and is single-valued if the system {w, } is 
complete. 
A particular case of equation (20) is 


(21) v, = T(u,) (ay 
When the system { uw, } is complete, 7 is linear: 

(22) T(4 f+ %f.)=4T(A)+4T(A) (Sirfr): 
In terms of 7’ the theorems 14 and 13 may be expressed as follows : 

(28) IVA —AT A) =9 (fir fr) 

and 

(24) SPT s)=0 (1), 


the equality sign in (24) holding only for f= 0 or 7(f) = 0. 


Trans. Am. Math. Soc. 11 
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We give below some examples of this functional transformation 7’. 
Example 1. For a complete orthogonal system 7’( f ) =/f. 
Example 2. For the complete biorthogonal system 


UV, = aU; - (4), 
where a is a positive function of %, the transformation 7’ is 


T(f)=af. 


Example 3. Let (u;.v,;) be the biorthogonal system defined in the example 
in §5. The transformation 7’ is given by 


p Sof 
Je 
Example 4. Let A(s,t) bea kernel which is continuous, symmetric, has 

positive characteristic numbers { ui}, and for which there exists no function 

f in ¥ such that uF K(s, t)f(t)dt=90. Let the characteristic functions 


be {¢,}: 





LT = 


$,(s)= Hi [ K(s, t)$,(¢)dt (4). 
The biorthogonal system 
UU =Hidi, oe | (7) 


is complete as to w, and has a limited matrix (6), because the sequence of num- 
bers {1/;} is of finite norm. The functional transformation 7’ is 


g(s)= f K(s, t)f(t)de. 


§7. Equivalent biorthogonal systems. 


Definition. The biorthogonal systems (w;, v;) and (#;, 0; ) complete as to - 
u and w@, respectively, and satisfying the relation 


fu; = J. %, (4; Be 
are called equivalent. 

As a trivial case, all orthogonal systems are equivalent. The definition may 
be applied to some biorthogonal systems which are not complete. 

Theorem 15. If the biorthogonal system (u;,v;) is complete as to u and 
has a limited matrix (b),, then two biorthogonal systems (u;, 0,) and (%;, V;) 
each equivalent to (u;, v;) are equivalent to each other. 

This follows directly from the equations (19). 
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Theorem 16. If the biorthogonal systems (u;, v;) and (%;, 0;) are complete 
as to u and % respectively, and if the matrices (5), and (6); are limited, then 
the necessary and sufficient condition that the matrix u,v, be orthogonal, is 
that the two given systems be equivalent. 


If the two systems are equivalent, the conditions for the orthogonality (§ 2) of 
the matrix {i U,V, are satisfied ; for 


ao ao 1 L=J 
> | @,2, | %,%,= u,v, | u,b,= | 7,3,= aN 7) 
Pftafaa-E fen fas fay— lo yp %P 
a oO 1 t=4 
De V.U, | u,v, = Vitam | 0, Uh, =e ee eB & 
PJot Jan ZJrnafay=fum=lo igy 6: 


To prove the converse, let v, be the vw-associated function of v,. Then 


faa d fe i B— > | a eee 

U.U,= U.U Uv, = U.U U,uU. = ° ° 
k k k k 

ass k= A U k=1e : e : 0 t+ 


and therefore 
f 4.2, = [5 4, nee Ke 


Since the system { #; } is complete we obtain 


S| 


Us (i) 
and the two systems are equivalent. 

Theorem 17. If the biorthogonal system (u;,v;) is complete as to u and 
the matria (b), is limited, then for any biorthogonal system (u;, 0; ) complete 
as to u and equivalent to the system (u;, v;) the matrix (b); is limited. 

Let f be any function of % and write the equations 


| Fe age »D fo, f m8, (i). 
k=1 


From this system of equations we see that { if ae 3; is of finite norm for every 
J and therefore the matrix (6), is limited. 

Theorem 18. If the equivalent biorthogonal systems (u;, v;) and (%;, 0; ) 
are complete as tou and % respectively, and the matrices (b), and (6); are 
limited, then the vu-associated function g of any given function f is equal to 
the vu-associated function G of f. 

We have 


f= fread [rf u%=d fom f oie= [ 9. 
I iy | k=1 e 


Since the system @; is complete, 9 = 9. 
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Corollary. The functional transformations 7’ and 7’, corresponding to two 
biorthogonal systems (w;, v;) and (u%;, 0;) which satisfy the conditions of 
theorem 17, are equal. 

Remark. Tf two biorthogonal systems have the same functional transforma- 
tion 7’, they are equivalent. 


§ 8. Functional transformations T. 


In this section we consider functional transformations 7’, which transform 
every function of § into a function of and which are single-valued and possess 
the following three properties : * 


(22) F(a, f, + @,f,)=4,T(f) + a,7(f,) (a, A, Sir Sa) 
(28) NFL | = 0 oven 
(24) : i= 0 (fF), 


the equality sign in (24) holding only for f= 0 or 7( f)=0. 
Theorem 19. Any biorthogonal system (u,, v,) such that 


p= 6 (us) (i), 


where T has the three properties (22), (23), (24), has a limited matria (6),. 
Let f be any function of %; then by the property (24) 


[7-Zafurn)(27-Dafos)2o Gn. 
k=1 k=1 ° 

Transforming this inequality, we obtain 

(25) pa [fox alleen (5), 

and therefore the matrix (6), is limited. 


Corollary. For any two functions f, and _f, of ¥, 


(26) (SAE See fire (fir). 
In the inequality (25) make the substitution i=1, f= /,, and 
aD 
| SATA) 


where 7, and f, are any two functions of ¥, such that Z(/,) +0 and 
T(f,) +9. 


*Since 7’ is single-valued, the linearity (22) is a consequence of (23). 
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Theorem 20. For any functional transformation T which has the three 
properties (22), (23), (24), and which does not transform every function into 
zero, there ewist biorthogonal systems (u,, v,) for which 


v;= T(u;) (¢). 


Let { f,} be any sequence of linearly independent functions of ¥, for which 
T( f;) + 9 and also are linearly independent. Construct the following system : 


f— Dy f uPA) 
AV [(A- Eu farm) (0) - Za fos) 
TA)— Lr fof 


For i = 1 it is clear that the denominators do not vanish and that Ue (uy. 
Assume that the statement is true for i — 1; then 





(i), 





a 


(27) 





bo 





Mf) Le fxf-2(A-Le fu 7A))> 


and therefore by (24) the denominators of w and v cannot vanish unless 


A-Du fut f= 


or i 
T(f)— Lr, [ xf=9. 

Either one of these equations is contrary to the hypothesis on { f;}. Therefore 

a) (i). 


It can now be argued that the systems {w,;} and {v;} form a biorthogonal 
system. It is easily seen that the relations 


frumm ty (iJ), 
a 1 (i=J), 
hold for i,7=1,2. Assume that they hold for i, j7=1, 2, ---,»—1 and 
prove that they then hold for 7,7=1, 2, ---,%. 

Since in a biorthogonal system (u;,v;) the functions uw; and also v; are 
necessarily linearly independent, the vanishing of the denominator of uw; and v; 
gives a sufficient condition that { f,} and { 7(/;)} be linearly dependent. 
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The biorthogonal system (w;, v;) defined by the equations (27) has by 
theorem 18 a limited matrix (>); a vu-associated function g of any function 


g=T(f). 


Biorthogonal systems constructed from different sequences { /; } are equivalent 


f exists and 


or belong to the same type. 

There exist functional transformations 7’ with the properties (22), (23), (24) 
for which there does not exist a complete system of linearly independent func- 
tions {f;} such that the functions 7(f;) are linearly independent. For 


example, the functional transformation 
= [ K(s, t)f(t)dt, 
);(t) 


where 
K (8, = RUDE 


transforms every function f into a linear combination of the m functions ¢; 


pe 


(i=1, ---, 2). If, however, there exists a complete system of linearly 
independent functions {f,} such that the functions 7(f,) are linearly inde- 
pendent, then a biorthogonal system can be constructed by (27) which is com- 
plete as to uw. In all cases however, 


fa->. gu, [ of. 


Theorem 21. A single-valued functional transformation T which has the 
three properties (22), (23), and (24), and for which there exists a complete sys- 
tem of linearly independent functions { f;} such that T(f;,) are also linearly 
independent, is equivalent to a type of biorthogonal systems (u;, v; ) complete 
as to u and with limited matrices (6),. ' 

The formule for w; and v; may be expressed in the following form: 


SATA eee Tae 
SLBA) SATA) eB AEC oh 








SrTcny rrr) wt BPG ey se 
SATA SATA > ATS) | SATO ATA) 
SIPASS MA) SATS . NAPS AMG): SIMA) 














Nis TLR. SiGe lee 1.) PAMALLLU - S40) 





7 


1911] A. J. PELL: BIORTHOGONAL SYSTEMS OF FUNCTIONS 157 


ALOR ee ELA) <> Up eee eents) 

JAPA) SAMS) ng bes ys 
pak fare fanny Be ee " 
BATU) PATO): PATA ISA TOOLSET) «fA 
Si SAME) lf MA) WA ME) SIM LY SIME 














€ SMa SATU oe Sf NICH ee) fatto LATOR) pia 


The necessary and sufficient condition that both the systems { f,} and { 7'(f,) } 


be linearly dependent is the vanishing of the determinant 


pean Tf) <-> Opes 
(28) Ii AMS) SEEK) : | SEP 


aren Sar) : SFT 


Theorem 22. Tf, for a functional transformation T with the properties 
(22), (23), and (24), there exists a function p such that p=XT(p), then there 
exists a biorthogonal system (%;, v;) for which the vi-associated function g of 
a function f orthogonal to p is given by 

g= Tf). 

Taking into consideration the inequality (26) and the condition imposed on 

p, we see that the functional transformation 


pf pT (fh) 
fx 


satisfies the three conditions (22), (23), and (24). By theorem 20 we can con- 
struct a biorthogonal system (7%; , 3; ) such that 


b, = T(%;). 





T(f)=T(f)- 


The vw-associated function g of f is given by 


LT: i bi 
9=T(f)- soe ee i a 
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and therefore if f, is orthogonal to p, 


§ 9. Solutions of f= rT(f). 


Let 7 be a single-valued functional transformation which transforms every 
function of ¥ into a function of § and which has the properties (22), (23), and 
(24); and let (w;, v;) be a biorthogonal system (theorem 20) for which 


v;,; = F(u;) (i). 


Then the matrix (6), is limited (theorem 19) and therefore also the matrix Caper 
The matrix (a,,), where 


= DM ae 


is limited, by lemma 6, and is symmetric. 
In this section we consider the functional equation 


(31) f=r>TM(f), 


where 2 is a parameter, and fa function to be determined. 
Theorem 23. If there exists a solution f of the equation 


f=AT(f), 
a= J fo (7) 


is a solution of finite norm of the infinite system of homogeneous linear equations 


then 


(32) 2,.—N 2) 4,,% = 0 (4), 
k=1 
and conversely a solution of finite norm of the equations (32) leads to a solution 
of the equation (31). 
The functional equation (31) is equivalent to the set of equations 


(33) f fuarfof (i). 


By means of the equations (5) and (7) we obtain the result that the equations 
(33) are equivalent to (32). 

Corollary. The functional equation (31) has a solution f when and only 
when the quadratic form >) a,,2,, has a characteristic number ; the number _of 
the solutions f depends on the multiplicity of the characteristic number. 

This corollary follows from lemma 8. 
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Theorem 24. Two solutions of 


f=2>Tf), 


corresponding to two different values of X, are orthogonal. 
Let the two values of > be 2, and X,, and the corresponding solutions f, 
and f,: 
A= TA): Sy = TS): 


Multiply the first equation by f, and integrate. By means of the second equa- 


tion and (28) we obtain 
r 
ie mar a diss, 


f= 0, 


and therefore 


_ when i, and A, are distinct. 
If the kernel A(s, ¢) is symmetric, positive semi-definite, and satisfies cer- 
tain continuity conditions, the integral equation 


f(s)=rf K(s, t)f(t)dt 


is a special case of the functional equation (31). This integral equation has at 
least one solution, the multiplicity of a characteristic number is always finite, 
and if there are an infinite number of characteristic numbers the limit point is 
infinite. 

We give examples in which the spectrum * of the quadratic form >* a;,x;%, 
consists of a point spectrum with finite or infinite multiplicity, or with a finite 
or infinite limit point, or of a continuous spectrum. 

Heample 1. Same as the example in § 5. 

The spectrum consists of the one point unity with an infinite multiplicity. 
Any function orthogonal to p is a solution of the equation (31). 

Example 2. Let {;} be a complete system of normalized and orthogonal 
functions ; and let (w;, v;) be the biorthogonal system defined by 


U:= Dds (4), 
jp —p 


% = 9; — Sixt (i). 
The quadratic form >> «;,7;x, becomes 


ao >) 
wr +2 Dei — 2D wei 4 


i=2 t=1 





* H. IV, p. 172. 
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and its spectrum * is a continuous spectrum consisting of the values ) between 
+1and + oo. The equation (31) has no solution f belonging to ¥. 

Example 3. Same as example 1, § 4, in which the constants a; approach 
zero as a limit, and the functions ¢; are complete and continuous. 

The spectrum consists of a point spectrum with limit point at 1: 


2+ a; +a,Vaj+4 








ya = : 
(j). 
Ne 24+a;—a,Va;+4 
; 2 
The corresponding solutions of (31) are 
a = po;-1(1—Az;_1) — 4G, Po; 
sy (L—Ay i) tap” (j) 
ios 251 (1 — aj) — 4 2 
% Oe 


The functions { a; | form a complete system of normalized orthogonal functions. 
It is possible to take a; so small that 
2 a. (t 
K(s,t)= AY 


t=1 

1 — , 
converges uniformly ; 1/1 — 2, are then the characteristic numbers of A(s, ¢). 
With this restriction imposed on a;, we obtain for any function f and its vw- 
associated function g 


f(s)=9(s)— f K(s, t)g(t)dt. 


Since 1 is not a characteristic number of A(s, ¢) we can solve this equation for 
g and obtain for 7’ 


g(s)=f(s) — f(s, t) f(t) dt, 


where &(s,¢) is the resolvent of A(s,¢). The first equation gives the rela- 
tion between any function g and its wv-associated function /. 

EHeample 4. Same as example 1, § 4, in which however the constants a; are 
all equal to the constant a, the system { ¢; } is complete, and the functions ¢; 
are continuous. 

In this case the spectrum consists of the two points: 


; 2 ela oe Le oa or 7 a ee 
7 2 Stes 2 
* H. WEYL, Singuldre Integralgleichungen, Dissertation, Gottingen, 1908, p. 69. 














1911] A. J. PELL: BIORTHOGONAL SYSTEMS OF FUNCTIONS 161 


each of infinite multiplicity. Let the solutions of (31), corresponding to 7 and 
1/1, be {a;} and {a;} respectively. Each of these systems we may consider 
as orthogonal and normalized; and each system is orthogonal to the other. 
Further, the two systems together form a complete orthogonal system of con- 
tinuous functions ; and it is possible to choose systems of constants {/;} and 
{l*} such that they are the characteristic numbers of two symmetric kernels 
K(s, t) and A*(s, ¢), whose corresponding characteristic functions are the 
{a;} and {a;} respectively. Then the functions w, and v, satisfy the equation 


J (4G, t)+1K"(s, t)]u,(t)dt= f [1K(s, t) + K'(s, t)] v(t) dt (4). 


This is an integral equation of the first kind in both wv; andv;. The functional 
transformation is given by * 


% Eo ee 
v(s)=2 [ (2-1) Waa(s) ) dt (7), 


k 


- where 


BO(s) =1 f [PK (s, t) + K*C+(s, t)] u,(t) dt 


and A°***)(s,¢) and A*°**?(s, ¢) are iterated kernels of A and A™ respec- 
tively. 


$10. Complete + elementary theory of six properties. 


A biorthogonal system (w,, v,) may have one or more of the following six 
properties: 1) {«;} complete; 2) {v,;} complete; 3) (q),, limited; 4) (6), lim- 
ited ; 5) (a), limited; 6) (6), limited. If we consider all the possibilities of a 
biorthogonal system possessing or not possessing each one of these six properties. 
there are 2° = 64 cases to be considered. To establish a complete elementary 
theory we must, for each of the 64 cases, either show by theorems the impossi- 
bility of the case or exhibit an example. In this way we show that there are 
no general theorems relating to these six properties other than those already 
obtained. 

Theorem 25. There are no other theorems which are analogous to the corol- 
lary to theorem 4, theorem 6, and corollary 3 to theorem 8, and which express 
interdependence among the six properties mentioned above. 

To denote that a biorthogonal system possesses or does not possess the ith 
property (i =1, 2, ---,6) we write + or — in the ith place. 

Since by theorem 6 a limited matrix (0), (0), respectively implies a limited 
matrix (a), (a), respectively, the following cases are excluded 


(=, 4 eS, aad sr +), 
(G5 5 i +, ae ia) 
of which 28 are distinct. 


*H. BATEMAN, Inversion of a defimte integral, Mathematische Annalen, vol. 63 (1907). 
{+ E. H. Moors, Introduction to a form of General Analysis, The New Haven Mathematical 
Colloquium, p. 82. 
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The corollary to theorem 4 excludes the cases 
(ere == +, ay =, —), 
(ces a ao a) +, ae 


Of these there are 11 cases which are new and distinct. 
Corollary 3 to theorem 8 excludes the two cases 


(+, ork Gr “5 +, +), 
(-, aa) + +, 1% +). 


There remain 23 cases, for which we exhibit examples. Two cases which 
differ only by an interchange of w and % may be considered as one case. 


1) Ge ork cree Sh eek 


Example 1 in § 4, in which the system { ¢,} is complete. 

This example shows the impossibility of a theorem to the effect that a 
biorthogonal system complete both as to w and v cannot have all the matrices 
limited. 


2) Gress ce Sie 
8) (+, +,—, +,°+, —). 
Example 3 in § 4, in which the system { ¢, } 1s complete. 
4) (fy aah yty —) 
Example 3 in § 4, in which the system { ¢, } is complete. 
5) ( See secig tt) 
Example 1 in § 4, in which the system { ¢,} is incomplete. 
6) a ae ed 
7) (Gea cera et 


Example 3 in § 4, in which the system { ¢,} is incomplete. 


8) (—, pu Per ae ea —). 


Example 2 in § 4, in which the system { ¢, } is incomplete. 


9) (ee: 
10) (— =, +, —, +, +)- 

Example 4 in § 4, in which the system { ¢; } is incomplete. 
11) (—, =, +, =, =, —); 


12) (—, ah |) et MAP Y) ors —). 
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Examples for the cases 20) and 21) below, in which the functions w, and v, 
are omitted. 
13) Cee ty ee 

{ f,) is an incomplete system of normalized orthogonal functions. {a,} is a 
sequence of constants such that {1/a,} is of finite norm. {),} is a sequence 
of constants such that {1/),} is of finite norm and also {A,/a,} is of finite 
norm. ‘The biorthogonal system 

a 
U; = Az, Poi 1s 0; = ($y, + 4, 4,;) u et) 

clearly has a limited matrix (@), and unlimited matrices (b), and (6). That 
the matrix (a), is limited follows from the fact that, for the biorthogonal system 


(%,, 0,): 


en ae v0, = %, (i), 
a, 
-the matrix (0); is limited. 
14) (+, amg) “7s ie? are +), 
15) (—, +, +. +, +, —). 
Example in § 5, 
16) (+, Fed) are ae ao: +), 
17) (-, ese sat 55 —). 
The biorthogonal system is given by 
Le , (i) 
ee NU, De i), 


where (%,, ¥,) is the biorthogonal system in the example in §5, and the 
sequence {1/),} is of finite norm. 


18) (+,—-—,-,+,+,-—); 
19) (-,; 15 cot See, +). 


The biorthogonal system is given by 


U. 
i mre = : 
ps v, = X,2; Cay; 
2 


where (7,,%,) is the biorthogonal system in the example in §5, and 2, are 
chosen so that (b), is not limited and (0), is limited. 
20) i 
21) (—,+,+,-,-,-): 
The biorthogonal system is given by 
cares v.=X,0. Cie 


x 9 i ie 


a 
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where (w,, 0,) is the biorthogonal system in the example in § 5 and the X, are 
constants such that {1/,} is not, but {1/A%} is, of finite norm. 


22) (+,—,—-—,-—,-,-), 
23) (—, +,—-:—5—» —): 
The biorthogonal system is given by 


o(fvr¥ fom fon) + fonda fm 
fr -B fm foe) (fr E fon fo) 


» | pv; irl p ; 1 Aes 
_ Bal "\ if p— Li | pi, { np) + if Ean" 7 | pit, 
fp k=1 k=!) Jv 




















us | | (i), 
V(fe- 2 vi, { a2 ) ( {r- JE, rt, { 2p) 
where 
Up, = a, 2; Uri = = Po + a; j Pay 
_ po; — A ho; (9); 
he are iar — Daye = Payer 


j 
and {¢,} is a complete system of normalized orthogonal functions, {a,} a 
sequence of constants such that {1/qa,} is of finite norm, and p a function such 


that 
Ah 2 1 
| Pb, ae? | Poa = Ge” 
J j 


The two matrices (6), and (6), are unlimited. The function p is orthogonal 
to all the functions v,; the system {w,} is complete. The matrices (0), and 


(a), are unlimited for f p>., = 0 and therefore v,,=%,,. Functions / orthogonal 
to p can be found for which { af fu, is not of finite norm and therefore (6), is 
unlimited. By considering the biorthogonal system (u,, v, ): 


id o p f pu; 


= U. =. 


vie t+1 i fe 


a ~ re es 


which is complete both as to v and as to v, we find that (a), is unlimited. 
March, 1910. | 


~ 
> 





_ 


ae 


(7), 


S| 








APPLICATIONS OF BIORTHOGONAL SYSTEMS OF FUNCTIONS TO 
THE THEORY OF INTEGRAL EQUATIONS* 


BY 


ANNA JOHNSON PELL 


Introduction. 


In this paper we give a sufficient condition that the characteristic numbers of 
an unsymmetric kernel exist and be real, and prove the expansibility of arbi- 
trary functions in terms of the corresponding characteristic functions. This 
sufficient condition is stated in terms of a functional transformation} 7( /) 
defined by certain general properties ($1), and for the special case 7(f) =f 
we obtain the known theory of the orthogonal integral equations. The method 
employed is that of infinitely many variables and is based to some extent on 
an earlier paper.t However, the present paper, with the exception of a few foot- 
notes, can be read independently of (1) if Theorems 20 and 8 which are here 
stated in §1 are accepted; and if the suggestion in Remark 1 of $1 is car- 
ried out, the only reference to (1) that is necessary is Theorem 20. 


§1. Preliminary notation and theorems. 


We denote by J the interval a=s=b of the real variable s, and by S the 
square 


IIA 
IIA 


b, a 


IIA 
IIA 


b, 


a 





* Presented to the Society, September, 1909. 

{Since the original manuscript (the present paper is essentially unchanged in content and 
method, but somewhat revised in form) was sent to the editors in March, 1910, J. MARTY has 
announced some results for unsymmetric kernels in the Comptes Rendus. His sufficient 
condition (April, 1910), which is also necessary (June, 1910) is stated in terms of a special 
r( sy); namely T( f) = i K(s,t)f(t)dt, which satisfies the conditions of 71 imposed on the 
T(f) of this paper. Special examples show that the condition (c) of §1 is more or less essen- 
tial, see also MARTyY’s correction (ibid., June, 1910). The method indicated by him is a gen- 
eralization of that used by E. ScHMIprT to prove the existence and is not essentially different from 
the method referred to by the author in the footnote at the beginning of $3. MARTY states no 
expansion theorems. In May, 1910, the author senta note to the Bulletin of the American 
Mathematical Society which appeared in July, 1910, and which gives necessary and suf- 
ficient conditions in terms of the general 7(f). 

tA. J. PELL, these Transactions, this number. It will be referred to as (1). 
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of the real variables s and ¢. We denote by % the class of all real functions of 
s which are integrable and whose squares are integrable on the interval J in the 
sense of LEBESGUE, and regard two functions of ¥ as equal if they differ only 
on a set of points of content zero. The argument of the function is omitted 


[ ¢(syas 


is denoted by if gy. A sequence of real numbers is of finite norm if the sum of 


whenever possible. The integral 


the squares is convergent. 

Let 7(f) be a single valued functional transformation with the following 
properties : | 

(a) 7T(f) transforms every function of ¥ into a function of %. 

(6) For any two functions f, and f, of %, 


JATMR)=SATA)- 
From this property follows the linearity of 7(f ): 


Taf, a5 a, fy) aaalt eT 8) M0 a, T(f,)- 


(c) For every function f of §, 


ere =0, 


the equality sign holding only for functions f such that 7(/f) = 0. 
Theorems 20 and 8 of (I) give the existence* of a biorthogonal system 


(U,, V,) such that 
(d) V,=7(0,). 


(e) For every function f of ¥, 


=( fv) = fre. 


(f) For any functions + f, and g, = 7(f,), 


fAn=-d [AV] Ga. 


For the purposes of this paper we suppose further that 7’(f) has the follow- 
ing properties : : 





ae Spee developed in (I) shows that every biorthogonal system (u;, 1%) such that 
Dieles fu ) converges for every f of § gives rise to a functional transformation T( f) with’ the 
AES hes (a), (b), (e) and such that 1,= T'( ui). 
+ Theorem 8 of (I) is more general than this in some cases. 
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(a,) Z'(f) transforms every continuous function into a continuous function ; 
and for every continuous function f 


SIZ SES Fl, 


where & is a constant independent of /. 

(c,) There is at most* one function p, not essentially zero, such that 
T(p) = 9 and this function p is continuous. 

In virtue of (a, ) and (c,) we can assume that the biorthogonal system (U,, V,) 
is such that 

(4) The functions U, and V, are continuous and the system U, is complete. 

Remark 1. If the conditions on 7(f) were stated for continuous functions 
only in the form of (a,), (0) and (c), we could exhibit a biorthogonal system 
(w,, v,) such that the properties (d),(e) and (/) hold for continuous functions 
by referring to Theorem 20 of (I), and the property (f) could be shown to 
hold for all continuous functions f, and f, by a simple generalization of HILBERT’s 
proof for the analogous theorem for orthogonal functions (#7, V, pp. 443-445). 
The generalization consists of the systematic substitution of {i ST(f) for f fe: 

Remark 2. If K(s, t) is continuous on S, then the transformed function 
with respect to either variable is also continuous on S. This follows from the 
~ conditions ¢ (a,) and () and a theorem § by Professor E. H. Moors, namely ; 
the necessary and sufficient condition that the sequence of continuous functions 
f,(s) converge uniformly is, that for every e there exist an n, depending on e 
such that for n, =n, and n,=n, 


fm torl eh fis 


for every continuous function /. 
Remark 3. For every function A(s, ¢) continuous on S, we have 


r, [ K(s,t)dt— [ T.K(s, t)dt=0, 


* Throughout the paper p denotes a function such that 7(p)=0. The condition (¢, ) is 
added for simplicity ; the results obtained would hold with slight modifications if there were 
more than one such function p. See Remark (7), 23. 

{ HitBert’s fourth and fifth memoirs in G6ttinger Nachrichten are referred to as H, 


IV, and dH, V. 
{ These conditions are used as follows: 


| JF(OLTNK (9, 1) —T.K(s, t)]at| =| [TUF (t)1[K (8, t) —K(s, t) ae] 
| =k fit isk, f isl. 


2 Introduction to a form of General Analysis, in The New Haven Mathematical Colloquium 
(1910), p. 5; Atti del IV congresso internazionale dei matematici, vol. 2 (1909), 
p- 103. 
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where 7’ denotes that 7 operates on the argument s. To prove this, multiply 
the left-hand side of the equation by an arbitrary continuous function, integrate 


and apply property (0). 
In a similar manner it can be shown that 
T.T.K(s,t)=2,T,K(s, t). 
A particular case of this is that 7,7, K(s, t) is symmetric if K(s, t) is 
symmetric. 


§ 2. Integral equation with general kernel. 


Let A(s,t) be a function continuous in S, f a function continuous on J, 
T(f) the functional transformation defined in § land uv an unknown function. 
Consider the integral equations 


(1) u(s)+ f K(s,t)7[u(t)]dt=f(s), 
(2) u(s) + f K(s, t) T[u(t)]dt=0, 

and their adjoints 

(3) w(s)+ f K(t,s)T[u(t)] dt=f(s), 
(4) u(s)+ f K(t,s)T[u(t)]dt=0. 


By means of the biorthogonal system (U,, V,) defined in § 1 we establish a 
one-to-one correspondence between the equations (1), (2), (8), (4) and a system 
of linear equations in infinitely many variables <,, 


(5) a, a 2 k., a, = a;, 
(6) A Do hist =Q, 


and their adjoints. In these equations the sequence { a,} is of finite norm and 
kh, = ff K(s, t)V,(t)V,(s)dsdt. 
We proceed by forming the following functions and constants 
k,(s)= f[K(s,t)Vi(t)dt, k= fh, a,=ffV,, 
L(s,t)—P,K(sst)) 0i(s,t)—= Zoe ane, 
M(s, t)=T,L(s,t)=T,L,(s,t), 


i(s)=T[k(s)] =f L(s, t)V,(t)dt= f M(s, t)U,(t) de. 
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The functions /, and 7; are continuous on J and L(s,t), L,(s,¢) and M(s,t) 
are continuous on S. From the property (/f) of § 1 we obtain 


Dh (s) I= f Ks, t)L(s, tae, 
Sl4(s) = f Ms, e)L,(s, eat, 


ao e 
wee | hl, 
a t 4 
: j=1 
and since 


t= 


ite ey ieee) Ds A= DE (ki; + U7) 
= J=1 t=1 
we obtain finally ‘ 
= rus | [ Ks, t)L(s, t)dsdt + f [m, t) L,(s, t)dsdt. 
aad Se a 
This last inequality shows that the bilinear form 
Dk xy; 
is continuous (/, IV, p. 203). Therefore Hilbert’s theorems (7, IV, p. 219, 
and H, V, p. 449) can be applied to the equations (5) and (6). 

Theorem 1. The non-homogeneous equation (1) has a unique continuous 
solution if the homogeneous equation (2) has no solution. If the homogeneous 
equation (2) has a continuous solution wu, it is of finite multiplicity n, and the 
adjoint equation (4) has the same number n of linearly independent solutions 
uw; and the necessary and sufficient conditions that the non-homogeneous 
equations (1) and (8) have solutions are respectively 


[fTu, = 9 (kK=1, 2,---,n), 


and 


gee, j= 0 (k==1,2,---,n). 


After the correspondence has been established the proof follows from an 
application of Hilbert’s theorems mentioned above. If the equation (5) has a 
solution { a, } of finite norm the function 


(7) a De a; h; 


is continuous, since from property (e) the series converges uniformly (H, V, 


p- 442). Multiply (7) by V; and integrate, 


ao 
faP= Dak = a,— 4. 
i! 
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Let 


u=f—a, 


ful, =4,. 


The function w is continuous and is a solution of the equation (1), for making 
the substitution 


then 


F(t) = sa 0) 


in the equation (f), §1, we obtain 


{ KG, t) P[u(t)]dt= Do a,h,(s) = f(s) —u(s). 
j= 
Conversely if wu is a continuous solution of (1), the sequence of constants 
Cc iy. uV, 


is of finite norm and satisfies the equation (5), for the series 


Yah(s)= { KG, t) PE u(t)] at 


is uniformly convergent, and after multiplication by V, and integration, we obtain 
the equation (5). ; 

In exactly the same manner the equivalence * of the other sets of equations 
can be shown. 

Applying property (0) of 7(f) on the equations (1) and (2), and operating 
with 7’ on the equations (3) and (4), theorem 1 can be argued from the 
Fredholm theory. 


§ 8. Integral equation with symmetric kernel. 


From the hypothesis 
K(s,t)= K(é, s) 
follows immediately 


ky =e k;, ’ 


*In virtue of theorem 16, (I), any other biorthogonal system of functions satisfying (d), 
(e) and (f ) leads to the same solutions of the integral equations as that obtained by using the 
system (Ui, Vi) (H, V, p. 451). 

+ The results obtained in §§ 3, 4 could be obtained by a proper generalization of the method 
developed by E. ScHMiIpT in his dissertation and in Mathematische Annalen, vol. 63. In 
place of SCHWARZ’s inequality we have 


(fAT Als fAat(n) fT) 
(see § 8, I), and for the iterated kernels 


Koa) a= { K(s, r)T,K"-"(r,t)dr. 
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where the constants /,, are defined in $2. By means of an orthogonal trans- 
formation of the variables * { x, } the continuous (§ 2) quadratic form, 


K(x) =Dkyw 


GUT; 9 


if one assumes, that not all of the coefficients /,, are zero, is transformed into the 


normal form (/, IV, p. 201): 
K (x)= >doe,x°. 
4=1 


All of the coefficients c, are real. But some may have the value zero, let the 
corresponding linear forms be ; 


ao 
a 2 M,2, = M,(«). 


Denote the other values of ¢; by 1/2,, and the corresponding linear transforma- 
tions by 


oe’ 
I; ita 


tM 


atin 1,0 J 


The linear forms L,(#) and JM,(a) are connected by the following relations 
Chel V ap. 202): 


1 (=k), 
©) yi! es ={a (i+k), 
(9) > 1M, = 0, 

(10) Sey = DL a)L,(y) + L Mi(w)IK(y). 


The relations connecting the linear forms 1,(«) and /;(«) and the quadratic 
form A(x) are as follows: 


= Ss 
(11) 2 Lin key = 
Gia! 
(12) Do mk, = 0. 
em | 


Remark 4. We need to consider the exceptional cases k,, = 0 for all i 
andj. Since 


ki =f [K(s, t)Vi(s)Vi(t)dsdt=f {7.7K (s, t)U,(s)U,(t)dsdt, 


it follows from (h) that 
T. 7, K(s,t)=9, 


* By {ai} and {y;} we denote sequences of finite norm. 
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and therefore, if there exists ap, A(s, ¢) has the form 
K(s,t) =4(s)p(t) + a(t)p(s) + kp(s)p(t), 


where « is any continuous function and & is any constant. 

Theorem 2. For a symmetric continuous kernel K(s, t), which is not 
identically zero and which is not of the form a(s)p(t)+ a(t)p(s)+kp(s)p(t) 
if there is a function p, there exists at least one value of X which is necessarily 
real and for which the integral equation 


(13) u(s) =f K(s,t) T[u(t)]de 
has a continuous solution u(s) which is not ELOY zero. If there is a p 
and if K(s,t) has the form 

a(s)p(t)+a(t)p(s) + kp(s)p(t), 


there are no solutions wu. 
The theorem follows directly from the existence of the constants , and the 
solutions /., of (11), and an application of the process employed in §2. We put 


(14) u,(s) = r; >> lik ie 
and show that 


u,(s) =r, fPK(s, t)T[u,(t)] dt. 


Remark 5. If there is a function p, then the existence theorem for the 
equation (13) is equivalent to an existence theorem for the equation 


(15) w(s)+up(s) =A f K(s, t) TL w(t) ] de, fup =e, 


where mw is a parameter and ¢ is any given constant. 

Corollary 1. There exists at least one characteristic number 2, which is 
necessarily real, for an unsymmetric kernel L(s, ¢) which is of the form 
T, K(s,t), where K(s, t) is symmetric and is not of the form 


a(t)p(s)+a(s)p(t) + kp(s)p(t) 


if a function p exists. Corresponding to the characteristic numbers ), the 
kernel L.(s, ¢), and the transposed kernel L(t, s), have continuous character- 
istic functions w,, and v,, respectively, which form a biorthogonal system (w,, ¥;) 


of the type* 7(/). 
Applying property (0) to the right-hand side of the equation (18) we obtain 


(16) u(s)=rf L(s, t)u(t)dt. 


* That is, OFS b (4 ) . 
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Operating with 7(/) on the equation (15) we obtain after substituting 
v= T(u)=T(w + up) 

(17) v(s) =A f L(t, s)v(t)dt. 

In both cases the processes are reversible. That the functions uv, and v, form a 
biorthogonal system follows from the equations (8). 


Remark 6. The existence theorem for the equation (15) is equivalent to an 
existence theorem for the equations 


(18) T(w)=rfM(s,t)w(t)dt, fwp=c, 


where c is any given constant, and M(s, ¢) = 7,7, K(s, ¢) and is therefore 
symmetric (Remark 3). 

Remark 7. If there were more than one function p, the exceptional cases in 
theorem 2 would be given* by 7 7’ K(s,¢) = 0. 

If the functions f(s) and A(s, ¢) were integrable and with integrable 
squares, the theorems 1 and 2 would hold for any functional transformation 
T(f) with the properties (a), (6) and (c); the solutions being integrable with 
integrable squares. 


§ 4. Development of arbitrary functions. 
Theorem 3. <Any function f expressible in the form + 
F(s)= J K(s, t)g,(t)dt= fL(s, t)f(t)dt, 


where f, is any continuous function and g, = T(f,), can be developed into the 
uniformly convergent series 


(19) F(8) = Diu,(8) fifo; + »,p(s). 
In the linear form JZ (x) make the substitution 
a, — (3); 


the resulting series is uniformly convergent. Multiply by V, and integrate ; 
from the relation (9) we obtain 


J ML k(s)] V;(s)ds =0 


* The functions U; and p; would form a complete system. 


t+ The theorem could be stated for any function g, such that =/( fi giui )* converges, or even 
more broadly in some cases (Theorem 8, (I)). 
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and therefore, if there is a p, 
M[k(s)] =r, k,(s)=,p(s), 


otherwise, M/,[ k(s)] = 9. 
In the equation (10) make the substitution 


a= [9,U;, y= { K(s,t)V,(t)dt. 


The result is 


f(s) =f K(s, t)g(t)dt= fL(s, t)f(t)de 


-2(E4 fom) (Huson) +209 


sy UNE 


v-p(s) 


=Lu(s) fof + p(s). 
Theorem 4. Any function f expressible in the form 


f(s) = f M(s, t)f,(t)dt = f L(t, s)g,(t)de, 


where f, is any continuous function and* g, = T(f,), can be developed into the 
uniformly convergent series 


(20) f(s) = Das) ful 
This development may be obtained either by substituting in the equation (10) 


w= fFVi, y,=f Ms, t)U,(t)dt, 


or by operating on the development in theorem 3 with the transformation 7((/). 

Remark 8. The kernel L(s, ¢) has no characteristic number ) not equal to 
X,; suppose it had, and let w be the corresponding characteristic function, then w 
could be developed into a uniformly convergent series, but the coefficients 
if uv, would be zero, and therefore w= 0 or u=p. 





* This restriction on the function g, is not necessary. See footnote to theorem 3. 
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Similarly we can show that there are no solutions corresponding to a charac- 
teristic number 2,, which are not linear in the characteristic functions belonging 
to X,. 


Remark 9. If there are only a finite number n of characteristic numbers A, 
it follows from the developments (19) and (20) that the kernels have the form 


K(8, t) = DP) 4 as) p(t) + a(¢)0(s) + kr(s)P (4) 


L(s,t) = BIO + (5) 8(:), 


M(s,t)= 5 eet) de (2) 


Theorem 5. The maximum value which the expression 


SSE s, 0) PL As)] LEP(e)] asde, 


can assume for all continuous functions f such that 


SfT(F)=1 


is equal to the reciprocal of that X, which is smallest in absolute value, and 
this maximum is attained for the corresponding characteristic function. 


$5. Hxamples. 


As examples of the different forms of integral equations for which § 8 gives 
existence theorems we give the following : 


Example 1. 
u(s)=A { K(s, t)a(t)u(t)de, 
where a is a continuous positive function. 


Example 2. 
Ua = rf f K(s, t)K"(s, t)u(t,)dtdt, 


where A *(s, ¢) is a positive-definite continuous kernel. 


Example 8. 


u(s)+ug(s)=rAf K(s, t)T[ u(t) jdt, fuq=9, 


where g is an an invariant function of the functional transformation 7'(/), 
i.e, g=k7T(q). The equations are derived from the equations (15) where 
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c = 0 and the functional transformation * is 


qJqT(f) 


S¢ 
which satisfies all the conditions of § 1. 
As a special case of this, for 7( f) =f, we have the integral equation treated 
by Carrns in his dissertation. + 


T(f)=T(f)— 


Example 4. Problems in the calculus of variations in which the condition 


SfTf)=1 


replaces the usual condition 


give rise to differential-integral equations of the form 


L(u)+aAT(u)=9, 


du 
a(n ) 
Lu) = ap + p,u(s), 


where 








and p, is a positive function which together with its first derivative is continuous, 
and p, is a continuous function. The equation above reduces to the integral 
equation 


u(s) =rAf G(s, t)T[u(t)] de, 


where G(s, ¢) isa Green’s function for (w) satisfying certain boundary condi- 
tions. ‘This equation has infinitely many solutions, satisfying the same boundary 
conditions as G(s, ¢), corresponding to real values of X, if there are only a 
finite number of functions p, such that 7(p,) = 0. 

A special case is the non-self-adjoint differential equation 


L[L(v)]—-w=0, 
where Z (v) is a self-adjoint differential expression. The adjoint differential 


equation is * 


L[L(u)] +rAu=0. 





*See Theorem 16, (1). 
{ W. D. CArRNs, Die Anwendung der Integralgleichungen auf die zweite Variation bei isoperi- 
metrischen Problemen, Gottingen, 1907. 
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Hxample 5. In example (2) let the function A“*(s, ¢) be equal to the Green’s 
function G(s, ¢) of example (4). Then there exists at least one value of \ for 
which the equation 


L(v) +f K(s, t)v(t)dt=0 


has a solution v which is continuous together with its first and second derivatives 
and satisfies the boundary conditions of G‘(s, t). 

The two systems yy; and — yf, considered by E. Scumrpt,* form a biorthogonal 
system of the type 


T(f)=S@(s,t)f(t)de, 


where G‘(s, ¢) is the Green’s function, for Z(v) = — v’, which vanishes at the 
ends of the interval. 

Example 6. Let 7(f) be a functional transformation which satisfies the 
conditions (a), (6), and (a,) of §1, but not necessarily (c) and (c,). Let 
K(s, t) be a symmetric, continuous kernel which is positive-semi-definite : 


S LEC, t) f(s) f(t)ds dt=0, 


the equality sign holding at most for one function ». Then the functional 
transformation 


T(f)= f K(s, t)f(t)de 


satisfies all the conditions of § 1. 
If the integral equation + 


(A) u(s)=rf TK(s, t)u(t)dt 
has a solution w for some value of 2X, then the adjoint integral equation 
(8) rf [7 K(s, t)]v(t)dt 


has a solution v such that 
y= 7%). 


Two sets of solutions (w,;, v;) and (u;, v;) corresponding to two different values 
of X satisfy the condition 
i Ut, 0, = 05 


*Mathematische Annalen, vol. 63 (1907), p. 473. 
+ A special case, namely 7(f)—a-f, has been considered by MARTY, Comptes Rendus, 
February 28, 1910, p. 515. 
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that is, the solutions form a biorthogonal system of the type 7’, and therefore 
the values of X, for which there exist solutions, are real. The existence of real 
characteristic numbers ) is shown by means of the integral equation 


(B) u(s)=vf LT K(s, t)T[u(t)]de, 


which is of the type of the equation (14), for the kernel 7 7, K(s, ¢) is symmetric 
(Remark 3). It is evident that any solution of (A) for the value 2 is a solution 
of (B) forv =. And unless 7 7, K(s, t) is of the form 


a(s)p(t)-+a(t)p(s) + kp(s)p(t), 


there exists at least one value of v which is real and positive and for which the 
equation (2) has a continuous solution w. 
Construct the two functions 


2u,(s)=u(s)+Vv fT, K(s, t)u(t)dt, 


2u,(s)=u(s)—V» f 7, K(s, t)u(t)dt. 


The continuous functions wu, and w, are solutions of (A) for X= Vv and 
A= — Vv respectively. 
Example 7. In certain cases the integral equation * 


(a) u(s)=r f K(s, t)u(t)dt+ pf H(s, t)u(t)dt, 


where A(s, ¢) and H(s,¢) are symmetric kernels continuous on S, > and p 
are parameters, and w the function to be determined, may be reduced to the 
class of integral equations considered in § 3. 

Let 2, be that characteristic number of A’(s,¢) which is smallest in absolute 
value. Then for any value of \, such that 


[rol < [al 


there exists at least one value of « for which the integral equation has a con- 
tinuous solution w. For the maximum of 


SS Es, t)f(s)f(t) dst 


’ 





*MAxX MASON, Randwertaufgaben bei gewohnlichen Differentialgleichungen, Dissertation, Gottin- 
gen, 1903, p. 5. 
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for all continuous functions f such that 


f=, 


is equal to the reciprocal of |,|, and therefore the functional transformation 


f(s)—», f K(s, t) f(t) dt 


satisfies all the conditions of §1. Since A, is not a characteristic number, it 
can easily be shown that the inverse transformation, 


T(f) =f(8) — > f &(s, t)f(t)dt, 


where (8, ¢) is the reciprocal of A(s, ¢), also satisfies the conditions of $1. 
Operating with 7(f) on the integral equation («), where X = A,, we obtain 


(B) u(s)=mf T,H(s, t)u(t)dt, 


which is of the type of the equation (17), § 8. From the equation (8) we can 
pass back to the equation (a), and therefore the statement is proved. 

Let H(s,t) be a positive semi-definite kernel, and let ) be any number not 
equal to a characteristic number of K(s, ¢); then the functional transformation 


f(s) —ar f(s, t)f(t)dt 


possesses all the properties imposed on the functional transformation 7( f ) of 
Example 6. Operating with this on the equation («), we obtain an equation of 
the type discussed in Example 6. 

Let » take on a value equal to a characteristic number A of A(s, ¢) and let 
f(s, t) be a positive semi-definite kernel which is orthogonal to all the charac- 
teristic functions of A(s, ¢) corresponding to X. The transformation 


f(s)—Af K(s, t)f(t)de 


defines an inverse transformation 7'(f) which has the property (6), §1, and 
which is applicable to every function that is orthogonal to all the characteristic 
functions of A(s, ¢) corresponding to ». Operating with this 7(f) on the 
equation (a), we obtain an equation of the same form as the one considered in 
Example 6, and it is not difficult to see that we again have the existence of values 
of » besides the obvious one, uw = 0. 
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The following is an example of the integral equation (a) in which the kernel 
f7(s,t) is not positive-definite, and to the value ) = — 1 there corresponds no 
real value of pm. 


u(s)=rf ¥(s) ¥(t)u(t)de + wf [h,(s)h,(t)—2h,(8)h, (t)]u(t) de, 
where 


fyafmaSieat, 
Jfry=0, fap=0, faw=o. 


March, 1910. 





ON THE UNIFORM CONVERGENCE OF THE DEVELOPMENTS IN 
BESSEL FUNCTIONS* 


BY 


CHARLES N. MOORE 


In many problems of mathematical physics we are led to the question of 
whether or not it is possible to represent an arbitrary function by a series of 
the form 
(1) AS, (Ae) + ALS, (A) + os 


where the A”s are constants, J,(«) represents a Bessel function of order v, and 
the X’s are the roots of the equation 


(2) BNET el CN) == 0 


in which / and 7 are any constants not both zero. In most cases we find that 
we have a solution of our problem if the A”s can be so determined that : 

(a) The series (1) converges uniformly to /(«) throughout any closed inter- 
val lying in the interval 0 =a =1 and not including a point of discontinuity of 
J («), or, in some instances, the origin or the point x = 1, and 

(6) The sum of the first n terms of the series remains finite for all values of 
n and all values of x lying in the interval 0=xv=1. 

The ordinary formal method of determining the coefficients of an expansion 
of an arbitrary function in terms of normal functions, gives us the following 
value for A’ 


{l OPN J.C. 2) de 
[elZOe)Pae 


where A, is the nth positive root of equation (2). This determination of the 
A”s is found on investigation to give the desired expansion of f(a) except in 
the case 

(4) vwthA=0, 





(3) Jee 


n 


when an extra term is required in order that the series may have the proper 
value. . 





* Presented to the Society, October 30, 1909 and February 25, 1911. 
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That the case in which (4) is satisfied is really not an exceptional case at all, 
but only seems so on account of the notation employed, has been pointed out in a 
previous paper by the writer.* Moreover, as was also brought out in the previous 
paper, the appearance of an exceptional case can be avoided by introducing the 
notation 


x \Y 2 Pe hak 2i 1 
(5) Fs) = (5) Ea CEaee vera) 





and considering the series 


. li of (0) (X52) doe 
(6) Dat Nga ie a 





A, Fy (Mes ©), 


iMs 


ol 
esa) 
0 
where the )’s are the successive roots, positive or zero, of the equation 
O 
(7) | PFO) + AF, (0,2) | = 0,7 
x=1 


arranged in increasing order of magnitude. This series is identical with the 
series (1) where the \’s are the successive positive roots of (2), except in the case 
where (4) is satisfied, and in that case only differs from it by having an extra 
term at the beginning. This extra term is finite and continuous, and hence 
in all questions involving merely convergence or the remaining finite of the 
sum of n terms of the series, we may deal with series (1), and it is only neces- 
sary to consider series (6) when we come to the question of the value of the 
development. 

It has been shown by several writers{ that the series (6) will, under very 
broad restrictions upon /(#), converge uniformly to /(«) throughout any 
closed interval, lying in the interval 0 <2 <1 and not including a point of 
discontinuity of f(«). The question of whether or not, under certain restric- 
tions upon f(x), the series (6) will converge to f(0) at the origin, § and will 
converge uniformly to /(«) in an interval including the origin and in an inter- 





* Cf. these Transactions, vol. 10 (1909), p. 420. That the exceptional case was such only 
on account of the notation employed, and that it would cease to be exceptional if we adopted the 
proper notation, was pointed out to me by Professor BOCHER, to whose valuable suggestions I 
owe many ideas that have been of great use in this as well as in the preceding investigation. 

{ The positive roots of this equation are obviously identical with the positive roots of equa- 
tion (2). 

{Cf. Drnt, Serie di Fourier (Pisa, 1880), pp. 246-269; KNESER, Mathematische An- 
nalen, vol. 63 (1906-07), p. 505; Hopson, Proceedings of the London Mathemati- 
cal Society, ser. 2, vol. 7 (1909), p. 359. 

§$ It is only in the case v0 that this question is anything but a trivial one, since for v >0 
every term of the series vanishes when x = 0 and the value of the series is obviously zero for this 
value of x. 
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val including the point « = 1 has not been settled in the papers referred to ; 
neither has it been shown that, under suitable restrictions upon f(x), the sum 
of m terms of the series will remain finite for all values of n and all values of x 
in the interval 0=a#=1. H.eBert has shown* for the particular case where 
v= 0 and the / of equation (7) is zero that if f(«) vanishes for «= 1 and 
satisfies the rather stringent conditions of being continuous, together with its 
first and second derivatives, throughout the interval 0 =a =1, the series (6) 
will converge uniformly to f(a) throughout the interval 0 =x7=1. 

For most of the applications to mathematical physics it is essential to know 
something about the behavior of the series (6) in the neighborhood of the origin, 
of the point « = 1, and of points of discontinuity of f(«), when such exist, in 
order to be sure that we really have a solution of the physical problem we are 
discussing. In the majority of these cases, conditions like HiLBERT’s are too 
binding, and it is necessary to remove the restriction that the function should 
have no discontinuity; it is also necessary, even in the particular case that 
HILBeErvT treats, to determine the behavior of the series in the neighborhood of 
the point « = 1 when f(1) + 0. 

The object of the present paper is to show that in case f(x) is made up of a 
number of pieces in each of which f(a) and its derivative f() are continuous, 
while f” (a) exists, and is finite and integrable, the series (6) will possess the 
desired properties. These conditions on f() are usually met with in the appli- 
cations ; in a later paper the writer proposes to discuss the uniform summability 
of the series in the neighborhood of « = 0 and « = 1, thus showing the existence 
of a solution of the physical problem under extremely broad conditions.+ 

Lemma 1. Jf in the interval 0 =x=1, the function f(x) is continuous, 
save at a finite number of points at which it has a finite jump, if in each inter- 
val of continuity it has a first derivative that is continuous, save at a finite 
number of points at which it has a finite jump, and if finally in each interval 
of continuity of the first derivative the function has a second deriwative that is 
Jinite and integrable, the coefficient A’ of the general term of the series (1) may 
be written in the form 








map OOS | (wm oe ee r | 
x ay, ; | 
ite Vn 
(8) [ ’ 2v4+ 3 | 
cos | (nm + 4 ae a 
Kf (9) 
Mf(1 5 vK f (0) 
+ r( ) Vn + x = ee 


n 
*Gé6ttinger Nachrichten (1904), Grundziige einer allgemeinen Theorie der linearen Inte- 
gralgleichungen (Zweite Mitteilung), p. 229. Previously KNESER had discussed a special case 
slightly different from the one treated by HILBERT, using similar restrictions upon f(x). 
(Cf. Archiv der Mathematik und Physik, 3rd ser., vol. 7 (1904), pp. 123-133. ) 


+ Cf. the introduction to the paper in these Transactions referred to above. 
Trans. Am. Math. Soc. 13 
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where the M’s and K are constants, the c’s are the points of discontinuity of 
J («), and r, is the general term of an absolutely convergent series. 
We have * 


(9 [- [ J, (A, n) Jide = & OY Deas) 


rn 





n 


where A is a constant, and yy, (X,) is used to represent any function of X, that 
remains finite when X, increases indefinitely. Hence it follows from (8) that 
if we subtract from A’ the term 


(10) 





2r ‘ 
al f(x) dS, (r,, 2) da, 
we shall have left the term 


Ne ewe af(«)J,(r, x) dx 
wO,) 


5 
2 
Xr, 


(11) 








x M 

We will show first that (11) is the general term of an absolutely convergent 
series. Then, that by subtracting from (10) quantities that are the general 
terms of absolutely convergent series, we can reduce it to the sum of the first 
three terms in (8). Our lemma will thus be established. 

Let us use ¢, (x) to represent a function that is continuous in the interval 
0=x=c,,,,, that has in this interval a first derivative that is continuous, save 
at a finite number of points at which it has a finite jump, and a second deriva- 
tive that is finite and integrable, and furthermore is such that 


(12) h(t yea (a ) (Cm SS 2 Stats M== OF 1) ee ee 
where for the sake of uniformity we have set 


CeO Gees |. 
Then we may write 


m=k fer 


[ef@)tre)dr=d | TEEREAOS 
eh om 


Cm 


m=k 
m=1 J/0 

But if c is a constant lying in the interval 0 <x% <1, and ¢$(#) is a function 
that is continuous in the interval 0 =x=c and has a first derivative that is 
continuous in this interval save at a finite number of points, we have,t} if we 
set X, © = y and integrate by parts, . 





*Cf. equation (46) of the writer’s article in these Transactions, just referred to. 
{ Cf. ByERLY, An Elementary Treatise on Fourier’s Series, etc., p. 223, formula (4). 
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c 1 CA f 1 y 
rd (mh Oe)de= ys fv d(y)o(2) ay 
0 0 Y n 


=e tuinge(x) | 
-3 for a) | oat (#)4 cp’ (2) fay 
(14) = ICAO) +H [ Taslyro(S) dy 


wf weave (2) ay 


CCX, ) ST hs 
me) SF Ta 2)6(@) de 








n 


DE fis 
<5 f eFuas(d)$ (a) de. 
Moreover, we have from the asymptotic expansion * of J,,, (x) 


(2, ae Wr (Ar, x) 


Atgt ” 
7m : 


(15) 





S55 


where we use W(x) to represent any function of « that is continuous for all 
values of «>, remains finite for all such values of x, and approaches a 
finite limit when x approaches zero. 


From (14) and (15) we have 














(16) fee @Z0,e)de) < 
where K; is a positive constant. Combining (16) and (18), we obtain 
(11) Lf 2fl)t.0,0) de|< 
where XZ, is a positive constant. But for values of n so great that 
Wi0Q,)| — A? 
nneN 4n,” 





the quantity (11) is less in absolute value than 
x 1 
2 balQeed) Lf af(x)J,(r, 2) ds}, 


* Cf. LipscuitTz, Crelle’s Journal, vol. 56 (1859), pp. 193-196. 
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and hence, in view of (17), is less in absolute value than ‘,/\?, where A, is a 
positive constant. Consequently, since a positive constant C exists such that * 


(18) AN On, 


it follows that (11) is the general term of an absolutely convergent series. 

It remains to consider the term (10) which was subtracted from A’ to pro- 
duce (11). We must first, however, discuss the last two terms on the right 
hand side of equation (14). 

The asymptotic expansion of J, ,(a) gives 


ros 43) va) 
(19) a) Ae le [ag 008 (22 pe) + ( 





rn? wv 


Substituting this value in the integral of the third term on the right hand side 
of (14), we obtain 


[e8(@) ig Aw) = ad, V8 (7) 008 0 = a) da 
1 ¢ 
ty f “2 voee, 


where for simplicity we have used A and a in place of 2/7 and (2v + 8)/4. 
If we) is a function whose first derivative is continuous in the interval 


(20) 





0 =x =c, except at a finite number of points at which it has a finite jump, and 
whose second derivative is finite and integrable there, we have from an integra- 
tion by parts 


fi Vex) cos(r,7 —2)de= 5S [vk fp (k, — 9) sin (A, &, — a) 


(21) —Vk, iP (ky ,+9)sin(A,h t—1 —a) | 
-f | ve p' (a) + ae ve] sin (A, x2 — a)da, 
where &,, ’,, ---,, are the points of discontinuity of a , and for the sake 


of uniformity we have set 


k,=0, k =C. 


r+l 
Combining (20) and (21), we have 


(22) [28 @ Tino) de = BO), 
If we set i 
(28) (oe 





* Cf. equation (23) of the writer’s article in these Transactions, referred to above. 
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we obtain for the integral in the second term on the right hand side of (14) 


(24) J Fo n2)(@) de = 800) [Tar yordde + fe Fe) I.) de. 


If we substitute in the second term on the right hand side of (24) the value of 
,#) given by (19), we get 


Sys (r 
[ FJ eee AS v)do m= [v2 008, wv — a) F(x) dx 
| tl ye Fee, 


where again, for the sake of simplicity, we have introduced A and a in place of 
V2/m and (2v + 3)m/4. By means of an integration by parts, the integral in 
the first term on the right hand side of (25) reduces to the form 


sin (A,c— a 1 el 
(26) m8) Ye F(e)—< [| Ver (o) + FS | sin a,2—a)ae. 


Substituting this expression in (25), we obtain for the second term on the right 
hand side of (24) 


(27) i a FF" (0) of, 


(28) 


r 
(A, 2) dot = Yate. 


v+1 


If we set X, ~ = x, we get for the integral in the first term on the right hand 
side of (24) 


(28) [FaQordoas [Lalnay, 


where the integral on the right hand side may be written 


(28) ff Fata [tay 


CrAn 


since these integrals converge. 
Making use of (19), we obtain for the second term in (29) 


(30) ae Jralydy= A fo Say BC ae 


where this reduction is legitimate since ie two integrals on the right hand side 
of (30) both converge. or the second of these integrals we have 


(31) Lf ay | <W{ ” = an nd 
; CAn y? 





Bh ct 


where J is a positive constant. For the first nee on the right hand side of 
(30) we have from an integration by parts 


‘ 
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(32) ee ay ele +5 EL) ay Yt) 


vy 
Combining (81) and (32) with (30), we obtain 
¥ r 
(38) [> Fenly dy = 
Cdyn nm 


Substituting (83) in (29), and remembering that (29) is only another way of 
writing the integral on the right hand side of (28), we get 





(34) [Fyn de az 4 OY, 


X,, 


where for the sake of simplicity we have used ‘A’ in place of the first term 





in (29). 
Combining (24), (27), and (34), we obtain 
c Ve 0 x 
(35) [ Fen2)o(w) de = . 4 HO), 


From (14), (22), and (35), we get 


6) [29(o)¥, (0,0) do ene), oI SO 


Xr, 





Finally from (13) and (36), we obtain 





1 m=k 
af (v)J,(r,«) da = au On Pn a (Cnt) va (Caan) 


0 n= n 


4 = , nla) 7 (CoN) feels ti ae 


m=1 Xr, 


(37) 





It follows from (37) that by subtracting from (10) a quantity that is the 
general term of an absolutely convergent series, we may reduce it to the form 





Q mak m= 
(38) A »D Cnt 1Pm(CntiFr41(Cnt1%n) — a py Cn Pra Cn Fr (Cn eee 
where we have replaced 24’/.A” by A. If, now, we can show that by sub-’ 
tracting from (88) a quantity that is the general term of an absolutely conver- 
gent series we may reduce it to the sum of the first three terms in (8), our 
lemma will be proved. 

We have [loe. cit., equation (58) ] 


(2043)m 


(39) cos (a, ae = cos | (wm +q)e— Sat] ts Ba 
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Combining (39) with (19) and (18), we obtain 





rn, Qv +3) 
(40) Jil h.0) = Ae _ 08 | (ne aie ge 4 | Besa ale 


n 


But since [loc. cit. equation (57)] 


r 
(41) d= nm +g + Ve) 
we have by (18) 
1 1 nt — Xr, vv (7) 


(42) 











Vr, Vane VA, n( Vr, + Vn) on 
Combining (40) and (42), we obtain 


be 2 
v= cos| (nm +g)e— "ym | H 


TV ne 


(43) Vi") 


ni 


F(A) iad 


It follows at once from (48) that by subtracting from (38) a quantity that is 
the general term of an absolutely convergent series, we can reduce it to the sum 
of the first three terms in (8). Our lemma is therefore established. 

Before beginning the proof of the next lemma, we shall state a few formule 
connected with Bessel functions, which will be useful in the course of that 
proof. 

We have [loe. cit. equation (58) | 


HC) 


(44) cos (A, % — a) = cos(n7a + gu — a) z 


where 2, is the nth positive root of equation (2) and 


(45) [yw 2, Wo ae. (052251; n=1, 2,3,---), 
K, being a positive constant. 
From the asymptotic expansion * we have 
A (2v+1)7 W(X, x) 
(46) T.0,2) == 005( ry — 4 ) 4+ (a,x)? 


n 





where 
(47) Iv (|<, |W (*)|<4; («>0), 
K, and K, being positive constants. 


* Cf. LIPscHITZ, loc. cit. That the second inequality in (47) holds may be seen by differen- 
tiating the expression of the form (47) for J, (#) and comparing the result with the value of J, (2) 
obtained by combining the equation 


J(2#)=— v+1 (2) += J, (2) 


with the expression of the form (46) for J, (x) and the expression of the form (19) for J,+) (x). 


190 C. N. MOORE: UNIFORM CONVERGENCE OF [April 


Lemma 2. The quantity 


cos| (vm + g)e— fa | Jr.) 


Vn 





(48) 


’ 
where ¢ is any positive constant =1, is the general term of a series that is 
uniformly convergent in any interval 
(49) 0 = Teac. 
The quantity (48) may be written in the form 


( 2v+ 38 ) Seer 
cos | qc ——g— 7 
(50) 








Vn 





; ( 2p is \ snare n®) 
—sin{ gc — —{~—-7 
and hence if we can show that each of the quantities 
cos nme J, (Xr, @) sin n7eJ, (Xr, x) 
Vn Vn 


is the general term of a series that is uniformly convergent in the interval (49), 





’ 


(51) 


our lemma will be proved. 

Let us consider the series whose general term is the first expression in (51) ; 
the proof for the series whose aunty term is the second expression in (51) is 
entirely analogous. Since 0 < c < 2, the series that we are discussing converges 
for x = 0;* it remains to be shown that it converges uniformly in the interval 
0<r=n, <Cc. 

Given 6, positive and arbitrarily small, let us choose m such that + 











= Oe 6 ¢—% SzSe4% 
(52) a oe 1 C,+C, ( q>pz=m ) 
=¢7. 1 
(53) Lier ae (q>p=m), 
where ie 
A _  -23NI(8CK,k + 2K,N) + 6K, C3 
ees = Se a 3 CU — 


the symbols A, C, K,, K,, , representing the same quantities as in equations 





* For v > 0 all the terms of the series are zero, and its convergence is obvious ; for v—0, ef. 
SCHLOMILCH, Algebraische Analysis, 3d ed., 1862, §31, also BOcHER, Annals of Mathe- 
matics, ser. 2, vol. 7 (1906), pp. 109-111. yr 

+ That the inequality (52) holds for sufficiently large values of m is evident from a reference 
to page 111 of the article by BOcuER, quoted in the previous footnote. 
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(46), (18), (45), and (47); & is the smallest positive root of J) (vw) =0, and 


NV is a positive constant such that * 
(55) Av Ning 


Let s be the greatest integer such that ),~<k, and pu and v any two integers 
such that 


MS=p=rv. 
Three cases must be considered : 


(Ay ees 7, (B) vSs, (CEN ie > 8's 
Beginning with (A), we write 
emecOeurn Ges, CN Oe Si «ae 


(56) > = = +) =#,+#,. 


n= Vn n=" n=s+1 





From (52) and a lemma due to ABEL, + we have 


(57) |R,| <n (0<2Sx) 
For 2, we have from (46) t 


¥ cos n7re cos (A Y— a ¥. COS NTC nr 2 
(58) R,=ADd, ( n ) 2 vv ( n ). 


241 Vr, x ee V nri a 








The general term of the first series on the right hand side of (58) may, in view 
of (44), be written in the form 


cos nc cos (nme + qu—a) cosnme w(x, Xr, ) 


V nr, © nV NX, & 








(59) 


From (45), (53), and the fact that s was so chosen that ,,,7 =k, we have for 
the series whose general term is the second term in (59) 


— cos nme yr( a, Xr, ) ale LG 


a 








n = (0<n2S%)- 

















60 ==. z saat / = 
OY, naeyl NV Nr, © n=l V knees +, Vk 
The first term in (59)-reduces to the form 
COS NTC COS NTL cos NTC Sin nx , 
cos (qu — a) — $$$ sin (qv — a) 
V nvr, @ V nn, © 
(61) sa 2) cok nme he) eer) 
7: 2 V Mr, w 
sin (qu — a) |= ni (c+ a)—sin mien) 
2 ae 





* That such a positive constant exists, is easily inferred from equation (41). 

+ Cf. TANNERY, Fonctions d’une variable, §'70. Abel’s lemma applies by virtue of the fact 
that J, (nx) steadily decreases or steadily increases with increasing n as long asn=s. 

+ For the sake of convenience in writing we have replaced ( 2v-++ 1)/4 by a. 
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But we have from (52) 














— cos nr(c+ @) — cos nr(c—w)| | 
SS Sony yee eh 
n=8+1 Vn n=s+l1 Vn 
(62) ame eee 
2=" sin n7(c + @ — sin n7(c—2% 
Ee es ) eee ame Re), 
n=s+l Vn n=8s+] Vn 








when 2 varies in the interval 0<%=w,. Hence, from the lemma of Abel 
referred to above, 











n=v 1 n=v ae . 
(63) ¥ cos n7(c + x) Ww cos nr(c +2) Vrsa1 fal 
arre V nr, & VA, 4,0 | nae41 Vn VX, Vk 
(0<t#S%). 


By the use of the other inequalities in (62) and Abel’s lemma, we can obtain 
inequalities analogous to (63) for each of the sums 
— cos nr(c— x) — sin nr(c+ 2“) — sin nr(c— 2) 
n=s+1 V nr, @ ‘ n=s+1 V nr, & n=s+1 V mr, © 


Combining these inequalities and (63), and taking note of the fact that (61) is 
another way of writing the first term in (59), we obtain 








| "= cos nrc cos (nx + qu — «) 


| ete 
Pars V nA, x 


SS (0<%S%). 


Vk 
Since (59) is another way of writing the general term of the first series on 
the right hand side of (58), we have from (60), (64), and (59) 
A(A, + 4) 
Vk 
We consider next the series that forms the second term on the right hand 


side of (58). If we set 
— COS 17TC 


(66) 5 


(64) 

















mH Ss Cos n7rc COs (A, — a) 


65 
( ) n=s+1 V nr, 2 





aT (0<t=a 





b 





: r=n Vr 
we have for this series * 
— cosnme wW(A,x) (A412) 
n=s+l1 Vn (r,,2)3 me ee (A,4,%)3 


(67) 











<< W(X, 2) We (Awa) W (A, 41%) 
ae 2, ( (A, 08 uF ( ne o)P ) “ott nr ues (A,4,%)3 
But from the Law of the Mean 
WA, 7) Wane) W(Ee) 8p(Ex) 4s 
me Oe) 7 Ola at 7 aeha Saaal 


* Cf. equation (26) of the author’s article in these Transactions, vol. 8 (1907), p. 299. 
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Moreover, in view of (47), ce and (55), we have 


w'(E, a) hr A ee de 1 ES 
2 |< 2, eon <a l a <0Ne 






































(69) n=s+l1 £3 ae? n=s+1 Pot n=s+1 vy ~ Ci( sx) 
2K, (= EEG 
~ Oi[(s+1)a]! s Ole oa (COE all Rae 
and 
Se ee st eae 
n=s+l Teel oe 8 iz acs 3 op 8 1 ni oe Cixi 8 avi 
(70) + + 


2K, 23 KN? F 
<30i(smyi< 80rm (> 9): 





From (66) and (652) we have 
(71) ie (nZm). 
Combining (67) with (68), (69), (70), (71), and (47), we obtain 


— cosnme W(rA,2) 


De 


n=s+1 vn (A, @ i 
From (58), (65), and (72) we have 
(78) | #,|<(C, +C;)n (0<2S%), 
which, combined with (56) and (57), gives 


23Ni(3CK,k + 2K,N) + 6K,C! 
3 iki sania. 
(z > 0). 


(72) 














= cos ned, (Xr, x) 


n=—-h vn 


By a discussion precisely analogous to that of #, in Case (A), we get for 
Case (B) 


(75) 





(74) <(1+0,4+C,)n=6 (0<rSx). 











= cosnmcd, r,x)| 
ae Ti i ioe (0<sS%), 
r= . 


and by a discussion precisely analogous to that of /, in Case (A), we get for 
Case (C) 


(76) 





<1 COS NMC, ( Aw) 


nS he Vn 





= (Cp -P C7 exe (0<2Sm). 








Combining (74), (75), and (76), we see that the series whose general term is 
the first Saale in (51) converges uniformly for all values of x lying in the 
interval 0 <<“%=wa,. Since the series is also seen for «= 0, it follows 
that it is pafoenle recent in the interval 0=2=2z,. As we have pointed 
out before, the discussion of the series whose general term is the second expres- 
sion in (51), is entirely analogous, and hence our Jemma is to be regarded as 

completely established. 
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Lemma 8. Jf the quantity (48) is written in the form 
cos n7(# +c) sin n7(x« +c) 


cos {q(a+c)—v7} —sin 19(0++ ¢) — mt ) ee ! 





Al n 
Gi) ————— : 
2V 1x } sinnm(e—c) cos n(x — ¢) 
+ cos g(a — c) 5 + sin 9(a — ¢) ne 
+ Ue, ( v ) ’ 


v,(«) will be the general term of a series that is uniformly convergent in any 


interval 
(78) <2, =e=1. 


By means of (46), (48) reduces to the form — 


2 3 2 af 
cos J(u + ge ga | cos 0.0 - = n) 
A - - - —= - - 

















79) aes 5 
cos | (nm + g)o— 7 YO.) 
7 Vn(r,x 2 


The second term of (79) is obviously the general term of a series that is uni- 
formly convergent in the interval (78); if then, by subtracting from the first 
term a number of quantities that have the same property, we can reduce it to an 
expression which is equal to the first term in (77), our lemma will be established. 


From (44) we see that the first term in (79) can be written in the form 














2 3 2 1 
cos | (wm + g)e— ay | cos | (om +g) — a | 
A 


(80) V nr, & 
: 2v+3 
Cos | (nm +q)e— nee r| (a, r,) 


NV MA, & 





+A 


Since the second term of (80) is obviously the general term of a series that is 
uniformly convergent in the interval (78), it only remains to consider the first 
term. By means of (42) it can be reduced to the form 











2 3h 
cos | (nm + qe — "a |eos | (wm + 9) — a n| 
A 


NV Tx 
oH) 2v+3 
cos | (om +q)e— Pa Ln (H) 


nV ne 


= ee 
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Here again the second term is obviously the general term of a series that is uni- 
formly convergent in the interval (78) ; if we can show further that the first term 
is equal to the first term of (77), our lemma will be proved. 

By means of a well known trigonometric formula the first term of (81) may 
be reduced to the form 


cos [ (nr - eee tl jor | + cos | (our + 9) x—e)+ > 5 | 








A 
2nV 3x 
Uy hae [ (nmr + q)(x+c)— vr] +sin(n7r+ q)(w—c) 
(S23) QnV ma 
[eos Ricca oft haan tain ee “pale es 
2 we ‘s aa oma pn ee)" in geeieles: ee = . 








7 7 


The right hand side of (82) is identical with the first term of (77), and conse- 
quently our lemma is completely established. 

Lemma 4. The quantity (48) is the general term of a series for which the 
sum of the first n terms remains finite for all values of n and all values of 
x lying in the interval OSx=1. 

That the sum of the first m terms of this series remains finite for all values 
of n and all values of x lying in the interval 0 =x=a, <c, is an immediate 
consequence of Lemma 2. It remains to be shown that this sum remains finite 
for all values of nm and all values of x lying in the interval (78). 

We know from Lemma 3 that when the expression (48) is written in the form 
(77), v,(«) is the general term of a series that is uniformly convergent in the 
interval (78) and for which therefore the sum of the first n terms remains finite 
for all values of n and all values of » in the interval (78). It only remains to 
be shown then that the first term of (77) is the general term of a series for 
which the sum of the first n terms remains finite for all values of n and all 
values of « lying in the interval (78). We will prove this by showing that each 
term of the quantity in brackets in (77) is the general term of such a series. 


The series 
© sin n71r2z 


(83) >a 


n=1 nm 
is the Fourier’s development of the periodic function 


p(2z ——5> Q<2< 2r, 


ierpeom j= (2). el eer ete ae, 2 = 
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and consequently, from a well known property of the Fourier’s developments, 
the sum of the first » terms of this series remains finite for all values of m and 
all values of z. Hence the series whose general terms are the second and third 
terms of the expression in brackets in (77) have the property we desire to estab- 
lish, and it only remains to examine the series whose general terms are the 
first and fourth terms of this expression. 

If we represent by s (z) the sum of the first m terms of the series 


~. COS 2Z 
| 





(84) 

we have * for sin (2/2) + 0 

> (5 1 _ 2m+1 L., Queer 
) sin -2+ 


7 


nm=1 





ae tis 
mmaaiok m m+i1 2 nr) one 
s,(%) = . 


m=1 














2 sin 5 
Consequently 
m=n—1 1 il 1 
i pL ( = )+ 
mes 1 1 
(85) |s,(2)| <=" 5 a ae 
2 sing stp 








and hence we have for the sum of the first n terms of the series whose general 
term is the fourth term of the expression in brackets in (77) 


|sin g(a —¢)| 


es ee citer (010 


It follows from the last inequality that the sum of the first m terms of this 
series remains finite for all values of n and all values of x lying in the interval 
(78). 

We have finally to consider the series whose general term is the first term of 
the expression in brackets in (77). In view of (85) we have for the first n 
terms of this series 

cos wo+c)—v7r 
8,(@)|< | ee ; c)| : 





(86) 





In order to assure ourselves that s,(«) remains finite for all values of n and 
all values of « lying in the interval (78) we must examine the values that ¢ 
may take on. We havet+ 


gp a 2v+1 
(87) 9 = 5 ag or g=—q a+k,7, 
* Cf. the writer’s paper, these Transactions, vol. 10 (1909), p. 408, equation (66). 


t Loe. cit., p. 415. The a in these values of g was used, for the sake of simplicity, in place of 
the quantity (2v-+1)7/4. 
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where k, and k, are positive or negative integers or zero. Consequently, even 
for c= 1, the expression on the right hand side of (86) remains finite for all 
values of « lying in the interval (78), and hence the same is true of s (a). 

We have now shown that each term of the expression in brackets in (77) is 
the general term of a series for which the sum of the first terms remains 
finite for all values of n and all values of x in the interval (78). Hence the 
whole first term of (77) is the general term of such a series and our lemma is 
proved. 

Lemma 5. The expression (48) is, for the case ¢ <1, the general term of a 
series that is uniformly convergent in any interval 


IIA 


(88) C2. 0 =x 


Abe 


Jor the case c= 1, it is the general term of a series that is uniformly conver- 
gent in any interval 
(89) 0<4,=r7=1, 


provided the 1 of equation (2) is not zero. 

Let us consider first the case where c <1. We know from Lemma 38 that 
when (48) is written in the form (77), v, (a) is the general term of a series that 
is uniformly convergent in the interval (88). It remains to be shown that the 
first term of (77) is also the general term of a series that is uniformly convergent 
in this interval. 

The series 








© sin nz “cos nz 
Dy pe 


i nm n=1 nm 
converge uniformly * throughout the interval 
= = 
oF —— = Qo — é, 3 


where 6, and 6, are fixed positive quantities, which may be taken as small as we 
please. Hence each term of the quantity in brackets in (77) is the general term 
of a series that is uniformly convergent in the interval (88). Therefore the 
whole first term is the general term of such a series, and our lemma is proved 
for the case where c <1. 

We turn now to the caseec=1,/+0. As in the previous case, we may, by 
the use of Lemma 3, reduce the proof of our lemma to the proof of the fact 
that the first term of (77) is the general term of a series that is uniformly con- 
vergent in the interval in question. We will now establish this fact by show- 
ing that for the values that c and / have in the case we are considering, this 
term is identically zero. Thus our lemma will be completely proved. 





*Cf. BOCHER, loc. cit., p. 111. 
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Since the / of equation (2) is not zero, we have for q¢ [cf. the footnote to (87)] 


art 
(90) qa hw 4 Pn. 





Moreover, we saw in the course of the proof of Lemma 8 that the first term in 
(81) was identical with the first term in (77). If we substitute in the first term 
of (81) the value c = 1 and the value of ¢ given by (90), we find that the first 
factor in the numerator of this term vanishes identically. Hence the first term 
of (77) vanishes for the values of / and c in question and, as pointed out before, 
our lemma is proved. 

Lemma 6. The expression 


1 
(91) x Sj(X-2), : be 


where v >, is the general term of a series for which the sum of the first n 
terms remains finite for all values of n and all values of x lying in the interval 


(92) Vane l 


The theorem is obvious for x = 0, since all the terms of the series vanish in 
that case. Hence it only remains to establish it for the interval 





(93) 0<vr=1. 
Let a, and a, be the smallest positive roots of 
d { J,(«) 
(94) ree }=°, 


and J, (a) respectively, and let & be the smaller of the two quantities a,, a,. 
Now choose a positive integer g such that r, +k and 





Xr 
(95) es (m2 4q). 
m—1 
From (15) we have 
(96) JAAN) | Haga? 


where JV is a positive constant. Hence for values of » lying in the interval 


k 
(97) = 


q 


IIA 
IIA 


e=1, 

the series whose general term is (91) is uniformly convergent, and consequently 
the sum of the first n terms of this series remains finite for all values of » and 
all values of a lying in this interval. If we can show further that the sum of 





Sse 


1911] DEVELOPMENTS IN BESSEL FUNCTIONS 199 


the first » terms of the series remains finite for all values of m and all values of 
x lying in the interval 


k 
(98) Omer ae ae 
our lemma will be completely established. 


Let us consider, then, any value of x lying in the interval (98), and let p be 
the largest positive integer such that \,~<k. There will be two cases 


(A) p=n, (B) pen 
Consider first Case (A) and let us write 





m=n J, oS F,(Xm®) _ m=p—1 m=n 
(99) DT eam a + oS) ese 
x m Xn n= m=p 
We have from (96) 
m=n N N m=n ih 
(100) 1S] <u Mat = en ae Ami)? 


yc? m=p 


where vy is the lower limit of the distances between two successive positive roots 
of equation (2).* But since vA, % < k for values of x in the interval (98), and 
since p is the greatest integer such that A, e< k, it follows that p = q, and we 


have from (95) 
a aa An poe ye eee 23 
101 eee Adlee BE gee 
at) pt ) Ap. aun. im Mae. oa eae 
Combining (100) and (101), we obtain, since A,, .7=k, 
N.23 23N 
— (0 < os ) 4 
yV Apr yVk q 
The discussion of S, is slightly different in the two cases v>1 and 
Q0<v=1. Consider first the casev>1. We have 


(103) Ss cig SEU w) eS | J, (r,,@) 


m=1 Xn x ry, m=1 re 














(102) |S.) < 


Ont Fes An) % 


But since, for »>1, the function J,(7)/y is positive and steadily increases in 
the interval 0 < y <k, where & has the same meaning as above, we have 


TT (r rm J Ue 
(104) Sy 7, ( Se aaa — rate) < [ 2D ay <f ee 


m=!) r., 


Combining (103) and (104), we obtain 
y SAY) k 
(105) 0<S,< al 7 (o>1;0<2<Z). 


* That such a lower limit exists and is different from zero is easily inferred from the fact that 
the limit of the distance between the nth and the (n +-1)th roots of (2) exists and is equal to 7. 
Trans. Am. Math. Soc, 14 
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Taking up next the case 0 <v=1, we have 


ae any a 7M Leen ey (Ae) 

ba we ANS asl 3 6 ia SO NN 

(106) S, »D rx x ao, ted r,2 ( m m1) % 

where we have set X, = 0 for the sake of uniformity, and have used y, to repre- 

sent the smaller of the two quantities y and A,._ But since, for 0 <v=1, the 

function J,(y)/y is positive and steadily decreases in the interval 0 <y<hk, 
where & has the same meaning as above, we have 


m=p—l J Xr Apt J kT 
A01) FEO aaa gaye fey fay, 
i, 0 Y see, 


m 


and hence, combining (107) with (106), 


Y ee sey.) ORE 

(108) US S|) ra (0<vs1; 0<e<z ). 

From (105) and (108) we have 

(109) Vetiep ag (»>0;0<2< *) 
q 

where £ is a positive constant. Combining (99), (102), and (109), we obtain 
IA, 2)| op , 22N k 

(110) ieee <K+ (o<2<z) 








and hence in Case (A) the sum of the first m terms of the series whose general 
term is (91) remains finite for all values of n and all values of x in the interval 
(98). The treatment of Case (2) is entirely analogous to the treatment of S, 
in Case (A), and consequently we may infer that the sum of the first n terms of 
the series remains finite for all values of » and all values of x in the interval 
(98). Hence, as was pointed out before, our lemma is proved. 

THEOREM |. Jf f(x) satisfies the conditions of Lemma 1, the series (6) 
will, provided v = 0 or f(0) = 0, converge uniformly to f(x) throughout any 
interval 
(111) V=n7=2,<¢,, 


where c, is the smallest value of « for which f(x) has a discontinuity ; pro- 
vided the | of equation (7) is not zero or f(1) is zero, it will converge 
uniformly to f(x) throughout any interval 


(112) ¢,<%, Sx=1, 


where c, is the largest value of x for which f(x) has a discontinuity ; finally, 
the sum of n terms of the series will remain finite for all values of n and all 
values of « lying in the interval 

(118) 0=ex=1. 
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In view of Lemma 1, the general term of the series (1), and hence the general 
term of the series (6),* may be written in the form 











2v+ 3 
AG cos| (nr + 9)e,— | 
> y, ! : J, (Xr, 2) 
m=1 Vn 
2 3 
(114) cos| (1m +g) — aoe r | 
n 
Af(90 
+O) Tw) +7 S(%2)s 


where the M/’s and £ are constants, the c’s are points of discontinuity of f(«), 
and r, is the general term of an absolutely convergent series. 

If either vy = 0 or f(0) = 0, the third term in (114) drops out, and it only 
remains to consider the other three terms. Since the Bessel function of any 
order remains finite for all values of the argument, it is obvious that the last term 
in (114) is the general term of a series that is uniformly convergent in the inter- 
val(111). It follows from Lemma 2 that the first and second terms of (114) are 
also the general terms of series that are uniformly convergent in this interval. 
Hence the whole expression (114) is the general term of such a series, and since 
(114) is only another way of writing the general term of (6), it follows that (6) 
is uniformly convergent in the interval (111). Since this is the case and since 
the terms of (6) are continuous in this interval, it must define there a continuous 
function of x, x(a). However, for values of x lying in the interval 0 <#=z,, 
(6) converges to f(x), 1. e., 

xX(e) = f(x) (Oma, J. 


Both sides of the last equation have a limit as « approaches zero. Equating 
these limits, we get 
ee) i 0.) 

Hence (1) converges uniformly to f(«) throughout the interval (111), pro- 
vided v = 0 or f(0) = 0, and the first part of our theorem is proved. 

We wish next to show that, provided the 7 of equation (7) is not zero, or 
J(1) is zero, the series (6) will converge uniformly to f(«) throughout the 
interval (112). 

Consider first the case 7 + 0. We saw in the previous discussion that the 
general term of (6) could be written in the form (114). It is obvious that the 

*In the special case where (4) holds, (114) is the (n+ 1)th term of (6), but that of course 
makes no difference in a discussion of convergence. 


ft This, as we have stated earlier in this paper, has been established in previous discussions of 
the series (6). Cf. the articles by DinI, KNESER, and Hopson quoted above. 
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third and fourth terms of (114) are the general terms of series that are uni- 
formly convergent in the interval (112); it follows from Lemma 5 that the first 
term of (114) and, since the 7 of equation (7) is not zero, the second term of 
(114) are the general terms of series that are uniformly convergent in this 
interval. Hence the whole expression (114) is the general term of such a series, 
“and since (114) is only another way of writing the general term of (6), it fol- 
lows that (6) is uniformly convergent in the interval (112), provided the / of 
equation (7) is not zero. 

Considering next the case of f(1) = 0, we see that the second term of (114) 
is zero for this case, and is therefore an general term of a series that is uni- 
formly convergent in the interval (112), whether the / of equation (7) is or is 
not zero. Hence, in this case also, (6) is uniformly convergent in the interval 
(112). 

That the series (6) has the value f(a) in this interval, under the conditions 
prescribed, was proved by Hopson in the paper already quoted. 

We come finally to the proof of the third part of our theorem, namely that 
the sum of m terms of the series (6) remains finite for all values of » and all 
values of x lying in the interval (113). Since 7, is the general term of an abso- 
lutely convergent series, the fourth term of (114) is obviously the general term 
of a series that is absolutely and uniformly convergent in the interval (113), 
and for which therefore the sum of n terms remains finite for all values of m and 
all values of x lying in this interval. It follows at once from Lemma 4 that 
the first and second terms of (114) are also the general terms of such series, and 
from Lemma 6 that the third term is the general term of such a series. Hence 
the whole expression (114), or its equivalent the general term of (6), is the gen- 
eral term of such a series. 

Our theorem is, therefore, completely established. 

The preceding theorem establishes the uniform convergence of the series (6) 
to f(x) throughout the interval (111) only when v=0 or f(0)=0. That 
(6) could not possibly converge uniformly to f(«) in the interval (111) in case 
neither of these restrictions was fulfilled is easy to see, since when v>0 the 
value of (6) for » = 0 is always zero. However, in the casev>0, f(0) +0, 
it is possible to obtain a development of f(x) that is uniformly convergent in 
the interval (111), in the form of a constant term plus a series of the type (6). 
To do this, we have only to develop the function ¢(«) =/f(#%)—/f(0) in a 
series of the form (6), and precede this development by the constant term /(0). 

The reasoning in Theorem I is also immediately applicable to proving that 
under the given conditions on f(x) the series (6) will converge uniformly in 
any closed sub-interval of 0 <x <1 that does not include a point of discon- 
tinuity of f(«). This uniform convergence has been previously established,* 


* By KNESER for developments in terms of J); by HoBson for developments in terms of 
J, (v0). Cf. the references given above. 
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but it seems worth while to point out the fact that it can be obtained indepen- 
dently from the results of the present paper. 
THeEorEM II. Jf f(x) satisfies the conditions of Lemma 1, the series 


(115) A,e* H(A, @) + A,e™*" F(A, @) + ees, 


where the A’s are the coefficients of the series (6) for the case v= 0, and the 
r’s are the roots, positive or zero, of equation (7) arranged in increasing order 
of magnitude, will converge absolutely in the region 


Us neil 
(116) ( B50 je 


its value u(z, x) will be continuous there, will approach f(x) as we approach 
any point of the interval 0 =x <1 lying on the linez = 0, at which f(@) is 
continuous, will approach f(1) as we approach the pointxw=1,2=0, if the 
l of equation (7) is not zero and f(x) is continuous at x =1, and finally will 
remain finite when we approach any point of the interval 0D=x=1 lying on 
the linez=0. 
We obtain at once from the definition of A, and Lemma 1 
|4,|=|4,| <4 (n=1, 2, +++), 


where A, is a positive constant. Then since /,(A, «) remains finite for all 


values of # and 2, we have for the general term of (115), if we make use of (18), 


Hea ie)| KK K 


edn? =~ ern®o os (r, ye SS C? a2 n 








pare ( A. w)|< (z=~4>0), 
where J is a positive constant. Hence (115) converges absolutely and uniformly 
for all values of x and z lying in the region 


i a) 
cunt) ee ah 


Since also its terms are continuous in this region, it represents a function that is 
continuous there or, since z, may be taken as any constant > 0, is continuous in 
the region (116). 

At any point of the interval 0 =a <1 at which f(«) is continuous, and at 
the point « = 1 when the 7 of equation (7) is not zero and f() is continuous 
there, the series (6) converges to f (w). Hence, for values of x in the interval 
0 =x <1 at which f(x) is continuous, and for «= 1 in the case 7 + 0 and f(x) 
is continuous at 7 =1, w(z, x) will approach f(«) as z approaches + 0, since 


the convergence factors 
Ee A E72? ; 
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satisfy the conditions of a theorem due to Bromwich.* Furthermore, (6) converges 
uniformly to f(«) throughout any closed interval, in which f(a) is continuous, 
that lies in the interval 0 = «=1 and does not include the point « = 1 for the 
case where the 7 of equation (7) is zero. Consequently u(2, «) will approach 
f(a) uniformly for all values of « lying in such an interval as z approaches 
+0, as can be shown by a slight modification of the reasoning in Bromwich’s 
theorem. Hence w(z, x) ‘will approach f(a) as we approach any point of the 
interval 0 =a =1 lying on the line z = 0 at which f(a) is continuous, + along 
any path lying in the region (116). 

It remains finally to be shown that w(z, «) remains finite as we approach any 
point of the interval 0 =x=1 lying on the line z= 0. ; 

If we represent by s|(w) the sum of the first n terms of the series (6), we 
may write the series (115) in the form 


oc 


(118) AR Ch iC Raat 


where for the sake of uniformity we have taken s,(~)=0. We know from 
Theorem I that s,(2) remains finite for all values of m and all values of » 
lying in the interval (118). Consequently, since for z > 0 
lim e*? = 0, 

the series obtained by dropping the parentheses in the series (118) is one for 
which the limit of the general term is zero. Hence, since no parenthesis con- 
tains more than a fixed number of terms, we may drop the parentheses without 
changing the value of the series. Rearranging the terms in such a manner that 





*Mathematische Annalen, vol. 65 (1908), p. 358. BRoMWICH’s conditions are 


n=v 
> nk| AF+1y, | << K 


ato a ae 0, 
lim n* vp, =0 
n=20 
lim v, = 1, 
a=+0 
where / and v are two integers, v,, v, v3, --: are the convergence factors, A‘+1v, represents their . 


(&-+-1 )th differences, and K is a positive constant. When the convergence factors are intro- 
duced into a convergent series, as in the present instance, the / of this theorem must be taken 
equal to zero. 

A simple proof of the special case here dealt with of BROMWICH’s theorem can be obtained 
from the expression (119), which is equal to the series (115), by throwing it. into the form 


Ft (a@) eA? + eS €,( @) [e—An® —eAni?], 
n=1 


where 
&,(%) =8,(2)—f(2). 

tT We must except, of course, the point «1 for the case where the / of equation (7) is equal 

to zero. 
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no term is carried over more than a fixed number of terms and reinserting 
parentheses does not change the value of the series, and hence (118) may be 
written in the form 


(119) 8, (2) [ e~*** — e~rmn*], 
n=1 


But since 
[s,(%)| <M (usa teeee:; O=c1), 


where J is a positive constant, we have, in view of the fact that (119) converges 
to u(z, x), 


|u(z, @)|= 20 |8,(a)| [er — em] < MD [eh — et] = Me™, 
n=1 m= 


and consequently u( 2, «) remains finite when we approach any point of the 
interval 0 =x=1 lying on the line z= 0. 

Our theorem is, therefore, completely established. 

A single example will show clearly the manner in which the above results can 
be applied to problems in mathematical physics. Let us consider the problem 
of determining the steady flow of heat in a semi-infinite circular cylinder whose 
base is kept at a temperature 

v=f(r), 


where 7 is the distance from the axis of the cylinder. 

This problem reduces to the determination of a function v(7, 2) which is 
finite throughout the region z=0, 0=r=1, and is continuous throughout this 
region except when z = 0 and r has a value for which /(7) is discontinuous ; 
which satisfies the equation 

10 ov Ov 
(120) a ed ee 
in the region 


z2>0 
ao) eas) 


and which also satisfies the conditions 


(122) io 0 (2>0,r=1) 

and 

(123) ae (1) (2=0).* 
It can be shown easily that the function 

(124) Ace (X,.%); 


where A is a constant and 2 is a root of equation (7), satisfies (120) and (122). 








*Cf. CARSLAW, Introduction to the Theory of Fourier’ s Series and Integrals, etc., Chap. XV, p. 321. 
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It remains to construct from functions of the form (124) a continuous function 
which will also satisfy (120) and (122) and in addition will approach the bound- 
ary value f(7), where f(7) is continuous, and which will remain finite where 
that is not the case. 

Consider the series 


(125) A, eo (Avs Pip Alea (Ags Tt) es 


where the 2’s are the roots, positive or zero, of equation (7), arranged in increas- 
ing order of magnitude, and the A’s are the coefficients of the series (6) for 
v = 0 corresponding to the given function f(r). It follows from Theorem II 
that if f(7) satisfies the conditions imposed on f (w) in Lemma 1, this series 
will converge in the region 


325) Gare 


and define there a continuous function uw(7, 2); that this function satisfies 
(120) and (122) can be shown in a manner similar to that in which its con- 
‘vergence and continuity were established. Finally it follows from Theorem II 
that w(7r, 2) will approach /(7) when we approach a point on the line z = 0 
at which /(7) is continuous,* and that it will remain finite when we approach 
any other point of this line. Thus w(7,z) forms a complete solution of the 
physical problem.+ 


THE UNIVERSITY OF CINCINNATI, 
CINCINNATI, OHIO. 


* We must except here the point r—1 for the case in which the / of equation (7) is zero. 
The necessity for this exception is now apparent from the physical point of view as well as the 
mathematical one, for the case 7=0 corresponds to the case in which the convex surface of the 
cylinder is kept at temperature zero, and hence we could not approach the temperature at the 
circumference of the base of the cylinder as we approached this circumference along any path 
except in the very special case that this temperature was zero. 

ft In the discussion of other problems of mathematical physics that involve developments in 
Bessel functions of order zero, we may encounter convergence factors slightly different from 
those of Theorem II. However, in most cases the necessary modifications in Theorem II will be 
only those of form, since the convergence factors will satisfy the same general theorem that was 
used in the proof of Theorem II. 
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DETERMINATION OF THE ORDINARY AND MODULAR TERNARY 
LINEAR GROUPS* 


lee 
HOWARD H. MITCHELL 


INTRODUCTION. 


It is proposed in this paper to determine the finite groups of collineations in 
three homogeneous variables, a collineation being of the form 


Pica 0, (tend 0-3'); 
j=l 
.The determination will be made both in the case where the coefficients a,, are 
ordinary numbers and in the case where they are marks of a finite Galois field, 
GF'(p"), p being an odd prime and n a positive integer. The variables «, are 
therefore regarded as homogeneous codrdinates of the points either of the ordi- 
nary plane or of a modular plane,t PG (2, p"). 

The finite groups of collineations in the ordinary plane have been already 
determined.t The treatment of the problem in this paper is however different 
from any thus far given. It is based almost entirely on geometrical methods 
and it is hoped may prove of interest. The discussion for this case is contained 
in §§ 2-10. 

Considerable work has been done on the ternary modular groups. For the 
case where the coefficients of the transformations are in the GF’(p), the ques- 
tion was considered by BurnsIDE.§ For the same case a complete determination 
of those groups which contain operators of period p was made by Dicxson.|| 

* Presented to the Society, under different titles, December 30, 1909, April 30 and September 
7, 1910. 

{7 O. VEBLEN and W. H. BussEy, Finite Projective Geometries, these Transactions, vol. 7 
(1906), pp. 241-259. 

t For a bibliography of this subject consult WIMAN, Endliche Gruppen linearer Substitutionen, 
Eneykopddie der Mathematischen Wissenschaften, Bd. I, pp. 528-530. ‘The first accurate solution 
of the problem is due to BLICHFELDT, On the Order of Linear Homogeneous Groups, these Trans- 
actions, vol. 4 (1903), pp. 387-397, and vol. 5 (1904), pp. 310-325; also The Finite, Discon- 
tinuous, Primitive Groups of Collineations in Three Variables, Mathematische Annalen, vol. 
63 (1907), pp. 552-572. 


§ Proceedings of the London Mathematical Society, vol. 26 (1895), pp. 58-106. 
|| American Journal of Mathematics, vol. 27 (1905), pp. 189-202. 
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For the case where the coefficients are in the GF’( p”), a discussion of those 
groups whose orders are divisible by p*, p°® and p* was given by R. L. 
BOrGER.* 

As a result of the determination of the ternary modular groups in this paper, 
the subgroups of the two systems of simple groups, 1 #’'(3, p*) and HO(8, p™), 
are found in the cases where p is ah odd prime.t| The L/’(38, p*) is the group 
of all ternary transformations the coefficients of which lie in the G#’(p*) and 
which have for determinant a cube in that field. It is identical with the group 
of all collineations of the modular plane, PG‘(2, p*), if p* — 1 is not divisible 
by 8, and is a self-conjugate subgroup of that group of index 3 if p*—1 is 
divisible by 3. Its order is 


1 ‘ 
mu + p*+1)(p + 1p tp — 1) 


where u is the greatest common divisor of 3 and p*—1. The HO(38, p™) is 
a subgroup of the L/’(3, p™) having an invariant of the form 


gst eet tt as) 
Its order is 


1 
PAG dit tens NGO arth inl Fee tb) 


where v is the greatest common divisor of 3 and p* +1. 

The binary modular groups have been fully determined. For the case where 
the coefficients are in the GF'(p) the determination was made by GIERSTER.{ 
In the general case the problem has been solved by E. H. Moore§ and by 
Wiman.|| A treatment based on these two papers is given by Dickson (Linear 
Groups, Chap. XII). A new treatment will be given in this paper. 

The writer wishes to acknowledge his indebtedness to Professor O. VEBLEN 
of Princeton University for constant and valuable aid in the preparation of the 
paper. 

§1. Brnary Groups. 


We consider transformations in two homogeneous variables of the form 


2 
pany = Dy, (t=]5 ae 
hfe 





* Ibid., vol. 32 (1910), pp. 289-298. 

TSee Dickson, Linear Groups, pp. 75-78, 126-144. 

{Mathematische Annalen, vol. 18 (1881). 

§ The Subgroups of the Generalized Finite Modular Group, Decennial Publications of the University - 
of Clucago, vol. 9 (1904), pp. 141-190. 

|| Bestimmung aller Untergruppen einer doppelt wnendlichen Rethe von einfachen Gruppen, Bihang 
till K. Svenska’Vet.-Akad. Handlingar, vol. 25, part 1, no. 2. 
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These transformations may be regarded as permuting the points (#,x,) of a line 
(either ordinary or modular). Any such transformation leaves invariant either 
one or two points on the line. In the case of the ordinary line any transforma- 
tion of finite period leaves invariant two points. The groups containing such 
transformations only are well known. They are cyclic groups of order d, dihe- 
dral groups of order 2d, tetrahedral groups of order 12, octahedral groups of 
order 24, and icosahedral groups of order 60. No further discussion will be 
given of these groups. 

We therefore consider those groups on the modular line which contain trans- 
formations leaving invariant a single point. Any such transformation is additive - 
and of period p.* Any group containing these additive transformations will 
contain at least one additive group, which leaves invariant a point and contains 
all the additive transformations which have that point for fixed point. The 
order of any such additive group is a power of p, say p”. If the fixed point 
be (10), the additive group is represented by [ x, +)x,, x,], where takes 
all the values in an additive field aA, + a,r, + +--+ +4,,X,,, the a’s being inte- 
gers 0,1,2,---,p»—1, and each A, a mark not included in the additive field 
GN $4 N_,: There will be conjugate with it 1 + fp” additive groups, 
J being 0 or a positive integer. All additive transformations must therefore lie 
in these conjugate additive groups. 

The additive group will be self-conjugate under a maximum metacyclic group 
of order d,p”, where d, is a factor of p” — 1 (in special cases we may have 
d,=1). Such a metacyclic group contains p” conjugate cyclic groups, each of 
which leaves invariant two points and is of period d,. If (01) be the other 
fixed point of one of these cyclic groups, the metacyclic group may be generated 
by the additive group together with [nx,, «,], where 7 is of period d, and 
belongs to the multiplier field of the additive field. If © denotes the 
order of the whole group there will be Q/d,p” additive groups containing 
(p” —1)Q/d, p” additive transformations. There will also be in the group 
Q/d, or O/2d, cyclic groups of order d, containing (d,—1)Q/d, or 
(d, — 1) 0/2d, transformations, according as one of those cyclic groups is self- 
conjugate under itself only or under a dihedral group interchanging its two fixed 
points. Any other maximal cyclic group of order d,, which does not lie in a 
metacyclie group, will be self-conjugate either under itself only or under a dihe- 
dral group of order 2d, interchanging its two fixed points. Conjugate with 
such a cyclic group there will be Q/d, or 0/2d, cyclic groups containing 
(d; —1)0/d, or (d, — 1 )Q/2d, transformations. 

The order of the group will be equal to the number of transformations which 
it contains. Hence © must satisfy a Diophantine equation of the following 


*Throughout the paper p denotes the modulus. The discussion of the binary groups applies 
also to the case p= 2. 
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‘ i 
seem alec Bhar, (fier 


The coefficient of on the right of the above equation must be less than 
unity. Also, since the group contains a subgroup of order d, p”, the coefficient 
of © on the right must be equal to or greater than (d,p”—1)/d,p”. If 
d, = 1, we find therefore that either the final sum is absent, or it contains but 
one term, in which case f,=2. If:d,>1, either r=1, f, =1, ormr==2y 
f=f,=2- 

If d,=1 and the final sum is absent, we obtain O = p”, 1. e., a single 
additive group. 

If d,=1 and there is one term in the final sum, we have either p” = 2, 
QO = 2d,, which represents a dihedral group, or p” = 38, d, = 2, O = 12, which 
represents a tetrahedral group. 

If d,>1, r=1, f, =1, we obtain Q =d,p”, which represents a single 
metacyclic group. 

If d,>1,r=2, f,=f,= 2, we shall show that d, and d, cannot contain 
any common factor except 2. The cyclic groups of order d,, when transformed 
by one of their number, will be permuted in cycles of period d, or d,/2. 
Hence the total number of conjugate groups of order d, must be of the form 
1+ fd,/2. If we suppose the groups of order d, to be transformed by one of 
the groups of order d,, it is evident that the number of the former must also be 
of the form f'd,/2. Hence d, and d, can contain no common factor except 2. 

The order, 2, must be the least common multiple of p”, 2d,, and 2d,. For 
it must be divisible by the least common multiple, since the group contains sub- 
groups of those orders. Moreover if we collect the three terms on the right 
and write the equation 


I 


where // denotes the least common multiple and J is an integer, it is clear that 
Q cannot be greater than 7. 

Hence, if p is odd, must have one of the two values, d,d,p”, and 2d, d,p”, 
according as d, and d, are both divisible by 2 or have no common factor. For 
pH2, = dd,p™. 

Putting O = d,d,p” in the equation, we obtain 


(d, — d,)p™ —2(d,—1) =0. 


Gy = SD" tal ee eel 


* This type of Diophantine equation originated in C. JORDAN’s attempt to determine all finite 
collineation groups in the ordinary plane, Journal fiir die reine und angewandte 
Mathematik, vol. 84 (1878), p. 89. 


Hence 
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where f denotes an integer. But d, is a divisor of p”—1. Hence 
fol, d=p"—1, dj p" $1, 2=(p" + 1)p"(p"—1). 
Putting O = 2d,d,p” in the equation, we obtain 
(d,— d,)p" — (2d, —1) =0. 


d, = 4( fp" +1), d,=4( fp" +1)-f, 


where f denotes an odd integer. But d, is a divisor of p»—1. Hence 


Hence 


p™ wee ik 


iba Tae d, = were O =4(p™+1)p"(p™—1); 





Gry 3, p= 3, Cr vp dao ; QO = 60. 

We consider the possible group of order (p”+1)p"(p"—1). Each addi- 
tive group of order p” is self-conjugate under a metacyclic group of order 
(p" —1)p”. Hence there are p” + 1 such additive groups. The p” + 1 fixed 
points of these additive groups must therefore be permuted among themselves. 
The two fixed points of each cyclic group of order p” — 1 are interchanged by 
transformations of the group, 1. e., they are among the py” +T1 points. The 
additive group leaving fixed one of these points is transitive on the rest. 

Since three points may be sent by a transformation into any other three, we 
may choose three of the p” + 1 points as (01), (10), (11). The following three 
transformations will then be in the group: [nx,, x], [v%,+2,, %,], [x,, % 
+ «, |, where the period of » is p”—1. The powers of 7 together with 0 form 
the Galois field, G’(p”). The three transformations generate a group of order 
(p” + 1) p”(p” — 1), which is the group of all transformations with coefficients 
in the GF'(p”). 


We may construct the group of order 


}(p" +1)p"(p"—1) 
by replacing » by 7’. It is the group of all transformations with coefficients in 
the GF'(p”) and having for determinant a square in that field. 

The group of order 60 is an icosahedral group. For it contains 0./2.2=15 
involutions, each of which lies in one four-group. . Hence the fifteen involutions 
arrange themselves in five four-groups. Each involution leaves fixed the four- 
group in which it lies and permutes the other four in pairs. The group 
must then be a G%,, i. e., an icosahedral group. Such a group may be gener- 
ated by the three operators, ZL: [x,+%,, x], H,: [i,, — 2x, — ia,], 
F,: [— ix,, ix,](? = —1), which satisfy the generational relations : * 


EY = tips =F; a (#, £,) = (#, £,) = (#,4;)° = L. 


*E. H. Moorg, Proceedings of the London Mathematical Society, vol. 27 
(1897), pp. 357-366 ; Dickson, Linear Groups, p. 289. 
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§ 2. CANONICAL ForRMS OF TRANSFORMATIONS IN THE PLANE. * 


The transformations in the planet may be classified according to the five 
types of invariant figures. Those of type I leave fixed a triangle; those of 
type II leave fixed two points and two lines; those of type III leave fixed a 
lineal element; those of type IV leave fixed all the points of a line and all the 
lines through a point off that line; those of type V leave fixed all the points of 
a line and all the lines through a point on that line (Fig. 1). 


A transformation of type I may be written in canonical form [ax,, Bx,, yx,]. 
This transformation is of finite period in the ordinary plane provided the ratios 
of the three quantities, a, 8, y, are roots of unity (not unity itself). 

A transformation of type II may be written [| ox,, x,+2%,, x, |, where 
a+0,1. The period of this transformation is infinite in the ordinary plane 
and in the modular plane contains p as a factor. 

A transformation of type III may be written [w,+,, %,+,,«,]. The 
period is infinite in the ordinary plane and equal to p in the modular plane 
(since p > 2). 

A transformation of type IV may be written [ ax,, #,, x,], where a + 0,1. 
In the ordinary plane it is of finite period if o is a root of unity. We will refer 
to a transformation of this type as an homology. In particular, if the period 
is 2, i. e., if a= — 1, we will refer to it as a reflection. 

A transformation of type V may be written [#,,«,+ %,,#,]. In the ordi- 
nary plane it is of infinite period and in the modular plane of period p. We ~ 


* Cf. VEBLEN and YouNG, Projective Geometry ; Dickson, Linear Groups, chaps. X, XI. 
+ For the modular plane the discussion will be limited to the case where p is an odd prime. 
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shall refer to a transformation of this type as an elation. Any power d of the 
transformation of type II such that a’ = 1 is an elation. 
j 


§ 38. GENERAL THEOREMS. 


Theorem 1. A group leaving fixed a line and represented on the points of 
that line by a four-group contains a reflection with that line as avis ; dually, 
a group leaving fixed a point and represented on the lines through the point 
by a four-group contains a reflection with that point as center. 

We shall prove the first half of this theorem. We choose the fixed line as 
x, = 0 and the fixed pair of points of one involution of the four-group as (100) 
and (010). If then we choose as (110) one of the fixed points of another of 
the three involutions, the other fixed point will be (1-10). Then any two trans- 
formations which are represented on the fixed line by these two involutions are 
of the form 


[ ax, + 9, Xs, — A, + Y_%s 5 x, ], [ Bx, + 6,25, Ba, + 8,55 w, |. 


Their product is [ a8x,+ ¢€,%,, —aPx,+<¢,%,, ©,]. This is a transformation 
which is represented on the fixed line by the third involution of the four-group. 

The square of any one of these three transformations will leave fixed all the 
points on #, = 0 and hence will be either an homology or an elation with that 
line as axis or else the identity. One at least of them, however, must be an 
homology of even period, since if the periods of a and §? are both odd the 
period of — a’? will be even. An homology of even period will contain as a 
power a reflection. 

The dual theorem may be proved in a similar manner. 

Theorem 2. A group permuting cyclically the vertices of a triangle and rep- 
resented on each side of the triangle by a cyclic group of order d is of order 
3dd’, where d’ is a factor of d which is divisible by all the prime factors of d 
of the form 3f —1 and all the factors 3 with the exception of at most one. 

We choose the fixed triangle as the triangle of reference. A transformation 
which is of period d on x, = 0 may be written [,, w,, ox”, |, where o is of 
period d, the coefficient of «, being a power of since the period of the trans- 
formation on #, = 0 and x, = 0 must bea factor of d. If we transform this 
transformation by a transformation permuting cyclically the vertices of the fixed 
triangle, we obtain [,, o~°x,, w'~°x,]. The eth power of the first transfor- 
mation by the second is the homology [«,, v,, @—°*!, |. 

From the theory of quadratic forms it follows that e? — e+ 1 cannot be 
divisible by any primes of the form 3f— 1 or by 3 to a higher power than the 
first. The period of the homology is then divisible by all the prime factors of 
the form 38f— 1 and all the factors 3 with the exception of at most one. 

Theorem 3. A group making all six permutations on the vertices of a tri- 
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angle and represented on each side of the triangle by a dihedral group of order 
2d is of order 2d’ or 6d? if d is divisible by 3 and of order 6d? if d is not 
divisible by 8. 

We choose the fixed triangle as the triangle of reference. The group will 
contain a transformation of period d on x, = 0 of the form, [x,, wx,, ox, |, 
where is of period d. A transformation interchanging #, = 0 and x, = 0 and 
leaving w, = 0 fixed transforms this into [%,, @~'w,, a 'x, |. Asa product we 
obtain the homology (or the identity), [«,,@,, @”~'w,]. Similarly there is in 
the group the homology, [«,, ~,, @’~‘,]. The product of the first homology 
by the square of the second gives [x,, x,, o*x,]. This homology is of period d/3 
or d according as d is or is not divisible by 3. 

In particular if there are no homologies with centers at the vertices of the 
triangle and having for axes the opposite sides, we must haved = 3. If there 
are only reflections, we must have d = 2, 6. 


$4. MULTIPLICATIVE GROUPS CONTAINING ONLY HOMOLOGIES AND TRANS- 
FORMATIONS OF Type 1; GENERAL PROPERTIES. 


Since homologies and transformations of type I are called multiplicative, groups 
containing transformations of those types only will be referred to as multipli- 
cative groups. Any group in the ordinary plane is thus multiplicative. 

Theorem 4. Jn a multiplicative group a transformation which leaves fixed 
the center of an homology must leave fixed its axis and vice-versa. 

The product of an homology and the transformed of its inverse by a trans- 
formation leaving fixed its center but not its axis is an elation. 

Theorem 5. Vo multiplicative group can contain two homologies such that 
the line joining their centers passes through the intersection of their axes. 

The product of two homologies such that the line joining the centers passes 
through the intersection of their axes is of type II or ILI. 


§5. MULTIPLICATIVE GROUPS CONTAINING HOMOLOGIES OF HIGHER 
PERIOD THAN 3. 


Theorem 6. Vo multiplicative group which does not leave invariant a point, 
line, or triangle can contain homologies of period greater than 5. 

A group which does not leave invariant a point, line, or triangle and which 
contains homologies of period greater than 5 will contain two such homologies 
which are not commutative. These two homologies will leave invariant the 
point of intersection of their axes and the line joining their centers. But they 
cannot generate on the line joining their centers a group which is cyclic, dihe- 
dral, tetrahedral, octahedral, or icosahedral. Hence no group ean contain 
homologies of period greater than 5. 

Theorem 7. No multiplicative group which does not leave invariant a point, 
line, or triangle can contain homologies of period 5. 
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Consider two homologies of period 5 which are not commutative. They must 
generate the icosahedral group on the line joining their centers. Since there 
are in the icosahedral group involutions interchanging the fixed points of the 
C,, there will be two homologies of period 5 represented on the fixed line by the 
same C,. Asa product we may then obtain an homology of period 5 having 
the fixed line for axis. But there will also bea reflection having that line for 
axis, since the icosahedral group contains a four-group as a subgroup (The- 
orem 1). There must then be an homology of period 10 having that line for 
axis, which is impossible (Theorem 6). 

Theorem 8. Vo multiplicative group which does not leave fixed a point, 
line, or triangle can contain homologies of period 4. 

Consider two homologies of period 4 which are not commutative. They must 
generate the octahedral group on the line joining their centers. The centers and 
axes of the two homologies must then harmonically separate each other. We 
choose them as (010) and x,= 0, (01-1) and x,—a,=0. Since in a G,, 
there are involutions interchanging the two fixed points of a C, there is an 
homology with center (001) and axis x, = 0 and consequently an homology with 
center (100) and axis x, = 0. Hence there must be an axis joining any two 
centers. Consequently, since but six axes can pass through (100), there can be 
no homologies the centers of which do not lie on one of those six axes. Since 
we assume no line remains invariant under the group there must be other cen- 
ters on each of the six axes. If a center on x, = 0 be chosen as (10-1), the 
corresponding axis must harmonically separate (100) and x, = 0, and will there- 
fore be x, —x,=9. But (10-1) and x, — x, = 0 do not harmonically separate 
(01-1) and x, —x,=0. The two homologies having them for centers and axes 
cannot then generate an octahedral group on x,+%,+%,=90. No group 
containing homologies of period 4 is therefore possible. 


§6. MULTIPLICATIVE GROUPS CONTAINING HOMOLOGIES OF PERIOD 3. 


Theorem 9. Zhe Hessian group G,,, is the only multiplicative group con- 
taining homologies of period 3, which does not leave invariant a point, line, or 
triangle. 

A group which contains homologies of period 8 and which does not leave 
invariant a point, line, or triangle, will contain two such homologies which are 
not commutative. We choose the center and axis of the first as (100) and 
w, =, and the center of the second as (111). If the point of intersection of 
the two axes be chosen as (01-1), the axis of the second will be some line of the 
pencil, Aw, +, -+a,—=0. The group of the points on the line, x, — », = 0, 
which joins the two centers, must be the tetrahedral group G,,. For if it were 
the octahedral or icosahedral group there would be an homology of period 3 
having x, — x, = 0 for axis, since in either of these groups there are involutions 

Trans, Am. Math. Soc. 15 
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interchanging the fixed points of the C,. But since there must be a reflection 
having that line for axis (Theorem 1), there would then be an homology of period 
' 6 having that line for axis, which is impossible (Theorem 6). In order that the 
two homologies shall generate the tetrahedral group on w, — x, = 0, the axis of 
the second must be x, + %,+%,=90. The two homologies are then 


[ woos eee 5 
ve =(o+2)x,+(o—1)x,+(o—1)2,, 
»=(o—1)x%,+(©4+2)%,4+(@—1)a,, (o8+0+41=0). 
x, =(@—1)a, +(@—1)e, + (@ +2), 
There are then on x, — x, = 0 the four mentors (100), (111), (@11), (711), 


and there are four axes 7, =0, 1 +%,+2,=0, oa, +%,+%,=0, 
ox, + x, + «, = 0, passing through (01-1). The group is of order 24, having 
(2, 1) isomorphism with the tetrahedral group. ' The transformations which are 
represented by C, on x,—a%,=9 are C, in the plane. Together these three 
C, form the quaternion G‘,. 

In any group containing this group of order 24 every other homology of period 
3 must be commutative with one of the above four. For consider one which is 
not. It cannot generate with the reflection with center (01-1) and axis 











Hira. 2. 


#2, — ©, = a tetrahedral group on the line joining their centers, since we have 
seen that the transformations in the plane which are represented by C, in the 
tetrahedral group are C’,in the plane. The group on the line joining the centers ~ 
must then be dihedral. But this will involve an homology of period 3 having 
for axis the line joining the centers. But since the group of the lines through 
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(01-1) must be the tetrahedral group, there can be but four axes through it. 
There can be therefore no such homology. 

There can be but two homologies of period 3 commutative with each of the 
four homologies in the group of order 24, since if the group of the points on one 
of the four axes is not dihedral, there will be a reflection having that line for 
axis (Theorem 1) and hence an homology of period 6 having that line for axis. 
If a center on x, =0 be chosen as (010), the corresponding axis must pass 
through (100) and with the center harmonically separate (01-1) and x, —x,=0, 
which are the center and axis of the reflection (Fig. 2). The homology is then 
[*,, Med x, |. 

‘There are then twelve homologies of period 3 in the group which form by 
threes four triangles. The group leaving one of the triangles point-wise invari- 
ant is of order 9, all six permutations are made on its vertices, and the group is. 
transitive on the triangles. Its order is therefore 9.6.4 = 216. It is the well- 
known Hessian group, permuting among themselves the nine inflexional points 
of a cubic curve. In this case they are (01-1), (01-w), (01—’), (10-1), (10-w), 
(10-7), (1-10), (1-w0), (1-w0). It is the largest group which leaves invari- 
ant the Abelian G, generated by [,, ox,, wx], [%,, 2, 2,]. From the. 
unique choice of coordinates it follows that there is a single conjugate set of 
Gus under the whole collineation group of the plane. 


§ 7. MULTIPLICATIVE GROUPS WHICH CONTAIN REFLECTIONS; GENERAL 
PROPERTIES. 


Having made an exhaustive study of multiplicative groups which contain 
homologies of higher period than 2, we will assume in the remaining discus- 
sion of those groups that the only homologies which are present are reflections. 
We suppose the existence of a group which contains reflections and consider a 
particular reflection in the group. We denote its center and axis by A and a 
respectively. There will be a group commutative with it which is (2, 1) iso- 
morphic with the group of the pointsona. There will be points conjugate with 
A under the group, some of which will not lie on a, since we assume that no. 
triangle is left invariant. The points conjugate with A will lie on lines through 
A which will form one or more conjugate sets. Such a line may be an axis of 
a reflection, in which case its center will lie on a (Theorem 5). There will then 
be a center at its intersection with @, which may or may not be conjugate with A. 

Consider a line through A which contains centers of reflections and which is 
not itself an axis of a reflection. There cannot then be a reflection with center 
at its intersection with a@. The group of the points on this line cannot contain 
a four-group as a subgroup and hence will be dihedral, containing a cyclic base 
of odd order. Since a dihedral group may be generated by two reflections, the 
axes of all the reflections, whose centers lie on the line, will pass through a point, 
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All the reflections with centers on the line will be conjugate. We shall refer to 
a line of this character as an o-line. 

There will be a cyclic group of odd order, d, having the o-line for one of the 
sides of its fixed triangle. This cyclic group will be self-conjugate in general 
only under the dihedral group of order 2d. If however d = 3, it may be self- 
conjugate under a group of order 18, under which all six permutations are made 
on the vertices of its fixed triangle (Theorem 3). If therefore d + 3, there will 
be conjugate with this cyclic group 0/2d cyclic groups, where © denotes the 
order of the whole group. In these groups there will be (d —1)0/2d trans- 
formations excluding the identity. If d = 8, there will be conjugate with the 
cyclic group either 0./2-3 or /6-3 cyclic groups containing 


16) 40 


transformations other than the identity. If two o-lines are not conjugate, the 
two cyclic groups which leave them fixed will not be conjugate. Corresponding 
then to each conjugate set of o-lines on which the group is dihedral there will be 
a conjugate set of cyclic groups of type I. 

Any two o-lines through the center of a reflection which are conjugate under 
the whole group are conjugate also under the group commutative with that reflec- 
tion. For if two o-lines, } and 0b’, through A are conjugate, there are transfor- 
mations which send 0 to 0’ and a center on 6 into any center on 0’. In partic- 
ular there are transformations which leave A fixed and send 6 to 6’. Hence if 
the group commutative with a reflection be of order g, there will be 3g o-lines 
in each conjugate set through its center. 

Theorem 10. Jn a multiplicative group which does not contain homologies 
of period 3 but which contains a C, self-conjugate under a G, permuting 
cyclically the vertices of its fixed triangle, any two of the C, which are conjugate 
under the whole group are conjugate also under the subgroup leaving the G, 
invariant. 

We choose two of the C, in the G, as those generated by [w,, ox,, oa, ], 
[w,,%,,@,], where w#+o+1=0. The four fixed triangles of the C, in 
the G‘, then form the Hessian configuration. All the G, in which one of these 
C, lies form a single conjugate set. For if the group leaving its fixed triangle 
point-wise invariant is of order d, it will lie in d/3 groups G,. But the group 
leaving the triangle point-wise invariant which also leaves one of the G’, invariant 
is of order 8, since we have assumed no homologies of period 8 to be present. 
Hence the d/3 groups G, are all conjugate. 

If there are transformations in the group which transform one C’, into an- 
other Cin the same G’,, there will then be transformations which transform 
the first C, into the second, and a G‘, in which the first lies into any G, in 
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which the second lies. In particular the two C, will be conjugate under the 
group which leaves invariant the G’, in which both lie. 


§ 8. MULTIPLICATIVE GROUPS CONTAINING NO Four-GROUPS. 


Theorem 11. The only multiplicative groups, which do not leave invariant 
a point, line, or triangle, and which contain reflections but no four-groups, are 
the two Hessian groups G,, and G.,,. 

If a group contains reflections but no four-groups, all the centers of the 
reflections will lie on o-lines through one of them. Consequently all reflections 
in the group will be conjugate. Commutative with each reflection there will be 
a certain group, whose order we denote by g. No transformation except the 
identity can be commutative with more than one of the reflections. If 0 
denotes the order of the whole group, there will then be 0/q reflections and 
(g —1)Q/g transformations other than the identity in the groups commutative 
with the reflections. We suppose there are 7 conjugate sets of o-lines on which 
the centers of the reflections lie. The order of the group will then be equal to 
the product of the order of the group commutative with a single reflection times 
the number of reflections. Hence 


O=9{14$>(4-1)]. 


The order of the group will also be equal to the number of transformations 
which it contains, as follows: 


Oh ea 0, 
Q=1 —1)— j= 1\ =o eee 
eee 4 1) a a 


NCIC ts oy fo as 1 d= 0,7, — 2,6. 
We find that there are the following four solutions : 


Cee sa ee, (2 = 20. 

Geeta a 3, f, = 0,1 aoe 
Gat r—2, d= 3, f= 6, 0-367 
Oe =o, f, = 0, Diente 


The first solution gives simply a single dihedral group. In each of the other 
three cases there are four C’,, each of which is invariant under a G,,. If two 
C, be [x,, ox,, wx, ], [%,, ©, 2, ], where o +o+1=0, the four C, are 
then determined. If these groups exist they must then be subgroups of the 
Hessian G',,,. They do exist, since the G‘,,, is readily shown to be isomorphic 


with a tetrahedral group permuting the four triangles. 
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§ 9. MULTIPLICATIVE GROUPS CONTAINING Four-GROUPS. 


Theorem 12. Jf a multiplicative group contains four-groups, every dihedral 
group which it contains will be contained by a group leaving invariant a conic. 
We choose two reflections which generate the dihedral group as those with 
centers (001) and (011), and axes x, = 0 and », + Aw, = 0 respectively. The 
invariant family of conics is then Aw + #}; + Ax? = 0, where A is the parameter 


(Fig. 3). 


011 








If there is a single reflection which does not lie in a four-group, the centers of 
all the other reflections will lie on o-lines through its center. Hence all reflec- 
tions will be conjugate and no reflection can lie in a four-group. If four-groups 
do appear therefore, every reflection must lie in a four-group. Consider for 
example the reflection with center (001) and axis x, = 0, and suppose that the 
only reflections with which it is commutative have centers at (100) and (010). 
Since no triangle is supposed left invariant, (100) will be conjugate with points 
not on x, = 0 orx,=0. These points must then lie on o-lines through (001), 
and hence must be conjugate with (001). But if (100) is a center of a reflec- 
tion, more than two reflections will be commutative with that reflection. Hence 
more than two reflections in such a case must be commutative with the reflection 
with center (001). 

There will be then in any case reflections commutative with that with center ~ 
(001), whose centers are not (100) or (010). If the center of such a reflection 
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is (110) and its axis is yx, + w, = 0, the reflection will leave invariant in common 
with the dihedral group the conic wx} + #2 + Awe = 0. 

Theorem 13. A group which does not leave invariant a point, line, or tri- 
angle, and which contains four-groups, will contain either an octahedral group 
G,, or an icosahedral group Gy. 

Any group which does not leave invariant a point, line, or triangle, and which 
contains reflections, will contain two reflections which are not commutative and 
hence a dihedral group. It will then contain a group leaving invariant a conic 
(Theorem 12). The groups which leave a conic invariant are the regular solid 
groups. The only two which contain dihedral groups as subgroups are the 
octahedral group G’,,, and the icosahedral group G’,,. 

Theorem 14. The G',, is the only multiplicative group which contains an 
octahedral group G,,, but not an icosahedral group G'g- 

If we choose the four points which are permuted by the octahedral group as 
(111), (-111), (1-11), (11-1) (Fig. 4), it may be generated by the following 
transformations : 

elie Os Ce. Cp | 5 


Teme fi, Be |’, 
Pee er 2,5 0, |. 


1 
| 
| 
| 
| 
{ 
| 
| 
| 
i 
| 
\ 
' 





Fia. 4. 


These generators satisfy the relations : 
S77 =— U0 =(ST)=(SUF=(7U r= Tf. 
The G‘,, contains two sets of reflections, three in one set conjugate with SU 


and six in the other set conjugate with (7. Any group which contains the G,, 
must contain reflections not in the G’,,, since the latter can be invariant under 
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no larger group. Every reflection not commutative with one of the three reflec- 
tions conjugate with SU must generate with the four-group containing those 
three reflections an octahedral group, since it will leave invariant a conic com- 
mon to that four-group. There can be no dihedral group of order greater than 
8 (Theorem 12). Hence each of the reflections conjugate with SU can be commu- 
tative with but four reflections. The invariant four-group of the G',, generated 
by S, 7, and U,i.e., the four-group with fixed triangle (100) (010) (001), can 
therefore lie in but three other octahedral groups, i. e., groups having for fixed 
triangles (100)(011)(01-1), (010)(101)(10-1), (001)(110)(1-10). Hence every 
reflection in the group containing the G,, must be commutative with a reflection 
of the G,,. No more reflections can be commutative with a reflection which is 
conjugate under the G,, with SU, and but two more reflections can be commu- 
tative with each of the six reflections which are conjugate with U under that 
group. The only group which may contain the G,, is therefore a group con- 
taining 3 + 6 + 6.2 = 21 reflections. The centers of these twenty-one reflec- 
tions must lie on the four axes and on four o-lines through a center of one 
of them. They will all be conjugate, and the order of the group will be 
8-21 — 168. 

A reflection commutative with U must generate with S a dihedral group of 
order 8 (Theorem 12). Such a reflection is 


v= — Vw, — Dr x,, 
V: w, = — 2m, + Aw, — rm,, 
3 = — 2x, — Aw, + Aw,. 


This reflection must generate a G,, with the dihedral G, generated by 7 and U, 
and hence either its product by 7’ must be of period 3 or the product of VU by 
T must be of period 8. Without loss of generality we may take (7V)* = J. 
The condition for this is A®—A+2=—0,rA=14+4+4Y —T. In this case we 
have the generational relations : 
V* = (VG \A els VS St 

A group of order 168 is then generated by S, 7, U,and V. We suppose the 
operators of the G,, written down in a horizontal row, and form a multiplication 
table (multiplying on the left) of seven rows, of which the multipliers are 7, V, 
TV, UTV, STV, SUTV, TSUTV. IE these seven rows be numbered from 
1 to 7 in the order in which their multipliers are written, they are permuted as 
follows by the four generators when applied as left-hand multipliers : 


S: (1)(2)(85)(46) (7), 
T': (1) (28) (4)(5) (67), 
U: (1)(2)(84) (56) (7), 
V: (12) (8) (4)(56) (7). 





ie * 
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The 168 operators are thus permuted among themselves. The rows must all be 
distinct, for if two coincide, all must coincide. This is impossible, since V 
does not lie in the octahedral group. Hence a group of order 168 is generated. 
It is representable on seven letters, e. g., on the seven rows, and is simple. 

Theorem 15. The G%, is the only multiplicative group containing an 
icosahedral group Gj. 

We choose (100), (010), (001) as the three centers of one of the four-groups 
of a G,,. Since a four-group in a G,, is self-conjugate under a tetrahedral 
group, there will be four C’, permuting cyclically these three centers. Each of 
the C, must be self-conjugate under a G,. We choose as (111) the fixed point 
of a C, through which pass the three axes of reflections. Two of the transfor- 
mations of the tetrahedral group are then 


em ieee ona CE Ks H,: | %,, — 2%, — a, | 
A reflection generating with /, a dihedral G’, takes the form 
(=(e%+a)e,—axr,+(a+1)e,, 
By: ©, = — on, +(a+1)e,4+(0+2)e@,, 
ee (rt 1) 2, +(a?+a)ux, — am,. 
The centers of the fifteen reflections in the group with the exception of (010) 


and (001) must lie on o-lines through (100) which contain three or five centers 
(Fig. 5). At least one of the three reflections in the dihedral group containing 


x 


NON oe 
/ 
NOs 
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£, must be such that its product by Z, is of period 3. In order that 
( #,£,)* = J, we must have @? +a—1L=0,a=(—1+ V5)/2. In this case 
the three transformations satisfy the following relations : 


Bi = Ete BPS (Hho ey an eT 


They therefore generate the icosahedral group G’,,.* 

There is a single conjugate set of G,, under the whole collineation group, 
since the two G’,, which correspond to the two values of « are conjugate under 
the transformation [,, x,, ~, |. 

We inquire first whether any group can contain the G',, and have only 
two reflections commutative with each reflection. The reflections in such a 
group must arrange themselves by threes in four-groups, the vertices of the 
fixed triangles of these four-groups being permuted cyclically. Every reflection 
not in the four-group with fixed triangle (100)(010)(001) must generate with 
that four-group a G,,._ Corresponding then to each pair of o-lines through one 
center which contain 3 centers there will be a pair of o-lines which contain 5 
centers. Since there is no C, commutative with a reflection, the group cannot 
contain as a subgroup either the Hessian G’,, or the G',,. Consequently since 
there can be but one conjugate set of o-lines containing 3 centers, the vertices 
of the fixed triangles of the C, cannot be permuted cyclically (Theorem 10). 

If we denote by © the order of the whole group and by g the order of the 
group commutative with a four-group, Q must then satisfy a Diophantine equa- 
tion of the form: 


QO 10) 0) 


In order that the coefficient of © on the right shall be less than unity, we 
must have g =4, 2=60. Hence no group can contain the G,,, if only two 
reflections are commutative with a reflection. 

We suppose next that a reflection is commutative with more than two reflec- 
tions. Since the group cannot contain a dihedral group of order greater than 
10 (Theorem 12), the centers and axes of two reflections which are commutative 
with the same reflection, but not with each other, must separate each other har- 
monically. There can then be but four reflections commutative with any reflec- 
tion. A four-group can then be commutative only with itself. A reflection 
commutative with #, must then generate a G',, with the G,, generated by £, 
and #,. Such a G’‘,, is an octahedral group and will leave invariant a conic. 
This conic cannot be x} + 7; + «} = 0, since that is left invariant by a G,. 
It must then be w + wx} + wx} = 0, where is a cube root of unity. There 
must be at least 45 reflections in the group, since a reflection not in the G,, 





*E. H. Moorg, Proceedings of the London Mathematical Society, vol. 28 (1897), © 
pp. 357-366 ; Dickson, Linear Groups, p. 289. 
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must be conjugate with at least 30 reflections under that group. We may show 
that the maximum number must be 45. There are three reflections in the 
invariant four-group of the G‘,, generated by H, and /#,, and two more reflec- 
tions commutative with each of those three. Every reflection not commutative 
with any one of the three reflections of the four-group will leave a conic 
invariant in common with the four-group, and hence must generate with the 
four-group either a G,, or a G,,._ The four-group can lie in but three octahe- 
dral groups other than the one under which it remains invariant, i. e., octahedral 
groups whose invariant four-groups contain a reflection in common with the 
above four-group. Each of the three G’‘,, will contain four reflections not com- 
mutative with any one of three reflections of that four-group. Since the four- 
group can be commutative only with itself, every G,, in which it lies must con- 
tain the G',, generated by Z| and £,. Since the conic x} + wx} + wx} = 0 is 
left invariant by a G’,,, there can be but two such G’,,, i. e., those having for 
fixed conics wi + 7 +a} =90, a7 + 07x; + ov;=0. There can then be but 
84+3-243.4+4 2.12 = 465 reflections. There will be four o-lines through 
the center of a reflection, on which lie 5 centers. Hence the group commuta- 
tive with a reflection must be of order 8 and the whole group of order 
8-45 = 360. One of the reflections commutative with Z, is 


Fie, @ 0, Ox, |. 


This reflection satisfies with the three generators of the G,, the following 
relations : 

Hi = (4, #,) = (4, £,) = (4,4) = L. 

It therefore generates with the G,,a G%,..* Two G§,, corresponding to the 
choice of w contain the G,,. The G,,, however contains two sets of G‘,, and a 
transformation carrying a G’,, not conjugate with the G‘,, generated by £, F,, 
#, into the latter transforms one G,,. into the other. There is therefore a 


360 
single conjugate set of G',,. in the plane. 


360 


§10. GROUPS CONTAINING ONLY TRANSFORMATIONS OF TyPE I. 


A complete discussion of multiplicative groups which contain homologies has 
been given. Any group which contains only transformations of type I must be 
of odd order, since a transformation of period 2 is a reflection. Any cyclic 
group contained by such a group can then be self-conjugate only under itself or 
under a group permuting cyclically the vertices of its fixed triangle. If denotes 
the order of the whole group, it must then satisfy a Diophantine equation of 
the form 


F Q 
O=1 heat eer Aa bec} . 
+24, Fd, or ) 


* MooRE, loc. cit., DICKSON, loc. cit. 
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If the order of the group is divisible by 8, we may take d, to be divisible by 
3. If then 7, =38, there must be four conjugate sets of C, (Theorem 10). 
Hence r= 4, and each of the first four d’s is divisible by 8. This can happen 
only if r=4, d,=d,=d,=3, 2 =3d,. If on the other hand f(/=1, we 
find; ==1, Q—=—d,, or t= 250-3, 4d, 

If the order of the group is not divisible by 8, we haver =1,Q=d,. We 
have therefore 

Theorem 16. No multiplicative group which does not leave invariant a 
point, line or triangle can contain only transformations of type I. 

The discussion of the groups in the ordinary plane is therefore complete. 


§ 11. Groups CONTAINING TRANSFORMATIONS OF Type III, 
BUT NOT ELATIONS. - 


We now consider the possibility of groups containing transformations of type 
III, but not elations, and consequently no transformations of type II. There 
can be no homologies present which have a common center but different axes, 
or vice-versa, so that Theorem 4 holds. Theorem 5 does not hold, but instead 
we have 

Theorem 17. A group containing transformations of type LIT but not ela- 
tions cannot contain two homologies such that the line joining their centers 
passes through the intersection of their axes unless they are both of period 2. 

The product of two homologies such that the line joining their centers passes 
through the intersection of their axes will leave invariant two points on that line 
unless one transformation on that line is conjugate with the inverse of the other. 
Unless the homologies are both of period 2 we may choose their powers so that 
this is not the case. The product is therefore of type I in the plane. 

Theorems 6, 7, 8, 9 are proved independently of the assumption of the non- 
existence of transformations of type III in the group. The Hessian group G 
however contains no transformations of type III. Hence we have 

Theorem 18. There is no group which contains transformations of type LIT 
but not elations, which does not leave invariant a point, line, or triangle, and 
which contains homologies of higher period than 2. 

If transformations of type III appear, there may be a new kind of o-lines 
through the center of a reflection, i. e., o-lines on which the group of the points 
is metacyclic, containing an additive base. There cannot be more than a single 
conjugate set of such o-lines, since their number must be of the form 1 + fp”, 
where p” denotes the order of the additive group on the line. If the order of 
the group commutative with a reflection is g, and the order of the subgroup of 
that group which leaves fixed an o-line of this sort is h, the number of such 
o-lines through the center of the reflection will be g/h. } 

Theorem 10 holds in this case also. In the proof of Theorem 11 however it 


216 


\ 
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is necessary to consider the additional case where o-lines of the sort described 
above appear. 

If there are no reflections commutative with a reflection, and if there is a set 
of o-lines, each of which is left invariant by a metacyclic group of order hp”, 
any group which exists (of order ©) will contain (g —1)Q/g transformations 
in the groups commutative with the reflections and ( p” — 1) 0/Ap”™ transforma- 
tions of type III. Hence © must satisfy an equation of the form : 


9) QO 
ma ier g he sh) hee ae 


In order that the coefficient of © on the right shall be less than unity, no more 
terms representing transformations can appear, and alsoh=g. We then have 
Q = gp”, which represents the single metacyclic group. 

If we combine this result with Theorem 11, and observe that the G,, and G., 
contain no transformations of type III, we have 

Theorem 19. No group exists which contains transformations of type LIT 
but not elations, which does not leave invariant a point, line, or triangle, and 
which contains reflections but no four-groups. 

Theorem 12 holds in this case without modification. We prove also 

Theorem 20. Jf a group containing four-groups contains a metacyclic group 
of order 2p” (the operators of period p being of type IIL), that metacyclic 
group will be contained by a group leaving invariant a conic. 

A metacyclic group of order 2p” will leave invariant a one-parameter family 
of conics. For consider a single transformation of type III, such as 


™m 


[im,i+e, He, 0, + 2x, 2, |. 
This leaves invariant the family «2 + Ax? — 4x,7, = 0 (Fig. 6). The above 





; Fia. 6. 


transformation is invariant under any transformation of type III leaving fixed 
(100) and «,=0 and the same family of conics. Hence we may choose the 
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center of a reflection in the metacyclic group arbitrarily as (010). The axis 
will be a line, x, + wax, = 9, passing through (100). This reflection will trans- 
form the above transformation into a transformation which is its inverse on 


oe, ==0. The transformed transformation is 


[w,—«, + (1—2n)a,, «, — 2m,, x, ]- 


The product of the two is an elation unless » = 0. The reflection must 
therefore leave fixed the conics. Hence every reflection in the metacyclic group 
leaves fixed the conics. Since the metacyclic group of order 2p” may be gener- 
ated by the p” reflections which it contains, it leaves fixed the conics. 

Since we have assumed the existence of four-groups, the reflection with center 
(010) and axis «, = 0 will lie in a four-group. Since the metacyclic group is 
invariant under any elation with center (100) and axis x, = 0, we may choose 
the center of a reflection in that four-group arbitrarily as (001). Its axis will 
be a line, x, + vxw,= 0, passing through (010). This reflection leaves invariant 
in common with the metacyclic group the conic x; — 2vx; — 4x,7, = 0. 

Theorem 21. Jf a group containing four-groups contains transformations 
of type IIT, it will contain a group leaving invariant a conic, which is either 
an octahedral group G,,, an icosahedral group G,, a group of order 
(p™ +1) p"(p" —1)/2, or a group of order (p” +1) p"(p"—1). 

Any group which contains reflections will contain two reflections which are not 
commutative, provided no point, line or triangle is left invariant. Hence it will 
contain either a dihedral group or a metacyclic group and therefore (either by 
Theorem 12 or by Theorem 20) a group leaving invariant a conic. The group 
leaving a conic invariant is simply isomorphic with the group of the points on 
a line.* Hence this group must be either an octahedral group G’,,, an icosahe- 
dral group G,,,a group of order (p” + 1)p"(p” —1)/2, or a group of order 
(p" + 1)p"(p"—1). (See §1.) 

Theorem 22. A G'..(p=3) is the only group containing transformations 
of type III such that its largest subgroup leaving invariant a conic is a G,,. 

The proof of this theorem is the same as that of Theorem 14; except that, 
having obtained the group of order 168, we have yet to determine when it 
contains transformations of type III. This will be the case only if p=3,T7. 
For p=T the G 
stated. 

Theorem 23. A G$,.(p=5) anda G,,.(p=5) are the only groups con- 
taining transformations of type III such that their largest subgroup leaving 
invariant a conic is a Gy. 

The proof is the same as that of Theorem 15 with slight modifications. We 
make use of Theorem 20 as well as of Theorem 12 in showing that the only 


igs Leaves invariant a single conic. Hence the theorem is as 





* VEBLEN and YOUNG, Projective Geometry, Chapter VIII, Theorem 15. 


1911] H. H. MITCHELL: TERNARY LINEAR GROUPS 229 


o-lines which exist contain 3 or 5 centers. We show in the same way that 
there can be but 45 reflections in the group. It was shown under Theorem 15 
that the group commutative with a reflection was of order 8, since there must be 
through its center four o-lines containing 5 centers each. For p = 5 however it 
is possible that there may also be a group of order 16 permuting these four 
o-lines. A transformation of period 8 transforming the G’,,,( = 5) into itself 
is given by 


[w,, (204+1)%,+(o—1)%,, —(@ + 2)a, + (20 + 1)a,]. 


A group of order 720 therefore exists. 
The G,,, also contains transformations of type III if p=3. In this case 
however it leaves invariant a single conic. Hence the theorem is as stated. 


§12. GROUPS CONTAINING TRANSFORMATIONS OF Tyre III wHicH CONTAIN 
LARGER SUBGROUPS LEAVING A Conic INVARIANT. 


Theorem 24. There exists no group which does not contain elations or 
homologies of higher period than 2, and which contains a set of reflections 
each of which is commutative with a group (2,1) isomorphic with either the 
tetrahedral, octahedral, or icosahedral group. 

If a group commutative with a reflection is (2, 1) isomorphic with either the 
tetrahedral or icosahedral group, it can contain no four-group. For all the 
involutions in either a G',, or a G’,, lie in four-groups (on the axis), in any one of 
which all three involutions are conjugate. If two of the involutions are per- 
formed by reflections, the third will be performed by a C,. But this is impos- 
sible, since the three involutions are conjugate. Hence no one of the involutions 
on the line can be performed by a reflection. 

If the group commutative with a reflection is (2, 1) isomorphic with an octa- 
hedral group, none of the involutions of the included tetrahedral group can be 
performed by reflections. The six involutions not in the tetrahedral group how- 
ever may be performed by reflections. In this case there will be twelve reflec- 
tions commutative with the given reflection. The group commutative with the 
given reflection will contain four conjugate «dihedral groups of order 12 and 
three conjugate dihedral groups of order 8. 

Each of these dihedral groups will be contained by a group leaving invariant 
a conic (Theorem 12). Hence some of the twelve reflections commutative with 
the given reflection will be conjugate with that reflection, and hence all will be. 
There will then be twelve reflections commutative with every reflection. A 
dihedral group of order 8 will therefore lie in a group leaving invariant a conic 
which contains two conjugate sets of reflections. Such a group will be of order 
(p™+1)p™(p™—1), where 2(p7—1)=8, p"=5. No group is then 
possible unless p = 5. 
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Consider now a dihedral Gio: Each reflection commutative with one of the 
six reflections of this G’,, (other than the invariant reflection) must generate a 
G,.) With the G,,. Since a G,,, 
the reflections commutative with these six reflections which are not in the dihe- 
dral group must be grouped in sets of 18. But there are 60 such reflections 


contains 25 reflections and the G,, contains 7, 


and hence this is impossible. No group can then exist for p= 5. 
Theorem 25. A Gi 


2520 


is the only group such that its largest subgroup 
leaving invariant a conic is a G',,, (p=5), provided that no elations are 
present. 


A Gi (p = 5) is generated by 
E,: [5 X35 %, J, Ey lis eta els Ei, [Ws ©, %, ], 


(= 2, — 2x, — 2x,, wv, =— 2x, — 2u,+ m,, vw, =— 2x, + ©, — 2m,. 


2 


Ei: x. 


The invariant conic is x} + 234+ 03;=0. The G,, 
of reflections. ach reflection conjugate with Z, is commutative with a dihe- 
dral group of order 8; each reflection conjugate with /, is commutative with a 


dihedral group of order 12. (Fig. 7.) 


contains two conjugate sets 





Fig. 7. 


A group which contains the G',,, will contain reflections not in the G7,,,. 


120 
Since the G’‘,,, is supposed the largest subgroup leaving invariant a conic, no 
dihedral group of order greater than 12 can appear (Theorem 12). It may be 
shown readily that under any group containing the G,,, #, must be invariant 
under a larger group. The only possible larger group which will not introduce 


a dihedral group of order greater than 12 and which will allow the group of the 


ee ee 


ie 
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points on x, = 0 and x, —x,=90 to be dihedral is a G,, having for fixed tri- 
angle the fixed triangle of the G,, generated by Z, and E,. This G‘,, contains 
the C,: 

[x,, ox,, wx, ] (o+o+1=0). 


The fixed triangles of all the C,in the group will then be invariant under a 
G,. The four-group which is invariant under the G’,, generated by Z, and £, 
will then lie in three G,,,._ Each of those G,,, will contain 22 ten not in 
that four-group. The four-group will also lie in nine G’,, under which it is not 
invariant, i. e., G,, whose invariant four-groups have each a reflection in com- 
mon with the above four-group. Each of these nine G’,, will contain 4 reflec- 
tions not in any one of the three G,,,.. There will then be 34+3.22+9-4=105 
reflections. These will all be conjugate and the order of the group must be 
24-105 = 2520. 
As a product of the above C,, and /, we obtain 


Tn nO w,, OL, |. 
The five generators are found to satisfy the relations : 


prea fe ee Fe ee eT, Deg Opry ed /- (HEY =I 
(Zt d). 
A Gj... is then generated.* 

Theorem 26. Vo group which does not contain elations can contain a group 
of order (p” + 1)p"( p™ —1)/2 or (p™+1)p"(p"™ —1) leaving a conic 
invariant, provided p” >5, and provided it contains no larger group leaving 
a conic invariant. 

The group commutative with a reflection in a group of order 


3 (p™ =e Tipe Ca ee 1 ) or chk se il yp (p™ uae. 1 ) 


leaving a conic invariant is dihedral and hence the group of the points on the 
axis of the reflection is dihedral. There is but one pair of points on the axis 
which are interchanged provided the group of the points on the axis is larger 
than the four-group, i. e., provided the group commutative with the reflection is 
of order greater than 8. For the group of order (p™ + 1)p”"(p” —1)/2 this 
will be true if p»+1>8, p”>9; for the group of order (p”+ 1) p”"( p”—1) 
it will be true if 2(p"™+1)>8,p">5. If then p"> 5 and if the group is 
not the Cre3(P” = {) or the G,,(p” = 38"), there will be but one pair of 
points on the axis which are interchanged by the group. 

Excluding for the moment these two cases, we may show that there can be 
no more reflections commutative with a reflection. For there certainly cannot 


* Moog#, 1. c.; DICKSON, I. c. 
Trans. Am. Math. Soc. 16 
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be more than two such reflections, i. e., the two leaving the two points point- 
wise invariant. (If a reflection interchanges the points, it will leave fixed the 
conic.) But if we add two reflections we must add more than two, since any 
such reflection must generate together with a dihedral group containing the 
reflection with which it is commutative (other than the dihedral group which 
leaves the latter reflection invariant) a group of order (p” + 1)p"(p"—1)/2 
or (p™ +1) p™( p” — 1) leaving invariant a conic. This group can have in com- 
mon with the other group which leaves fixed a conic only the reflections of the 
dihedral group. Hence there will be more than two reflections added which are 
commutative with the latter reflection. 

If the group is the G,,,(p” = 7) or the G,,,.(p” = 3”), there can be no more 
reflections commutative with a reflection. For since the group is supposed the 
largest group present which leaves invariant a conic, there can be no dihedral 
group present of order greater than 10 (Theorem 12). Hence there can be only 
four reflections commutative with any reflection in the group. 

Suppose now that there is a reflection not commutative with any reflection in 
the group. It will leave invariant in common with any four-group of that group 
a conic. It must generate with that four-group some group leaving invariant a 
conic which can contain no reflections commutative with any of the three reflec- 
tions of the four-group except those three reflections themselves. Such a group 


must be an icosahedral group G Every reflection not in the original group 


0° 
leaving fixed a conic must then Hanes with this four-groupa G’,,. But there 
cannot be any transformations commutative with the four-group other than those 
of the four-group itself without involving more reflections commutative with the 
reflections of the four-group. Hence there cannot be more than four C, per- 
muting cyclically the vertices of the fixed triangle of the four-group, 1. e., all the 
G. must contain the same tetrahedral group. A tetrahedral group however 
leaves fixed but three conics, one of which is the original conic. There can then 
be but two such G‘,,, each of which contains twelve reflections other than those 
of the four-group. There cannot then be more than 24 more reflections, which 


is impossible. 


§13. GROUPS CONTAINING ONLY TRANSFORMATIONS OF Types III anp I. 


Theorem 27. There exists no group which contains only transformations of 
types IIL and I and which does not leave invariant a point, line, or 
triangle. 

Any group which contains only transformations of types III and I must be of 
odd order, since a transformation of period 2 is a reflection. 

An additive group of order p” containing transformations of type III will be 
self-conjugate under a metacyclic group of order d, p”, containing p” conjugate 
cyclic groups of order d, which contain transformations of type I. (In partic- 
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ular d, may be unity.) Any cyclic group of order d, containing transformations 
of type I will be self-conjugate either under itself only or under a group of 
order 3d, permuting cyclically the vertices of its fixed triangle. 

If we denote the order of the whole group by ©, and enumerate the trans- 
formations which the group must contain, we are led to the following Diophan- 
tine equation : 


Q E 0) 


If f, = 8, we may show that d, =3. Let the fixed point and line of an 
additive group be (100) and x, = 0 and let the vertices of the fixed triangle of 
a cyclic group of order d, in the metacyclic group, under which the additive 
group is self-conjugate, be (100), (010), (001). A transformation of period d, 
in that cyclic group will be given by 


(1) [%,, ear, wf w, J, 
where the period of » is d,. A transformation of type III in the additive 
group will be given by 


, 
Cio + an, + Bx,, 


(2) = Ly + YX, (a+0,y+0). 


/ 
Co ices WC, 


If we transform (2) by (1), we obtain 
v= 2, + awx, + Bo’x,, 


(3) Ls = y+ yor ln, ’ 


, 
X, — Uo» 


If we transform (2) by (3), we obtain 
v= x, + av, + (B+ ayo! — ayo )a,, 
(4) @, 2 Vy 7 16a 


ev, = Wo » 


The transformation (4) is the same as (2) on the linew,=0. Hence (4) 
must be identical with (2). Hence o'=o, e=2 (modd,). But if the 
vertices of the fixed triangle of (1) are permuted cyclically, we must have 
e—e+1=0 (modd,). [See the discussion under Theorem 2.] Hence 
2? 2+41=0 (modd,); d,=3.' 

But if f, =3, d, =38, there must be four conjugate sets of C, (Theorem 10). 
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Hence r=4. The coefficient of 0 on the right is then greater than unity, and 
hence there can be no solution. 

If f =1,7=1,0=d,p". This represents a single metacyelic group. 

If d,=1, either r=2, 7, = 8, p=, 0 = d,, or else 7 =. 4.0 
The first represents a group permuting cyclically the vertices of a triangle, and 
the second a single additive group. 


§ 14. Groups CONTAINING ELATIONS. 


Theorem 28. The only groups which do not leave invariant a point or a 
line and which contain elations are: the HO (8, p*); groups containing the 
HO (3, p”) as self-conjugate subgroups of index 8, if p* +1 is divisible by 
3; the LF (3, p"); groups containing the LF(38, p") as self-conjugate 
subgroups of index 8, if p* —1 is divisible by 8. 

Any group which contains elations will contain a group of largest order con- 
sisting wholly of elations with a common axis and center. We denote the order 
of such a group by p*. We choose the center and axis of one such group as 
(910) and w,=0. Since we assume that no point or line remains invariant 
under the group, there will be groups of elations whose centers do not lie on 
«, = 0 and whose axes do not pass through (010). We choose the center and 
axis of such a group as (001) and x,=0. By hypothesis then the order of the 
group consisting of all the elations with center (001) and axis x, = 0 will be less 
than or equal to p*. The group generated by these two groups of elations will 
leave invariant (100) and 7, =0. The group of the points on x, = 0 cannot 
contain an additive group of higher order than p*, and hence (by $1) must 
be of order (p*+1)p*(p*—1)/2 or 60(p*=3). (The group of order 
(p" +1) p*(p* —1) on the line cannot be generated by additive transformations 
only.) 

Under either of these two groups, (010) and x, = 0 will be conjugate with 
(001) and x, =0. Hence (010) and x, = 0 will be conjugate with the center 
and axis of any group of elations, since in any conjugate set of such groups 
there will be groups whose centers do not lie on x, = 0 and whose axes do not 
pass through (010). 

If the group of the points on x, = 0 is of order (p* + 1) p*(p*—1)/2, we 
may choose it as the group generated by the two groups of elations 


(£): [@,, @, + Aw, v,], [~,, Wo Aw, + W ], 


where 2 takes all values in the GF(p"). This group contains an invariant 
reflection with center (100) and axis #, = 0 (Theorem 1). The group contains 
a set of cyclic groups of period (p*—1)/2 on x, =. One such group is gen- 
erated by [x,, nx,, 7~'x,], where 7 is of period p*—1. This cyclic group is of 
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period p*— 1 onw,=0 andaw,=0. The group generated by the two groups 
of elations (#’) also contains a set of cyclic groups of period (p* + 1)/2 on 
#,=0. Such acyclic group which leaves fixed (017) and (01-7), where J is 
a square-root of a not-square in the G'/’( p*), may be generated by a transfor- 
mation of the form 


Cv, = 


r Te, + 0, = S( Le, + 2), te, 2, = I (Cle, — @,), 


1 


where J is a mark of period p*+ 1. This cyclic group is of period p* + 1 on 
to, + 2, = 0 and Ix, —a, = 0. 
A group of order 60(p* = 3) on x, =0 is generated by the two groups of 
elations : 
[~,. Wy + Wey v, |, [@,, @y9 Uy + 5], 


where 7? = —1. The group contains a set of cyclic groups of period 2 on 
w,=0. One such group is generated by [a,, — ix,, ix,]. It is of period 4 
on #, = 0 and «w,=0. The group in the plane is of order 120, as it contains 
the invariant reflection [,, —«,, —«, | (Theorem 1). 

Since we assume that no point or line remains invariant, there will be groups 
of elations whose centers do not lie on x, = 0 and whose axes do not pass 
through (100). We consider one such group. It must generate together with 
the reflection with center (100) and axis «, = 0 a group on the line joining their 
centers which does not contain an additive group of higher order than p*. If 
p> 8, this group on the line must be of order (p* + 1)p*(p*—1)/2 or 
(p*+1)p*(p*—1). If p'= 8, it must be of order 12, 24, or 60. In any 
case there will be a reflection having this line for axis, and having for center 
the point of intersection of the axis of the generating group of elations with 
we, = 9 (Theorem 1). The involution on «, = 0 performed by this reflection 
must leave invariant the group of the points on w, = 0. 

In the special case where the group of the points on x, = 0 is of order 
60( p* = 3), the involution performed by this reflection on x, = 0 must belong 
to the group of order 60. Suppose for example that the center of the reflection 
is (010) and its axis x,=0. The group of the points on x, = 0 contains a C, 
generated by [w,, — iw,,ix,]. It must then be of order 24. But the fixed 
points of this C’, will be interchanged by the group. The transformed trans- 
formation is [ix,, —ix,,x,]. This is of period 4 onz,=0. The group of 
the points on x, = 0 is now no longer of order 60 and hence it must contain an 
additive group of higher order than 3. We therefore exclude this case from 
the discussion entirely. 

In the general case, in order that the reflection whose center lies on w, = 0 
and whose axis passes through (100) shall permute among themselves the p* + 1 
centers of elations on #, = 0, either (i) its center must lie at some point conju- 
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gate with (01/7) and its axis pass through the conjugate point with respect to 
the GF’( p"), or (ii) its center will coincide with one of the centers of elations 
and its axis will pass through one of the other centers. 

We consider the case (i). Consider in particular the reflection with center 
(017) and axis Jx,+,=0. The axes of the elations with centers on 
Iv, + 2,=0 must all pass through (017). The group of the points on 
Izv, + v, = 9 contains a cyclic group of order p* + 1 with fixed points (100) and 
(01-7). It must then be of order (p* +1) p*(p*—1). Since there must be 
transformations leaving fixed (017) and interchanging (100) and (01—Z), the 
group of the points on w, = 0 must be of the same order. The axes of all ela- 
tions whose centers lie on #,=0 must then pass through (100). Hence a 
unique correspondence must be established between the centers and axes of ela- 
tions and between the centers and axes of reflections. There can then be no 
centers of elations on any of the p* +1 axes of elations through (100) except 
those on w, = 0. 

All the centers of elations except those on x, = 0 must then lie on the 
p"( p* —1) lines through (100) whose coordinates are in the G/’(p™), but not 
in the GF'(p"). Since there will be p* +1 on each of these lines, the total 
number of centers of elations will be 


pe+1+(p'+1)p*(p*—-1)=p*4+1. 


All the centers not on «, = 0 will be conjugate under the group generated by 
the two groups of elations (H). We choose a center on Lv, + «, = 0 arbri- 
trarily as (-11-7). The p* + 1 centers will then be the points (e, aJ + 8, 
yl +6), where e, a, 8,y, Sarein the GF (p") and ad— By=e. (Fig. 8 





Fia. 8. 
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represents the configuration for p*=3.) The coefficients of the transformations 
permuting these points will lie in the Gi'(p™). We first seek to determine 
those groups which contain only transformations having for determinant a cube 
in the GI’( p™). 

The group will be transitive on the p”*( p* — p* + 1) points whose coordinates 
lie in the G/’(p”), but which are not centers of elations. The group of the 
points on any one of the axes of elations is metacyclic, containing p” involutions 
with a common fixed point. (The p** other axes of elations must meet that axis 
in p* points in sets of p* each.) Hence (100) is conjugate with all. the points 
on the axes of elations through it whose coordinates lie in the G/’( p”) with 
the exception of the p* +1 centers of elations on v,=0. It is also conjugate 
with all the points on the axes of reflections through it whose coordinates lie in 
the GF'(p*), but which are not centers of elations. 

Since all six permutations are made on the vertices of the triangle 
(100) (017) (01-Z), there will be an homology of period p* +1 or (p*+1)/2 
with center at each vertex (Theorem 3). But if p*+ 1 is divisible by 8, the 
determinant of an homology of period p*+1 will not be a cube in the GF’(p”). 
Hence the period of the homology will be (p*+1)/v. (See Introduction.) 
The group leaving invariant (100) and x, = 0 is then of order 


1 
Br El) p Cp’ — 1). 
The whole group is of order 
1 OA 5 4 9 a u 
ae —p*+1)(p* +1) p*(p*—1). 
In order that the group of elations with center (-11—/) shall permute among 
themselves the p** + 1 centers, we find that it must be given by 
we, = (2+ 1r)x, + 4lrx, — $2,, 
w, = —$lrw, + 4(4 — Lr) ax, + FArx,, 
ow, = 477 dw, + 42° Aw, + $(4—D)r)x,, 


where 2 takes all values in the G/’(p*). 
We may identify the group determined with the hyperorthogonal group,* 
HO(3, p*), by observing that it leaves invariant the function 


We 1 \pH F 1 \ pet 
oe +s eeag es ae a ae To ‘ 


*Cf. L. E. Dickson, Mathematische Annalen, vol. 52 (1899), pp. 561-581 ; also Linear 
Groups, Chap. V. 
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The locus of the points which:are such that their coordinates satisfy this function 
equated to zero are the p** + 1 centers of elations. 

If »* +1 is divisible by 3, a group exists containing the HO(8, p?*) asa 
self-conjugate subgroup of index 3. It may be generated by the HO(3, p™) 
together with an homology of period p* + 1. : 

As follows from the unique choice of coordinates, there is a single conjugate 
set of O(8, p**) under the whole collineation group. 

We turn our attention again to the two groups of elations ( £’), and consider 
ease (ii). If there is a group of elations with center on one of the axes 
through (100), and axis passing through the intersection of another one of those 
axes with x, = 0, the group on that axis must be of order (p* + 1)p*( p*—1), 
since it contains a cyclic group of order p* —1. Hence (100) will be conjugate 
with each of the p* + 1 centers of elations on x, = 0, since the fixed points of 
this cyclic group will be interchanged. Hence there will be at least p* + 1 axes 
of elations passing through each center. There can then be no centers not on 
any one of the p*+1 axes through (100), since in that case we found that a 
polar configuration was determined. There will be p* +1 centers on each of 








Fia. 9. 


those p* + 1 axes, i.e, p™+p*+1inall. (Fig. 9 represents the configura- 
tion for p* = 3.) 

If one of the centers on x, = 0 be (110), the p** + p* + 1 centers will be the 
points (aBy), where a, 8,¥ lie in the G/F'(p"). The coefficients of the trans- 
formations in the group will then lie in the GF'(p"). We consider first the _ 
groups containing only transformations the determinants of which are cubes in 


the GF'(p"). 
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A group of elations with center (110) and axis passing through (001) will be 
given by 
[(1 + Dr) ay ar Ay y rw, ts (1 7 i A), 5 ws], 


where A takes all values in the G/#’(p*). Under the group generated by this 
group of elations together with the reflection with center (100) and axis x, =0, 
(001) will remain invariant and there will be transformations interchanging 
(100) and (010). All six permutations will then be made on the vertices of 
the triangle (100)(010)(001). Hence there will be an homology of period 
p* — 1 or (p* —1)/2 with center at each of the vertices (Theorem 3). But since 
if p* — 1 is divisible by 3 the determinant of an homology of that period will 
not be a cube in the G/'(p"), the period of the homology will be (p* —1)/y. 
(See Introduction.) The group of the points on any axis will be of order 
(p"+1)p*(p* —1), and consequently the group leaving (100) and «, = 0 
fixed will be of order (p*+1)p*(p*—1)’/u. The group leaving fixed only 
(100) will be of order (p* + 1)p**( p*—1)?/u, and the whole group of order 
(p™ + p*+1)(p*+1)p*(p'—1)/u. This is the L'(38, p*).* 

If p* —1 is divisible by 3, a group exists containing the L/’(3, p') asa 
self-conjugate subgroup of index 8. It may be generated by the L/’(3, p*) 
together with an homology of period p* — 1. 


§15. SuBGRoUPS OF THE SIMPLE Groups LF(38, p*). 


The subgroups of the L.'(8, p*) are those groups which have been deter- 

mined in this paper such that the coefficients of the transformations which they 
- contain are in the GF’ (p*), and the determinant of any one of those transfor- 
mations is a cube in that field, together with those subgroups which leave 
invariant a point, line, or triangle. There is a single conjugate set of each one 
of the groups under the whole collineation group of the plane. We suppose 
that the plane in which we are working is the PG‘(2, p*). If then the 
LF (8, p*) is the whole collineation group of the PG‘(2, p*), i. e., if p*—1 
is not divisible by 3, there will be a single conjugate set of each subgroup; if 
p* —1 is divisible by 3, but a subgroup is invariant under a group of three 
times its order which is not a subgroup of the L/’(38, p*), there will be also a 
single conjugate set of those subgroups; if however p* —1 is divisible by 3 
and a subgroup is not invariant under a group which is not a subgroup of the 
LF (3, p*), then there will be three conjugate sets of those subgroups. 

The subgroups are as follows : 

1. Groups of order (p* +1)p™*(p*—1)?/u. Each of these groups leaves 
invariant a point and is isomorphic with a group of order( p* + 1)p*(p*—1), 
permuting the lines through that point. 


a s 
* Cf. L. E. Dickson, Linear Groups, pp. 75-78. 
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2. Groups of order (p* +1) p*(p*—1)?/m. Each of these groups leaves 
invariant a line and is isomorphic with a group of order (p* + 1)p*(p*—1), 
permuting the points on that line. 

3. Groups of order 6(p*—1)?/. Each of these groups leaves invariant a 
triangle with coordinates in the GF’( p*), and makes all six permutations on its 
vertices. 

4. Groups of order 8(p* + p*+1)/u. Each of these groups leaves inva- 
riant a triangle with coordinates in the G/’(p™), but not in the G'A'(p*), and 
permutes its vertices cyclically. 

5. Groups of order (p* + 1) p*( p*—1). Each such group leaves invariant 
a conic. 

6. Groups of the same structure as that of the ee p") itself, 1. e., the 
pas p”), where m is a factor of k. 

7. Groups containing the 1 '(3, p”) as self-conjugate subgroups of index 3 
if a — 1 is divisible by 8, and 4/m is divisible by 3. 

8. The hyperorthogonal groups, HO(8, p*”), where 2m is a factor of k. 

9. Groups containing the 7O(38, p*”) as self-conjugate subgroups of index 3 
if p” + 1 is divisible by 38, and 4/2m is divisible by 3. 

10. The Hessian groups of order 216 (if p* — 1 is divisible by 9), 72 and 36 
(if p* — 1 is divisible by 3). 

11. Groups of order 168, which exist if // — 7 exists in the GF'(p"),ie., 
if & is even, or (by the law of quadratic reciprocity) if & is odd and p=T, 
Tf+1,7f+2,ortf+4. For p=T any one of these groups leaves invariant 
a conic. 

12. Groups of order 860, which exist if both 1/5 and a cube root of unity 
exist in the G/’(p"); i. e., if & is even, or if & is odd, provided p = 15f+ 1 
or l5f+4. For p=8 any one of these groups leaves invariant a conic. 

18. Groups of order 720 containing the groups of order 360 as self-conjugate 
subgroups. These exist only for p = 5 and k even. 

14. Groups of order 2520, each isomorphic with the alternating group on 
seven letters. These exist only for p= 5 and k even. 

Since the largest subgroup is of order (p* + 1) p**(p* —1)?/m, we have 

Theorem 29. The smallest number of letters on which the group, LF'(8, p"), 
may be represented as a permutation group is p* + p* + 1. 


§ 16, Suscrours oF THE SimpLeE Grours HO(8, p”). 


The subgroups of the HO(3, p™) are those groups determined above which 
have an invariant conjugate with 


kay ka kay 
oy o> mene ae 0) 
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together with the subgroups which leave invariant a point, line, or triangle. 
Each set of subgroups forms a single conjugate set provided the ZO(3, p**) is 
invariant under no larger group under the whole collineation group of the plane, 
1. e., if p*+ 1 is not divisible by 8. If p* 4 1 is divisible by 3, each set of 
subgroups will form a single conjugate set if any one of them is invariant under 
a group of three times its order which is a subgroup of the group under which 
the HO(38, p™) is invariant but not of the ZO(3, p*) itself; otherwise there 
will be three conjugate sets. 

The subgroups are as follows : 

1. Groups of order (p*+1)p*(p*—1)/v. Any such group leaves 
invariant the center and axis of a group of elations and is isomorphic with a 
metacyclic group on the axis of order ( p™ — 1) p™*/v. ; 

2. Groups of order (p*+1)p*(p*—1)/v. Any such group leaves 
invariant the center and axis of an homology and is isomorphic with the group 
of the points on the axis, which is of order (p* + 1)p*(p* —1). 

3. Groups of order 6(p*-+1)’/v. Any such group leaves invariant a tri- 
angle whose coordinates are in the G/’(p”) and makes all six permutations on 
its vertices. 

4, Groups of order 3( p* — p*+1)/v. Any such group leaves invariant a 
triangle whose coordinates lie in the G/’(p™), but not in the G/’(p”), and 
permutes its vertices cyclically. 

5. Groups of order (p* + 1)p*(p*—1). Any such group leaves invariant 
a conic. : 

6. The hyperorthogonal groups, HO(38, p””), where m is a factor of & and 
k/m is odd. 

7. Groups containing the HO(8, p*”) as self-conjugate subgroups of index 
3 if p” + 1 is divisible by 3 and &/m is odd and is divisible by 3. 

8. The Hessian groups of order 216 (if p* + 1 is divisible by 9), 72 and 36 
(if p* + 1 is divisible by 3). 

9. Groups of order 168, which exist if /— 7 does not exist in G/(p*), 
i.e. if kis odd and p=Tf+ 8, Tf+ 5, or Tf +6. For p=T these groups 
also appear, but each leaves invariant a conic. 

10. Groups of order 360, which exist if 1/5 exists and a cube root of unity 
does not exist in the G'F’( p*),i.e., if & is odd and p = 5, 16f—1, or 15f— 4. 
If kis even and p=3 these groups also appear, but in that case each leaves 
invariant a conic. 

11. Groups of order 720, which exist if p = 5 and & is odd. 

12. Groups of order 2520, which exist if p = 5 and k is odd. 

The largest subgroup of the HO(38, p?*) is of order (p* + 1) p**(p* —1)/v, 
except for p* = 5, in which case the largest subgroup is of order 2520. Hence 
we have 
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Theorem 30. Zhe smallest number of letters on which the group 
HO(8, p*) may be represented as a permutation group is p** +1, except 
for p* = 5, in which case the smallest number is 50. 

That the 7O(8, p™) can be represented as a permutation group on p* + 1 
letters has been shown by Dickson (Mathematische Annalen, vol. 56, p. 
532). Similar results are obtained by him in that paper for the general hyper- 
orthogonal group in m variables. 


NEW HAVEN, CONN., 
September, 1910. 





GENERAL THEORY OF LINEAR DIFFERENCE EQUATIONS* 
BY 


GEORGE D. BIRKHOFF 


INTRODUCTION. 


The theory of linear difference equations with rational coefficients was in a 
very backward state until Porncar&é + in 1882 developed the notion of asymp- 
totic representation, and its application to this branch of mathematics. Further 
important progress in this direction has been made only very recently, notably 
by GaLBruN,t who by means of the Laplace transformation has investigated 
the properties of a set of fundamental solutions in the entire plane of the com- 
plex variable a. 

The aim of the present paper is first to study the nature of these solutions to 
which I have been led by means of direct methods, and secondly to show that 
there exists a purely Riemannian theory of linear difference equations. In par- 
ticular certain rational functions of ¢’*"~—!* are shown to play a part like that 
of the monodromic group constants of an ordinary linear differential equation. 

To the best of my knowledge, the importance of the functional standpoint in 
the field of difference equations was emphasized first by VAN VLECK in an 
inspiring series of lectures given at the University of Wisconsin in the spring 
of 1909, in which he conjectured the existence of sets of solutions analytic on 
either the left or the right side of the complex plane. 

On account of the extreme simplicity of the matrix notation, I have found it 
convenient to deal with a linear difference system of n equations of the first 
order 


(1) g.(@ +1)= La,(w)g,(a)s (61,20), 
j=l 


rather than with a single equation of the nth order. In these equations the 
functions @,,(«) are taken to be rational functions of x with a pole at x = oo of 
order » at most, so that one has 


(2) G,,(%) = a,c" + aaer! + aoe, (lal>R). 


* Presented to the Society, September 6, 1910. 
+American Journal of Mathematics, vol. 7 (1885), pp. 203-258. 
tComptes Rendus, vol. 148 (1909), pp. 905-907. 
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The sole other restriction to be imposed on these functions below will, in par- 
ticular, be satisfied if the determinantal characteristic equation 

(3) | Ue 8,2; | = 0 

[where 6, =0,7+ ; 6,,=1] has n distinct roots which are not zero. If the 
n sets of functions 


Iu(@), ae In (%) 


Jin(®)s es Inn (&) 


are 7 linearly independent solutions of (1), the array of elements g,,(«) forms a 
matrix solution G(x). The array of elements a,(«) forms a second matrix 
A(«), and the n” equations which the n solutions satisfy can be combined into 
a single matrix equation 


(4) G(@+1)= A(x) G(2). 
If x be replaced by x — 1, this may be written 
(4) G(2—1)=A"(x—1)G (x). 


The most general matrix solution of (4) is furnished by 
(6) H(x) =G@(«)P(e), 


in which G(«) is any particular matrix solution, and P(#) is any arbitrary 

matrix of periodic functions of period 1 whose determinant does not vanish 

identically. 
The equation (4) admits of two symbolic solutions 


G(e)=A(e—1)A(a—2)-.., 
Gi(a) = AeA (a:-- 1 ies 


which converge to limit matrices only in particular cases. This convergence is 
secured to a sufficient extent by a suitable modification, made in § 1, as follows: 
The system (1) is known to be satisfied formally by taking for g,(#), g,(x), 

--,g,(#) certain formal series, one set of them for each of the n roots p of the 
characteristic equation (3). The matrix formed from these sets taken in a cer- 
tain order is denoted by S(x), and the modified matrix obtained by breaking 


off these elements at the /th term is called 7(x). The sequences of matrices 
A(w—1)A(w—2).--A(x—m)T(x—m), 
(m=1, 2,---), 
A™*(%)A*(x+4+1)---AT*(e+m—1)7T(x+m), 


form the desired modification of the two symbolic solutions. It is demonstrated ~ 
that all the determinants formed from the first ) columns and any 2 rows of the 
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first of these matrices, (X= 1, 2, ---, ), or from the last X columns and any 
X rows of the second of these matrices, converge to limit functions independent 
of k as m becomes infinite. By the aid of these functions and by a process of 
summation based on a contour integral suggested by the one which CARMICHAEL * 
has used, two remarkable particular matrix solutions G(w) and H(a) are 
obtained in $$ 2, 3,4. These are termed the first and second principal matrix 
solutions respectively. The elements of G(«) are analytic, save for poles at 
points o +1,¢0+42, ---, where o is a pole of one of the elements of A(a), 
and have the asymptotic form of the corresponding elements of S(#) in any 
left half plane. The elements of //(«) are analytic save for poles at points 
o—1,o—2, -.-, where o is a pole of one of the elements of A~'(#—1), and 
have the asymptotic form of the corresponding elements of S(a) in any right 
half plane. The principal matrix solutions G(#) and H(a) are uniquely deter- 
mined by this asymptotic property. A relation (5) will also, of course, subsist 
between G(x) and H(2). 

Conversely if G'(«) and H(«) are asymptotically represented by the elements 
of a matrix S(x) even to terms of the first order and are related by means of 
a matrix P(x) of periodic functions, as in (5), these matrices G'(x) and H(«) 
will form the first and second principal matrix solutions of a system (4) in which 
the elements of A(«) are rational (see § 7). 

It is proved in § 5 that the elements of P(«) are rational functions of e’* 
The structure of these functions is determined with particular reference to the 


Y=15 


case when the functions a,(a) are polynomials of degree w, to which case the 
more general one is reduced. 

These results lead in $6 to the determination of the nature of the elements 
of G(«) and H(«) in the remaining right and left half plane respectively ; the 
asymptotic form is found to alter along certain critical rays. A complete 
description of the principal matrix solutions is thus obtained. 

In §7 it is shown that the number of characteristic constants involved in the 
complete characterization of G'(«) and H (x) and their connection by means 
of P(x) is precisely equal to the number of arbitrary constants in the coefficients 
a;,(%) assumed to be polynomials, and that the characteristic constants are inde- 
pendent. Thus I have ventured to propose the following as a fundamental 
problem of linear difference equations : to determine whether there exists a linear 
difference system with prescribed characteristic constants. 

It would be interesting to know the exact relation between the characteristic 
constants and the monodromic group constants of the differential equation yielded 
by the Laplace transformation. 

The method contained in the present paper is of wide generality and applies 
if the coefficients a,,(#) have the character of rational functions only at ~ = oo, 


* These Transactions, vol. 12 (1911), pp. 99-134. 
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in all cases where there exist m formal solutions. CARMICHAEL (loc. cit.) has 
studied this case to a considerable extent; in particular he has proved the exist- 
ence of analytic solutions and has partly discussed their asymptotic form in the 
direction of the axis of reals. 


§1. THe Determinant Limits. 


It is apparent that the given linear system (1), when written in the matrix 
notation (4), (4), possesses the two symbolic solutions 


A(a—1)A(u— 2) aes, Ae (0) AW) ( i Lee 


These will converge to limit matrices in certain special cases, for example if 
a,(«) has the form 
y 








(2) (3) ; 
ie ed 
ij if oe et oe se Gad 


in this case the above symbolic solutions will yield the complete solution of (1). 
In general however these expressions must be properly modified in order to be 
made to lead indirectly to a complete solution of (1). 

Let us first make precise the limitation which is to be made on the coefficients 
a,,(#) in equations (1). If the roots of the characteristic equation (3) are dis- 
tinct, and if none of them are zero, there will exist precisely n sets of series 


si) 
S,,(%) = ae*( p.e7* yar | 8); oe os +... |. 


s$) ; 
(6) s,,(@) = wt (pyert 0} Soi = Sa F (F=1, 2,--+,), 


| , oy a) 
8,,(@) can oe pre ye) Sa a 7 oF Ca F 


each of which constitutes a formal solution of (1). The proof of this is a matter 
of direct reckoning, and the fact will be taken for granted.* The constants 
Pys Por *++5 p, are the roots of the characteristic equation, and furthermore we 
have the determinant 
(7) d= |s,| +0. 

* The formal solutions of a single linear difference equation of the nth order have been fre- 
quently used (for example see HorN, Crelle’s Journal, vol. 138 (1910), pp. 159-191) and 


admit of easy extension to a linear system. The formal solutions may be obtained by direct 
substitution if the roots of the characteristic equation are distinct and different from zero ; the — 


series expansion 
1 
1\4« palog ( 1+ - eb 
(1+) —e ( =) ee ote 
x Qu 








enables one to make a comparison of coeflicients and thus to determine the constants of the 
formal solutions. 
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The restrictive hypothesis which we shall make is not that p,, p,, +++, p, are 
distinct but only that there exist n formal solutions (6) with the specified prop- 
erty (7). The quantities p,, p,, ---, p, must of course still be the roots of the 
characteristic equation, and none of them can be zero. We shall choose our sub- 
scripts so that 


(8) {Pr} = |P2| = --- =|, |- 


Without loss of real generality we may add the further condition that the 
linear homogeneous difference equation of the nth order at most which g, («) 
satisfies, and which is obtained from (1) by elimination, is actually of the nth 
order. 





The elements s,,(2) form a matrix S(a) which is a formal matrix solution of 
the equation (4) 
S(@+1)= A(x) S(x). 
Let us compute the elements s;.(a~) of the inverse matrix S~'(a). The deter- 
minant | S(a)| may be written 


qd) 
(Py +++ Pye Peaiert ad epee Ore 


The element in the ith row and jth column of the inverse matrix is the quotient 
of the cofactor of the element in the jth row and the ith column of this deter- 
minant by the determinant itself, and is therefore given by a formal series 





wv 


ol) 
(9) si (oe) sore(pet year | oy +E boos} 


Let 7'(«) denote any matrix obtained by breaking off the elements of S(a#) 
at the Ath term, or more generally by replacing s,,(”) by convergent series ¢,,(a ) 
of the same form as s,(#) and having the same first & terms. Write then 
(10) Tet 1)= B(x) T(x). 

The matrix B(«), as thus defined, is clearly a matrix of functions b.,( a) each 
of which has an expansion like a,,(a) at « = co with precisely the same first & 
terms. For if we compare the formulas 


Je NSB EES SM a I) i ham Ge) and A(x)= S(e#+1)S\(2), 


we observe first that the element ¢;,(~) of Z’~'(«) is given by (9) to the first 
k terms, and that in consequence the right hand members of both the equations 
have the same first / terms. In consequence we may put 


(11) Py (ey | Li. 2—* Cle) | 5 


1 being the identity matrix, and the elements of C( a) being analytic at «=o. 
It is to be noted that the determinant formed from the principal coefficients of 
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A(w) and B(«), namely | a,,|, 
root of the characteristic equation. 
In this paper it is necessary to distinguish sharply between two kinds of 


cannot be zero, for that implies that zero is a 


asymptotic representation of a function by a series of the form (6), say 


gD 
S (0) =a (pe-r yar ( aes ). 


Let g(a) be the given function ; if for each & the ditference 





g 3 
g (a) 2- Me ( Oe "5) a aes —( Tt tor) 


becomes uniformly small of order «~* for lim w = oo in a certain region, we say 
that g(a) is asymptotically represented by s(a) in that region, with respect to 
a; if on the other hand the difference is uniformly small of order v—* (where 
e=u+V—1v, u,v being real quantities) for lim v = o in the region, we 
say that the representation is with respect to v. In this connection two 
important inequalities are 


a een <A 


Tis 
(k= 2), 





for x in the left half of the complex plane, and ' 


(18) » sopl<oel ts! (i= 2), 


for x in the right half of the complex plane. To prove the first of these we note 
that when « lies in the left half plane wu is negative, so that 


whence the sum of the given series is less than 


ss 1 eit 1 dv T 
Zep +a SS, BP (ek) = Bey 











7=(u—vy+>wtuv4r, 





we 








Again, for x in the right half plane, our series may be written 


= 1 1 Db ee 1 


7a<— S 


Tuo eES 2 [Cua ee] So, wavy 








If each quantity |w—v| be replaced by the last of the integers 0,1, 2, --- 
which does not exceed it, the terms in the last series are not decreased, and hence 
one has 


1 +a i 2 
[of eB qos = pe lage < Ge | atl vy 23 |: 


v=—~ 
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But the last integral reduces to 7/2 
also. 

We may now proceed to the existence theorem : 

THeorEeM I. Form the two sequences of matrices 

P,,(#)=A(ew—1)A(w—2)-... A(w—m)T(e%—m), 

5 he peed 
( Ot \=—AT (aya (atl)... Ae + SIT deny petri 
Every determinant formed from the first columns (N=1,2,-+-+,n) and the 
ith, jth, +--+, lth rows of P,(x)[Q,,(«) | converges, for k sufficiently large, to a 
definite limit function u,,..,(«@) [%....(@) |, independent of k, as m becomes 
infinite. This function is analytic throughout the entire «-plane excepting at 
points any number of units to the right (left) of poles of the elements of 
A(w)[A"(w—1)] and at these points may have a pole. The asymptotic 
Sorm of wy...1(@) [y....(@) ] in the vicinity of «= 0 is given by the corre- 
sponding determinant s,,_;(«) of S(x), with respect to x in any left (right) 
half of the plane, and with respect to v in any right (left) half of the plane. 

Proof. We shall first prove the theorem in so far as it relates to the case 
= 1, and then show how the cases \ = 2, 3, ---, m may be reduced to this 
case. 

It is necessary first to show that the elements of the first column of P(x) 
converge to definite limit functions w,(«), u,(@), +++, u,(#) as m becomes 
infinite. 

The matrix P, (a) may be written 


P,(%) = T( 2) P,,(#) 
=T(«){[ T(«)A(a—1) T(a—1)] [ T~"(w@—1) A(w— 2) T(x—2)] 
--» [T(x —m+1)A(x—m)T(e2—m)]}. 





v|, and thus the second inequality holds 


It is sufficient to prove that the elements of the first column of P. (2) will con- 
verge, inasmuch as the elements of the first column of P(x) arise from com- 
bination of the rows of Z7(«) with the first column of Pata Ys The matrix 
P(x) is a product of matrices, the type of each of which is 


ea opel A (a) Aon )e 
By (10) and (11) this reduces to 
1 
1+ 2 hI MELA IM G9 
Let us examine the second term. The element in the ith row and jth column 


of 7-'(x) will be given by an expression like that for s;,(a@) in (9) with the 
same first & terms; the elements of C’(w) are analytic at 7 = oo, the element 
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in the ith row and jth column of 7a) will be given by an expression like that 
for s,(«) and with the same first 4 terms. The element in the ith row and jth 
column of the product 7~'(a) C(«) T(«) has therefore the form 


(2) 2 "—" times a function analytic at w = oo. 


Choose first & so large that it exceeds every difference 7, — 7, in absolute value 
by more than an assigned integer d= 2, and we see that the second term may 
be written 


1 LA 
(15) 370 (2%) with elements 0,(”) = (2) $,,(@)- 


The function ¢,,(«) is finite in the vicinity of 2 = 00, at least if ~ be restricted 
not to pass the positive axis of reals. 
By means of this notation, P, ,(#) reduces to the form 


(1+ Gairpee- 1))(1+ GoayOe-2)- a = ny") 


or more fully, 


OD pee auen 





@°) ky <ke 1 
Z: D>, («7 —k,)*(e — ie, OL? et) tose. 


It is the elements of the first column of this matrix which must be shown to 
converge. According to the notation of (15), the ith element is 


ky <ko 1 


p, x—k, : 
eae aCe sais) PAC ae 19 am Pp eres 5.76553) 


xd (E) (EB) be bbe hy) + 


P; 








But ¢,,(@) is limited in the vicinity of @ = oo and is less than some constant 
M for lo 


the circle |w| = #,, which is true if x lies in D of re 1, the et element in 





> f,. Therefore if all the points «—1,#—2,.-.- are exterior to 





the (2 + 1 )th term of (17), 
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: : ; Biante (2: i (t ae (é Ne 
(a —h,)* (a —k,)* (x — k,)! P; P “et P, 


x $;, (@ = ky) by¢(® — hy) eo as $,,(@ aie k,), 


is less in absolute value than the quantity 


(2) M 
Pi (a —k,)*-+-(w@—hk,)” 


This inequality depends on the fact that we have 


CROROn 
Ap, P, Eiken 
Pay (Pr \" (bet\ ee eee mete (Ps \ 

Bs) (a) (a) aaa ate.) 


as a consequence of (8), and the fact that k,,/,, ---,%, are an increasing set of 
positive integers. Hence each term of (17) does not exceed the corresponding 











term of 


(ey 
eines ri 
ee) a P; 


in absolute value. 
Allow m to approach infinity. The expression (17) becomes a multiple series. 
Since the sum of the terms after the first in (18) approaches the limit 


ale) LC +pe=ap (1+ eae) ~-]-2}. 


(19) 4 
it is obvious that the elements of the first column of P. («) and therefore of 
P(x) converge absolutely and uniformly to an analytic function in the vicinity 








HGipee es. 25 
ky |x ae k, i | ee ky, he | @ i k, “|« i Sart k, 








of points in DY. Moreover as we may write 
P_(#)=A(e—1)A(e—2)---A(ea—r)P,_ (x—7r), 


and as we may take 7 so large that «—r—1,%—r— 2, --.- lie without the 
circle |w| = J?,, the elements of the first column of P,,(a) will converge uni- 
formly in the vicinity of any point of the plane excepting those only at which 
one of the elements of A(w—1), A(w—2),--- hasa pole. Hence the ith 
element of the first column of P(x) converges to a function u,(#) which is 
analytic except at the points congruent to (any number of units to right or left of) 
the poles of the elements of A(x) on the right. At these points w,(#) may 
have a pole. 

It may easily be made evident that the definition of w, (a), w,(%), +++, u,(@) 
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is independent of the choice of k and 7’. For if kX’ is any second choice of k& 
and Z”(#) is the corresponding function 7a), we may nevertheless write 


P(e) a D0) { (D7) e) 
x [T-'"w—1) A(w— 2)7T(a—2)]---[2(a—m+1) A(a—m)T"(x—m)]. 


If the elements of the first column be expanded in a sum like (17) and m be 
allowed to become infinite, the resulting multiple series for w,(a) will be term 
for term identical with that obtained before. 

It remains to discuss the asymptotic nature of u,(#), ---,u,(«) for large 
values of |x|. The limit @,(2) of the ith element of the first column of P, (a) 
differs from 6, by a quantity less than (19) in absolute value if # lies in D. 
This quantity is itself less than 


Seer 


1(e\(, ae 
U\P; 


in absolute value. If now any line be drawn parallel to the axis of imaginaries 
and if x be restricted to lie in D to the left of the line, by inequality (12) the 
last factor will be of the form M(«)/x*', where M/(a) is limited. Thus we 
may write 





M. 4b) 
a,(0)= 8, + (21) fey bit « (os yeaa 


vu 


for « in D and to the left of this line. Likewise if & is in D to the right of 
such a line, by inequality (13) we may write 


aM (x ; 
7,(2)=8, + (41) el | Wiz) | <M. 
But the relation P,(#) = T(a)P,,(a) gives at once 


u (0) = Dte(#)i (2) | 


If in this equation the first of the above expressions for u,(@), w,(#), ---, %,(@) 
be substituted, we find at once 


n aw A Ge 
u;(@) =t,(%) + DL t,() (2) ce 


T 


The functions ¢,,(«) are the same in form as s,,(«@) up to the Ath term. Substi- 
tuting in their expansions we obtain 


si oes AL (a5) s®) 
»\ —— phe pt mt u eter Bins 
u,(@) = om pia |(s,+ + .)4 er \8;, + ee 


ee 








The second term in brackets can clearly be made infinitesimal in & of as high 
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order as may be desired by taking &, and therefore d, large enough. Consequently 
u,(x) is represented asymptotically by s,,(#) with respect to « to the left of 
any such line and likewise with respect to v to the right of such a line. The 
part of the theorem that relates to the case X = 1 is proved. 

It is clear that if the subscripts 1, 2, ---, 2 had not been so chosen that (8) 
was true, the only modification would be that the elements of any ith column of 
P_,(«) for which the quantity p, had a maximum absolute value would 
converge. 

The case \ = 2 will next be discussed. This reduces at once to the case 
X= 1 inasmuch as the two-rowed determinants u°3(x) formed from the ele- 
ments of the first two columns of P(x) which are in the ath and Bth rows 
(a<8) are related to a certain difference system precisely as the elements of 
the first column are related to the original system (1). 

In fact, form the system with general solution 


(20) J y:(%) = (i, j=1, 2 +--+, 03 1<J). 








9;(@) 9;(%) 
Here g{(#), 93(a), +++, 9/(w) and g(a), 9f(@), +++ 9%(w) are any pair of 
solutions of (1). One finds by the use of (1) 
(21) Be aig) 2 Myx: *) 9,1) 
where 

G,;:4(@) = a;,(") a,("%) — a,(%) a, (2). 
Accordingly we have $n(m —1) linear difference equations of precisely the 


type (1) to determine the functions g,,.(~). It is clear that the sets of formal 
expansions 


$,(0) _ $,(0) 
S,(@)  8,(@) 


aa v*™ (p, p, pam { ( SS Sa 8;,) + terms in a", 2, +. js 


8:4 (%) al 








k and 1 fixed, will satisfy (21). There are $n(n — 1) sets of these, and further- 
more the determinant of the constant terms 

85, 81 — Si Sal (¢< jj; F< 1) 
is precisely equal to d"~' and is therefore not zero by (7).* Hence the system 
(21) satisfies the restrictive hypothesis made at the beginning of § 1. 


We are now in a position to apply the result already obtained. In matrix 
notation, equations (21) may be expressed as 


G(x me 1) = A,(”)G,(«). 


* PASCAL: Die Determinanten, p. 87. 
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Also let 7Z,(#) be the matrix which the formal matrix solution S,(a) becomes 
when the formal series are replaced by convergent series which agree with them 
to the kth term. Zhe elements in that column of 


P,,,(@) = A,(x—1)A,(% —2)--- A,(a—m)T, (2% — m) 


Sor which the quantity p,p, in the formal solution which appears in the same 
column of S,(«) has a maximum absolute value will converge ; this results 
from an application of the preceding result for X = 1 to the system of }n(n — 1) 
equations. Equations (8) show that we may take 4 =1, /=2 and it is also 
clear that we may take the elements of this column of 7,(«) to be 


[t(@) — t;.(a) | 


bis: g(% ) = 
yea) t,(«) to(@ 








The elements p(),.(«@) of this column of P,, (a) converge to functions analytic 
everywhere except for poles at points to the right of the poles of the elements of 
A,(w) and congruent to them. Moreover these functions are represented 
asymptotically by s,,.,.(@) throughout the entire plane, with respect to x to the 
left of any line parallel to the axis of imaginaries, and with respect to v to the 
right of such a line. 

But the sequence p™,,(@), m=1, 2, --- is identical with the sequence of 
determinants w!”(«) formed from the elements of the first two columns which 
are in the ith and jth rows of P(x). In fact the first member of both 
sequences is ¢,;.49(@), and in general p4)(a) is derived from p{"),.(a) just 
as uit) (a) is derived from wi") (a), namely we have 


PGAY(@) = a ayy. x ( (% — 1 \ pin (@ — 1 ) 5 


DU) Dye ee x a;,(w—1)p"P(a—1) i a;,(% — 1) p(«e —1) 


tye t os) = 





= 


Pet (a2), pit? (ac) | Son (e—1)p%(«—1), x4 a;,,(« —1) p% (ae — 1) 
7T=1 


= Pi ay .4.(% — 1) uf (a —1). 
kyl 





Thus the theorem is true for X = 2 also. Strictly speaking, we have only 


obtained functions w,(a) for i<j; but we have obviously such functions for _ 


all i and 7; these may be obtained by means of the equation w,,(@) =— w,,(@). 
In like manner the theorem can be demonstrated for the remaining values of 2. 

The existence of the functions v,,_,(«) and their properties may be estab- 
lished in the same way. The role of right and left in the x-plane will be inter- 
changed and the equation (4)' replaces (4). 


ne 
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The functions w,, (a) and v,,,(#) will be called the determinant limits 
on account of their origin. 

In the case that the restrictive hypothesis is satisfied and all the roots p of 
the characteristic equation are equal, Theorem I supplies a complete existence 
theorem, every column of elements of P(x) and Q(«#) converging to an ana- 
lytic solution of (1). These conditions are met if one has 


(2) a?) 


a ae 
4 — met 28d. 
a, (©) = 8, +44... 


In general however Theorem I supplies only one solution directly, and that is 
furnished by 


gi(@) = %(%), Jo(@) = Ua (@), +++. 9, (4) = 4, (2). 
This set of functions must be a solution since the definition of w,(a) gives us 


nr 


u(e+1)=lim 5 a;,,(x)---a,,(w—m)t,(a—m) 


M=0 FT, H= 
n 
= >) 4;,(%)u,(2). 
rT=1 


§2. Tur SoLuTions ASSOCIATED WITH THE DETERMINANT LImITs. 


The functions u,(x), u,,(@), +++ which have been obtained behave as 
though they were constituent determinants of a matrix of solutions of (2). 

THeorEM II. There exist n solutions 9,,(%), Jo;(@%)> +++9 Gn; (%) [A (2), 
h,,(2), Con, h,,(@)]Q =1,2,.--,n) of (1) over any discrete set of values 
congruent to a given value By OF Rs such that every \-rowed determinant formed 
trom the first [last] X-columns of the matrix G(«)[H(«)] and the ith, jth, 
-++, lth rows will equal u,,...,(%) [vy...,(@)] at these points. The first solu- 
tion gy.(2)s G()s +++5 Ju (®)[ hag (2)s fay (@)y +4 yy(@)] és uniquely 
determined, the second solution 9g,.(@), Jo(®)s ++ +5 Gno(®) [Aa ni(%) 
hy n1(@)5 +++5 hyn 1(@)] is determined up to an additive term obtained by 
multiplying all the corresponding elements of the first solution by an arbitrary 
function of period 1, and so on, any one of these solutions being determined 
up to an additive term linear in the corresponding elements of the preceding 
solutions with arbitrary multipliers of period 1. 

Proof. The theorem is true in so far as it relates to X= 1 silite u,(x), 
u,(@), -++,u,(#) has been seen to give a solution of (1). We may write then 


Jy (e) = u,(@), Jn (#) aa U(x), Maat In (%) cart u,(@). 


Next we shall demonstrate that there exists some solution 7,,(@), 9,(@), +++, 
J,(#) such that for all ¢ and 7 
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Gin(%) Gig @) 
9; (%) 9 j2( 2) 


For this purpose we shall recur to the sequence of elements of P (a). By 
means of the identity 


=U; (x ye 








PY (me): (pe ay Ge) 
PY (%) p(x) pe(a)|= 0, 
pre) pe (eye pea) 


we infer, by developing according to the elements of the third column and letting 
m become infinite, that 


U,,(@) U,(e) — U,,(%) ue) + U,,(w)u;(%) = 0 (i, 7, R=1, 2,-*+, nye 


The n quantities 9,,(%)5 Joy(#%)> ***s Jyo(%) uniquely determine a solution of 
(1) on the set of points congruent to z,. Choose these n quantities so that (22) 
is satisfied for some fixed i such that g,,(x,) +0, and for every j. All the 
rest of the equations (22) will then be satisfied, as is evident from the pre- 
ceding equation. This gives us 


Gal) Fin(@) | 9 i(#) I i2(@)| 
| Fan es) ae | fa + Usk A) il )= 0 
Ij1(%) ga(@) Jia (%) gale) 2 a ip 


for « = «,, which reduces to 





Gl) Gj2(%) 
Ju(®) Jr2(*) 


for «=a, Hence g,,,(~) and w,,(#) are equal at «=~, for all 2 and j. 
But they are both constituent elements of a solution of (21), and therefore will 
agree at all congruent points, since only one solution of that equation exists on 
the discrete set of points congruent to x, whose elements have given values at 
this point. It is necessary to make an exception of points congruent to the 
poles of A (a) or A~'(a#—1), and such points are excluded. 

The method by which this second solution was obtained clearly allows us to 
add to each element g,,(a) a term of the form p(x)g,,(“), where p(x) is of 
period 1. 


U (©) = 








One may now in an entirely analogous way define a solution g,,(2), 9,(@), 
+5 9,,(@) on the set of points congruent to ~,. The identities to be employed 
in this case are 


Ui 54,( 0) U,(@) oa U5 4() U,( 2) a Ui) U, (2) — Uy (©) U; (%) = (0). 
The function g,,(2) is only determined up to an additive term 


P(@)9,(%) + 9(@) Gi2(%)- 


1911] LINEAR DIFFERENCE EQUATIONS 250T 


By proceeding thus the theorem may be proved in a succession of steps in so far 
as it relates to the elements g,, (x). 

The part of the theorem that relates to the elements /,,(«) is proved in an 
entirely similar way. 

The solutions g,,(%), ---59,;(@) [2,,(@), -++ %,;(#)] may be said to be 
the solutions associated with the determinant limits w,(x), u,,(v)--+ [v;(@), 
,,(%)--+ |. 

It is important to obtain explicit formulas for these functions g,,(x), and 
we shall show that it is possible to obtain the solutions 91;(%)s q., CB) ines, 
Jnj (©) for j=1, 2, +--+, in terms of u,(@), U,,(%), +++) Ue..ns and the 
operation >> defined by the condition 


Dees!) i Paty aa p(x). 


The functions g,,(“), --+,9,,(@) are equal respectively to u,(@), +--+, u,(@). 
It will accordingly be sufficient to obtain formulas for g,,(7), «++, 9,,(") in 
terms of the solutions Jrj(%)o ves Gyl@)(J=1, 2, ++, k&—1) and the 
determinant limits. 

Form the determinant 


I (%) J12(@) rey Iu 7) 
(23) 6) (90) = 9u(e% +1) 912(% + 1) es 9u(@ +1) 
9, (% + &—1) Gio. ke 1) ren Guilt +e —1) 





If now in place of the elements Ii; (x +m) (m> 0) we insert their value as 


obtained from (1) 


nm 


(24) G1; (@ +m)= 2s Mle m—1)a,,(w+m—2)-.- Ang (®) Jo, (x), 


Ci tag cron 


in terms of the functions g,,(”), ---,9,;(@), we see that the above determinant 
may be expressed as a sum of terms each of which contains as factor a deter- 
minant which reduces to one of the determinant limits of order &. In fact we 
have obviously 


n 


25) OP(2)—= FS faete)| Dae l) tee (@) Joo tee. (2) 


Hence this determinant is to be regarded as a known function. na 


But the identity (23) may also be looked upon as a non-homogeneous linear 
difference equation of order k — 1 in g,,(#), and may be written 


(26) EO M(a)g,,(@+h—l) + (@) 9, (@+h—2)+ +» -EO*M@+1)9,, 2) =O"). 


The associated reduced homogeneous equation obtained by equating the left 
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hand member to zero has the solutions [see (23)] g,,(@), +++. 9, ,-,(@), which 
are linearly independent unless 0%-(a@) is zero. By a method analogous to that 
of variation of parameters for ordinary linear differential equations, let us put 


(27) I 2) = Lgy(eh(e) 


and determine /\(#),/,(@), ---,,_,(«) by the equations 


k— 


— 


Yr ghy(@ + A)AL (aw) = 0, 


ei 
be) 


(28) gy (e+ 2)AL(@) =, 


& 
Il 
= 


yi 6 (a) 
: 2 gy(@ + BLA, (2) = gamiggy 


where as usual A¢ denotes the difference ¢(a+1)—¢(w«). There are here 
k — 1 linear equations to determine the & — 1 unknowns A/,(a),---+, Ad,_, (a), 


and their determinant is precisely @“-Y(2+1). Unless this determinant is 
identically zero, we have accordingly 





GE we) ee eC) 
Al («) = B=" OVC “at ) u 


in which m, ,_,(«) is the cofactor of the element in the jth column and last row 
of the determinant 6¢-)(# +1): 


9(%+1) 9+ 94 5-1(@ +1) G1,j+(@ +1) ++ Gy p i(e+1) 
(29) + qs) Gigret2) 9 ae, te ae a! 








a 1). MG 4g toe Ae om 1) 2G) 42 (oem 1) 


The resulting expression for g,,(2) is 


kal OE) Laon i) 
(30) Jy,(@) ee z 91;(%) dX Ga 62) ai (8 ots 1) : 





It remains to show that g,,(@) as thus defined is a solution of (26). We have 


Taek = gi, (w)l,(@), 


an +1 => [(n; (e+ 1)7, OD ae Peta Oe (#)] 


(31) “lS a+ 4)l, (a), 


> 
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k-1 
In(wtk—1)= 2 L(g (@+4—1)l (a) + 9,,(e+4—1)AL (x)] 
L= 


> 6 (a) 
= 2 I (% rer eh ty) GD (ae) 


Hence, if we multiply the last of these equations by 6“%—(a), the one which 
precedes it by (a) and so on, and add corresponding members, the left hand 
member of the resulting equation will be precisely.the left hand member of (26). 
Also all the terms except the last of the right hand member reduce to zero by 
reason of the fact that 9,,(@), ---, 9:,,-1(@) are solutions of the reduced equa- 
tion, and there remains only a term 6)(a). Therefore g,,(«) is the desired 
solution: furthermore the formula (30) does not determine g,,(a) uniquely but 
only up to a sum of terms 


Pi(%) 9u( x ) oe + Des (2) M1 ps (2%), 


where p,(#), +++, p,_,(#) are arbitrary periodic multipliers since the operation 
> ,_, 1s determined only up to an additive periodic term. But the result stated in 
Theorem II shows that g,,(«) has precisely this degree of indeterminateness, and 
hence the most general determination of g,,(«) is furnished by (30) unless 
O'-)) (x) is identically zero, and this is an obvious case of failure. 

When a choice of g,,(a) has been made, the remaining functions g,,(), ---, 
J,,(@) which make up the £th solution are determined. In fact the equations (24) 
form =1,2,---, form n linear equations in g,(@), ---,g,(«) of determinant 
not zero, since in the contrary case we should obtain a linear homogeneous relation 
between g,(~ +1), ---,9,(%+ 7), which contradicts the condition placed on 
g,(x) at the outset that it satisfies an equation of the mth order. By solving 
these equations we obtain 


(82) g.(%)=o,(2)9,(e@ +1) + o,(%) 9, (+2) + +++ +4,,(%)9,(@ + 2) 


(1=1, 2; yee a 


where the functions c,,(@) are rational in x. These equations determine 
9.(@), ---, 9,(«@) in terms of 9,(x). 

That none of functions 6(a), ---, @”(«) can be identically zero may be 
proved as follows: In the first place 6 (x) has a definite asymptotic form in 
the entire x-plane, namely that obtained by replacing w,,_.(@) by s,,...(#) in 
the right hand member of (25). This is a consequence of Theorem I. But this 
form is eal 
8,,(#) +45 8, (¥2) 
s,(@+ 1) jo s,,(@ + 1) 


9 





8, (%+k—1) a s,,(%+ k—1) 
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as may be shown readily by means of (23). Recalling now the explicit form of 
the series S,,(@), we obtain 


; ; qi) 
(33) O(a) ~~ fila Goby Seeks (p, Gah Noel ie (4, ae 5 +... :) _ 


Since 6”)(a) is represented asymptotically by this expression with respect to 
to the left of any line parallel to the axis of imaginaries, and with respect to v to 
the right of such a line (Theorem I), it is obvious that unless d,, d\), --- are all 
zero, @) (a) does not vanish at a great distance from the positive axis of reals. 
But these constants can not all vanish. Otherwise the above determinant 
vanishes (formally) and s,,(#), +++, 8,,(#) are linearly dependent, and accord- 
ingly, by (32), s,,(@), +++, 8,,(@) (t=1, 2,---, 2), are linearly dependent, in 
contradiction to (7). Thus (30) is a valid formula. 


$3. THe INTERMEDIATE ASSOCIATED SOLUTIONS. 


The application of the formulas (30) and (82) leads us immediately to a set 
of intermediate associated solutions 


Gin (2)> ro Ji (@) (k=1, 2,-+-,n), 


analytic above and below lines A co and Bc parallel to the axis of reals, and 
which have the property that 


I14(@) ey 8,,(@), eed Ine (@) ies S,,(@) (k=1, 2, eae n), 
with respect to x in any left half plane and with respect to v in any right half 
plane. 

We take 

Ji (®%) = Uy (%)y 005 Ju (7) = 4, (@), 
and this first solution has the properties stated, by Theorem 1. We now define 
the solutions g},(@), +--+, Jio(®@)3 Jig(%), -++5 GJi3(%)3 +++ Im succession by 
choosing the summation operation = on ¢(a) to be defined as 


—$(2)—#@ +1)—- 
and employing formulas (80) and (82). It will suffice to show that a solu- 
tion g,,(@), +++, 9,,(@) for 7 =& will exist and have these properties under 
the hypothesis that the same is true for 7 =1,2,---, K—1. The formula 
(30), which serves to define g{,(«) if |p,_,| > |p,|, is then 
koi 2 0 (x +v)m, ,4(e + v) 

i : = — ‘(2 — 
(3 ) Iix(@ ) 2 Is () Le GW $v) OMe + v + 1) 

We have written m;,,(#) to stand for what m, ,_,(#) becomes when I; 
replaces g,,, We shall first prove that the 4 — 1 series which appear here are 
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convergent. To this end we need to compute the asymptotic form of the typical 
term of the above series 
| Om( wv) m;, n—1() 
A) (a ) Qk-1) ( ve aE 1 ) ’ 





and this is done by merely substituting the known asymptotic forms for the 
@s as given in (83) and at the same time the known form of the elements 
m;,-1+ This latter [see (29)] is clearly given by 


Mm), , 4(@) ~ 2-2 (p eH). (pe ( Pye) 
(35) mW) 
ee (pees * ya eae tener oe) m; + 7% Se 


as a result of our hypothesis. Combining (35) and (33) we find for the above 
term the asymptotic formula 


Ke) m7 (2) DN Ue a 
(36) ree |: v sa) my +E }, 





The integer s, is zero unless d,_, = 0. 

Since we have |p,| >|p,| for 7 <% except when |p, _,| =|p,| [see (8)], the 
terms in (84) clearly diminish in approximately geometrical ratio for v large 
enough, and in consequence the series converge uniformly in the vicinity of such 
points. Thus g/,(#) has been actually defined and is analytic above and below 
suitable lines Aco and Boo. 

By the aid of relations (86) we may now determine the asymptotic form of 
each of the series in (84). In the first place, if each term of the jth series is 
replaced by its asymptotic formula, the series becomes 


= ( P,\**” | mS 
= e+v/y'%(e+v)(n, a cra Be 
a) ( as ) ( rr (4 ++ ) 
The error committed in the final bracketed series by breaking off at the /th 
term is of order (2 + v)~' if x lies to the left of the axis of imaginaries, and of 
order v' if x lies to the right of this line, since the imaginary coefficient v of 
«+ v is the same as the imaginary coefficient of «. These bracketed series are, 
of course, finite above and below suitable lines Ao and Boo. 

Now separate the series into two parts: first the sum of the first m terms in 
which v < $|x], secondly, the remaining terms. Sd 

In this first set of terms we have 

y 
(ot ryrmor(1 44 ), 

where the error committed by breaking off the series at the Ath term is of the 
order (v/x)*. Hence the first m terms of the above series may be written 
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p, m P, Vv o : yp k 
(Ferre Ss (EB) [ett +ae(@n(Z) |, 
J = id 


where J/,() is limited. Now the terms involving M,(«) ave of the order 2~—*, 


since 
ie s *| ale 
> (#) M(2)(=) Be z > (2 ye pita fixed constant. 
| v=0 j | Py 

As m becomes large we have also 

; es me itinde 

x & te P; = Pr 


o all powers of x since the difference in absolute value is 


Or er He 
ae 2 | 


P; 





Hence the first m terms have the asymptotic form 


(1) (Eyer ly, +e... | 


with respect to x for » to the left of the axis of imaginaries, or similarly to the 
left of any parallel line. The terms after the mth diminish in approximately 
geometrical ratio for |v| sufficiently large, and all contain a very small multiplier 
(p,,/p,;)". Hence the second group of terms does not affect the above asymptotic 
form. 

Substituting the above expression in (84) and at the same time the known 
asymptotic formulas s,,(a) for g\,(#), we find 


pie 5) 
Ge) ~ De we ( p. e—* yr Rae 4... 


a 
pea - 
x (2) moa), + myers rae |, 
. . J 
or multiplying out, 


(1) 
(38) Iin(%) ~ (pret yrarra| Eu vie wea 


with respect to a in any left half plane. 

By means of (32) we now obtain the asymptotic formulas for g},(a), -++, 
g,,,(v). Thus we obtain n formal expansions which must of course be the con- 
stituent elements of some formal solution. The possibility that &,, &?, --- are - 
all zero must be excluded since from that fact we should infer that all the coeffi- 
cients in the asymptotic expansion of g/,(a)(i=1, 2, ---,2), and consequently 
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of 6(x), were zero. The formal solution thus obtained must coincide with 
S,,(@), +++, 8,,(@) at least if p,, ---,p, are distinct. For itis apparent that the 
only possible difference lies in a constant factor. By definition of 6” (2) in terms 
of 9,,(%) = 91, (%), --+5 %, =9;,(@), and in virtue of the fact that the asymp- 
totic form of 6” (a) has been shown to be that obtained by replacing these func- 
tions by s,,(2), ---, 8,,(#), it follows that this factor must be 1. Hence we 
have in this case &,,=s,,, &) = s), ---. Under our’ restriction, these equa- 
tions are algebraic identities persisting in the exceptional cases when p,, ---, p, 
are not distinct also. 

Thus we have demonstrated the existence of a kth solution having the desired 
properties provided that |p, _,| and |p,| are not equal. 

We shall now indicate briefly the modifications that are necessary in the case 
|P,-.|=|P,|- Suppose that p, is one of a group of roots 


PaseParys) 9 Pp 

of equal absolute values. If p,=p,, we have seen how to construct the kth 
solution ; if p,=p,,,, one may invert the order of p, and p,,, in (8) and thus 
construct a (’ + 1)th solution possessing the requisite asymptotic properties, and 
so continue to the Sth solution. It is however necessary to know that the solu- 
tions thus constructed are associated with w;(a), u,,(@), +++ asstated. Accord- 
ing to the method used in § 2 there certainly exist ath, (a+1)th, ..-, Sth solu- 
tions over congruent sets of points which satisfy all the limit determinant 
relations, obtained by interchanging the order of p,, ---, p, in (8); for the alge- 
braic condition that this hold will be satisfied at all the approximations since 
these are actual determinants, and hence will be satisfied in the limit also. On 
this account at least certain determinations of the sum formula employed will 
give a kth associated solution. Since however this th associated solution is 
determined up to a linear combination with periodic coefficients of the solutions 
before the ath, and the formula which gives it indicates a solution determined up 
to a linear combination with periodic coefficients of solutions before the ath, the 
general solution given by the sum formula is a Ath associated solution. Thus 
the solutions, obtained in this exceptional case as indicated, are associated with 
the determinant limits. 

It would be of considerable interest to determine the nature of these inter- 
mediate solutions near to the axis of reals. 

Considerations of symmetry show that there exists a set of solutions h(x), 
---,h\,(@)(j=1, 2, ---, m) having the properties stated. 


§4. Tue First anp Seconp PrincipAL Matrix SOLUTIONS. 


We shall proceed now to prove the existence of certain two remarkable 


matrix solutions G'(x) and H(2) of (4), and this will be done by means of the 
Trans, Am. Math. Soc, 18 
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formulas of § 2 and the intermediate solutions of §3. It is clear that in order 
to define any matrix G'(«) it is merely necessary to choose properly the opera- 
tions >>,_, which occur in (80). We shall use a contour integral to effect these 
summations, similar to that which Carmichael has used, writing 


> o(t) —_ — ff entsee p(t)dt 





Carve o ea 


where A is an integer and Z is a path o ABoo like that in fig. 2. The 
contour AB is a simple curve which passes between « and «—1. The summa- 
tion function ¢(¢) is supposed to be analytic 
except at points at a limited distance from 
the positive axis of reals and within the 
region oo ABoc. Furthermore ¢(¢) is 
supposed to tend toward zero along lines 





Ao, Boo sufficiently distant from the axis 
of reals, and in such manner as to make the 


Fig. 2. 


above integral absolutely and uniformly 

convergent in the vicinity of any x not congruent to a point of LZ. In 
this case the function represented by the integral will be analytic at a 
sufficient distance from the positive axis of reals, and will be independent 
of the particular lines A0oo, Boo or particular curve AB chosen. If we 
form the difference >>_,,.,¢(¢) — X_,¢(¢) it will be given by an integral 
over ABB’ A’'A, the integrand being unchanged. But within this closed curve 
the integrand is analytic save for a pole at ¢ = x; and by the calculus of residues 
this difference reduces to d(#). Hence this is a possible determination of 
Dax? (t)- = ' | 

Having made this preliminary study of the operation >°_, we now proceed 
to the proof of ' | 

TueoreM III. There exists a matrix solution G(a«) [ H (x) ] of (4) whose 
elements have the following properties : 
(a) the functions g,,(v) [h,,(x)] satisfy the conditions 


Jal ©) G2(*) 
Jj,(@) G;.(@) 
ina(®) hin(@) 
Se CT CM 


(5) the functions g,,(x)[h,,(«) ] are analytic throughout the finite plane except 
possibly for poles to the right (left) of and congruent to the poles of the 
elements of A(a)[A~ (v—1)] ; 

(c) in any left (right) half plane g,,(%)[h,,(x)] is asymptotically represented 
by s,,(@) with respect to x. 


gy (") = u,(2)s =U, (i) 0 





[Ae =n. 





=», (2); fs 
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Proof. The proof of this theorem will be made by actually obtaining the 
solutions 9,,(@), +++, Jy(@)3 +++3 g,,(@), +++, g,,(@) in succession. The 
conditions of the theorem are evidently satisfied by taking the first solution to 
be 

gu(@) =m (@)s +6 Gy (@) =u, (2). 


It suffices therefore to exhibit a solution Gy, (%2)5 ++ +s G,,(#) which satisfies 
the conditions of the theorem under the hypothesis that the solutions g,,(«), 

“+5 9,;(@) (J <k) have been constructed satisfying all of these conditions. 
This is the way in which the theorem will be demonstrated. 

The formula (30) gives the most general determination of g,,(«) which is 
possible if g,,(#) is to be the first member of a kth solution satisfying restric- 
tion (a). We shall consider first the case |p,_,| > |p, |. We choose the 
operation >), as indicated above, and obtain 





ves el C(t) eee e) dt 
een ee 2m Aj~V —1(e@—t) i ictal ni e . 
(39) Iy(@)= Lay(2) J ¢ OE) (£4) OF (E 41) eteV¥—1@- _ 1’ 


the integer X,,, will be chosen to be the least integer as great as the real part of 
40 Be Noe'p, <= lop 
(40) pee 08s 108'2;) 


The functions g,,(x), +--+, g,,(«) are then obtained from (32). 

The first step is to establish the fact that the summation functions in (39) 
satisfy the restriction on the summation function ¢(t). Now 0(a), @¢-) (a) 
are analytic save at points to the right of and congruent to the poles of ele- 
ments @,,(«) by (25). Likewise, by the initial hypothesis and by definition of 
m,;,-1(#) as the cofactor of the element in the jth column and’ last row of 
6% (x% +1) [see the form (29)], the singularities of m,,4(7) (j=1, 2, 
---, k —1) are restricted in the same way. Hence the summation function 


a) (é)m; ,3(¢) 
p(t) a OD (¢) OD (¢ +1) 





will be analytic at all points sufficiently far from the positive axis of reals, pro- 
vided that G%—-(t) does not vanish except at points within a certain distance of 
that axis. This fact is an immediate consequence of the relation (83) in which 
d,, d\, -»+ have been seen not all to be zero. It remains to show that the 
function $(¢) tends to zero in such a way that the integrals appearing in (39) 
converge as stated for all positions of the lines A oo and Boo at a sufficient 
distance from the axis of the reals. In order to demonstrate this essential fact 
we make use of the intermediate solutions obtained in §3. By Theorem II the 


general determination of the solutions g,,(~), ---, g,,(@) associated with 
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the determinant limits is given by any one of them plus arbitrary periodic mul- 
tiples of the preceding ones. Hence we have 


(41) J;(@) = Ji (®) Py (%) Hes + Gi, 5-1 (@) pj1,5(@) + Gy (%) 

(¢=1,.2, «--, a3 7 = 1,2) sepia 
where the functions p,,(a) are periodic functions of period 1, analytic for « suffi- 
ciently distant from the axis of reals since the determinant |g;,(#)|~|s,,(#)| 
does not then vanish. Substitute these expressions (41), for i =1, in m, ,_,(#). 
A reference to (29) makes it clear that the m,,_,(¢) may be written as a sum 
of products of periodic multipliers analytic for w sufficiently distant from the 
axis of reals and of factors m;,_,(t), where m;,_, signifies as before that 
which m; ,-1 becomes when g’ is put in place of g. Hence the integrals will 





converge in the manner desired if the expressions 


A (6) m,n (t) 
ped t ) ea ae ik ) 





tend to zero in exponential fashion along A co and Boo. This is true if A oo 
and B oo are sufficiently distant from the axis of reals, in view of the asymptotic 
relationship (86) which holds with respect to v in the right half plane. 

The function g,,(«) is therefore analytic at a sufficient distance from the 
positive axis of reals, and by (82) the same may be said of the remaining ele- 
ments g,,(@), +++, 9,,(@) which constitute the kth solution. Working to the 
right across the plane by the aid of the original equations one proves readily 
that the only possible singularities of the functions of this solution will be poles 
congruent to the poles of the elements of A(a) and to the right of them. 
Hence (0) is true for the /th solution. Also (a) holds in so far as it relates to 
this solution since every solution g,,(”), +--+, 9,,,(®) determined by (80) had 
this property. 

Statement (c) has to do with the asymptotic nature of g,,(#), +--+, 9,,(@). 
In order to prove (c) let us break up each integral in (39) into two others over 
contours L, and LZ, as follows: the contour L, is a fixed contour oo A, B, 
(fig. 3). If lies above A, 0, L, consists of a loop-circuit to co which includes 
the points «, «+1, --- within it but not e—1,~2—2, .--. If lies 
between A, oo and B, oo, LZ, consists of a loop which includes x, 2 +1, --., 
«+l within it, where x +/ is the last of this series of points to the left of 
A,B,. If «x lies below Bo, L, is a loop-circuit of the same nature as when 
x lies above A,oo. Any combination of paths Z, and ZL, is clearly equivalent 
to the single path « ABoo of fig. 2. If # lies on Aoo or Boo or on a line 
congruent to a point A, B, on the left, the two integrals are undefined. 

Let us consider first the part of the integrals contributed by L,. The inte- ~ 


grands are periodic functions of « of period 1 and therefore the integrals will 
. 
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also be periodic since the contour ZL, is fixed. This part of the jth one of these 
integrals may be written as either of the products 








(hv) f 
E27 AnV—1e en 2ThiKI Ea 0 )f t ) oy k—1 ( t ) 4 dt 
be 6%) ¢) OY (¢ 41) etaVate-) 1’ 
(i) 
e2t ADV Te fp 2r (Aye) Vat 0 (t)m;, x1 (t) dt 
ae SOR mm a: BT 1) ph oe Pca Sleepy 


It is apparent that in the first of these the second factor remains limited as v 
becomes positively infinite, inasmuch as e?"'!~'* tends toward zero; likewise that 
in the second of these the second factor remains limited as v becomes negatively 
infinite. Hence the part of g,, thus obtained is 


Groner er a9), (2) eeeirt Gi pia (t) Pre BT Te-1,n(@)s 
(42) Ci, i Iu (®) Gy, (@) arin hae G1, x1 (®) Yea, (2), 
J (2) eeru-DV—Ie¢ (a) Jaton Miser Ree E27 k—1, k-DV 12 vA cy, 


according as 2 lies above A,oo, between d,oo and 6,00, or below B,oo. The 
functions q),(”), +++, Qx-1,,(@) ave periodic and limited. This is obviously 
true unless « is in the vicinity of a point congruent to a point of the contour of 
integration. However it is true in this case also since each of the three expres- 
sions above is unchanged if the contour be varied continuously; of course the 
function q,,(«) is not one and the same analytic function in the three cases. 

Next let us consider the contribution C’,, yielded by the integrals taken over 
L,. Let us suppose first that x lies above A, oo or below B,co. In this event 
the integrals in C’,, may be evaluated as a sum of residues, each of which may 
be expressed in two ways, as indicated in the following formulas 

pee e 0 (ae + v)m, (e+ Vv) 

(43) | Ch. = BEERS 2d | ere + v)O8-D (a + y+ 5 | 


or 








hs © O (e+ v) im, ,1(@ + v) 
C,, a Dae) >) E=- a 0) BIN a + Vv + 5 | 


j=1 = 
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The first form is the obvious one derived from equation (39). If we observe 
however that we have, by definition of m, ,_,(«), 


9u(e% + v+ 1)---9,,1(e+»+1) 
> cee 2; 
Do Gd) Myx 3 (tet 2) =| ea Sia Ee ) 


Ju(@) Si n-a(@ ) 


and then write in place of g,, their equals as given in (41), the resulting deter- 





minant may be simplified because the periodic coefficients are the same at 
etv+tl,e+v+2,.--- as at a. By a combination of successive columns 
the determinant reduces to a new determinant identical with the above except 
that g’ replaces q, i. e., reduces to 


k—1 
D2 Ji (©) Mj, pa(@ + V). 
j=l 


Thus the second of the above forms is obtained except that the two signs of 
summation will appear in inverted order. It is permissible to change this order 
if all the infinite series converge. This is certainly the case as the second form 
is precisely that which defined g;,(~) in §8 [see (84)]. Thus we have for 
above A, c or below B, o0 
(44) Ch, = in(@)- 

When « lies between A, oo and B, co to the left of A,B, we use a form like 
(48). We will agree to denote C,, by 9/,(”) for the sake of convenience, 
because then (44) holds in all cases and g/,(a) as thus defined will have the 


asymptotic form s,, with respect to x in any left half plane, and with respect 


k 
to v in any right half plane. In §8 these facts have already been proved for 
g,,(#) as there defined, that is for 2 not between A, oo and B,co. We need 
therefore to prove that g|,(«)~ 8,,(#) with respect to « between A, oo and 
Bc only. The discussion is entirely similar to a discussion that has been given 
in §3. In the first place the integrals in the expression g/,(«) for C,, may be 


evaluated as a sum of residues 





oy ae tL O(a + vam, (+7) 
(45) GN) es — Ze I (") Le FI ev ORY (ae v+1)’ 


where x + / is the last point of the set x,2+1,--- to the left of A,B,. If 
this equation be compared with (34) one sees that the right hand members differ 
in that a finite sum replaces an infinite series. Proceeding precisely as we did 
with (34) we arrive at the asymptotic relation g/,(#) ~ s,,(«) with respect to 
x by means of the hypothesis made that 9,,(@), ---+, 9,;(@) are asymptotically - 
represented by s,,(@), +--+, 8,;(@) with respect to # in any left half plane and 
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for j=1,2,---,4—1. The sole modification consists in this that instead 
of having an infinite set of terms in which those after the mth (m the greatest 
integer less than 3|a|) do not affect the asymptotic form, one has only a _ finite 
set of terms in which however those after the mth do not affect the asymptotic 
form. 

The proof of (c) of the theorem in so far as it relates to 9,,(@), +--+, 9,,(#) 
may now be given. In the first place, for x above A, 00, (42) and (44) give 





we 





2rd. —1e : »\ e2tAp_1 pN—12 A 
Iu.(@) ~ 8, (@)e 3 I (@) + ae + 8,,,,(@) 7% ue Gynt Sy,(%)> 
The dominating term will depend upon the dominating term of 


em AK) —1+ log pi)x ee %s eAmAr—1, 4 —1 + log'p7,- 3) ; e(log pR)x 


which begin the formal expansions. On dividing by the last of these, the 
exponents become 


aml log p,—log Pp, iby Aas log p,_, log p, 
2nV=1 (ru aa rae Tey a Vie | Qaet See aT Je 0. 


The bracketed expressions here all have a positive real part less than 1: this 
follows from the definition of ,,, ---, A,»_1,, and the fact that |p, || > |p,|. 
Hence the coefficients of « are represented by points in the upper half plane 
below the line v = 27. Therefore if a lies in the second quadrant, all of 
these exponents have a negative real part, and the last term dominates, that is 





Iu. (2) a: 8,(@) 


for « above A, oo and to the left of the axis of imaginaries, or likewise of any 
parallel line. 
For w between A, oo and B, co we have similarly 


Irn ( ©) ~ 8, (%) My, (%) Ho HS a (%) Get, (@) + 812 (%) 


and the last term clearly dominates again by (8). 
For x below B, «0, g,,(«) is represented by 


81,(2) e27 (1k!) N—lao (0) +...4 Sy), pal Dees BTA tay dear 2(2) +8,,(a). 


The dominating term depends on the exponents 


_—* lov p.—loe a log: —los 
any =1(r,.—1 + pele Te Br =A( A z—1+ a Ps) 0. 





The coefficients of x will in this case clearly lie below the real axis and above the 
line v = 27, and if a lies in the third quadrant, the last term s,,(w) again 
dominates. 

Hence in any left half plane g,,(«) is asymptotically represented by s,, (2) 
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with respect to a, and of course g,,(”), -+-+, 9,,(@) are at the same time 
represented by s,,(@), +++, 8,,(@) respectively, as follows from (382). Thus a 
solution g,,(”), «++, 9,,(@) exists possessing properties (a), (0), (c) unless 
|P,1|=|p,|, that is unless p, is one of a group p,, P,,,, +++» P, Of roots p of 
equal absolute value. The same argument which enabled us to treat this excep- 
tional case in § 3 may now be applied here; that is, we may take p, as the first 
of this group without violating (8) and construct a Ath solution which satisfies 
(a), (0), (€) corresponding to each of these values of p. 

The second set of solutions h,,(@), ++-,h,,(@),(g=1, 2, +++, 2) may be 
obtained by considerations of symmetry. 

There is one and only one solution g,,(a), +++, 9,,(”) [2y,(%), +++, 24 (#)] 
(k=1, 2, ---, m) analytic except for poles and asymptotically represented 
by s,,(@), +++, 8,,(«@) even to terms of the first order in any left (right) half 
plane. The matrix G(2)[H(«)] with elements g,,(@)[h,,(«)] is termed 
the first (second) principal matrix solution of (4). 

In order to justify this définition it is necessary to show that there exists but 
one such solution g,,(@%), +++, J,(@)[A,(@), --+s 2,,,(%)]. Suppose if 
possible that there exists a second solution 9,,(”}, «++, 9,,(”) with the proper- 
ties stated. Now we can express g,,(«) as follows: 


Jl ©) = Gn (%)p,(@) + oe + Fin (© ) Py (%) (i=1,2,---,m), 
where p,(@), +++, p,(@) are periodic of period 1, inasmuch as g,,;(@), ---, 
Jnj(®) (G=1, 2, +--+, m) form a fundamental system of solutions. If we solve 
these equations for p,(«), we shall have 


In) anh Iu. (@) ae Ii,(@) 


pil gal@) oo Gnu %) * + * Jan(©) 
Pe) .¥ In(*) a 9y;(@) ara Jin() 











In (@) oh Iii ®) aes Inn (%) 


Consider now some definite period-strip formed by two lines parallel to the 
axis of imaginaries and one unit apart, and let 2 become infinite in this 
strip. On account of the known asymptotic form of the elements g and g in 
the strip to terms of the first order we find at once, if i + k, 


ple) ~ (2) eno] 


i 


for w at either end of the strip. If we write z = e?"~-!", this may be written 


: 1 
p, (a0) ~ 22 SNP (log 2)" [0], 
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The upper end of the strip corresponds to z = 0, and the lower end to z= oo. 
The above relation shows that p,(«) has a zero of at least the order 2,, at 
z=0. Likewise, this relation shows that p,(«) has a pole of order X,,—1 
at most at z= oo. Consequently p(«)z~ is analytic at z= 0 and vanishes 
at z= 00. Moreover, by taking a far enough to the left, the original determi- 
nant expression for p,(«) is analytic since every element of the two determinants 
is analytic, and the denominator is asymptotic to the formal determinant | s,,( ) | 
which is not zero if « lies far to the left. Hence p,(x)z-*, for i + k, is 
analytic for all finite values of z and vanishes at z = 00; it must be identically 
zero. We conclude that 
Jin (©) = Ji, (©) p,(@)- 

Now let i be chosen so that s,,, the constant of the principal term of s, (a), is 
not zero, as is possible by (7). Consider any point ~, and the points x, — 1, 
©, —2,--- toits left. As a takes on these values, 7,,(7)/q,,(@) tends toward 
1, and thus we see that p,(a) is 1 at the point x,. That is, 9,,(a@) and g,, (a) 
are one and the same function, in contradiction to our hypothesis. 

If the functions a,,(«) had not been restricted to be rational, the only modi- 
fication in §§ 1-4 would be that in the statement and proof of (d), Theorem IIT, 
other singularities than poles would enter. 


§5. THe FuNDAMENTAL PERIODIC FUNCTIONS. 


Either of the two principal matrix solutions G’(a) and H(«) of (4) may be 
expressed in terms of the other, e. g., 


(46) Geax) P(x), 


in which the elements p,,(«) of P(«) are periodic functions of period 1 which 
may be termed the fundamental periodic functions. We shall now determine 
the nature of these functions. The fact that will enable us to do this is that 
G(x) and H(x) are composed of elements of known asymptotic form in any 
period strip which may be taken to be one and the same in both cases. 

On account of the gain in simplicity we shall make a preliminary transforma- 
tion. Let 

d(a)=(w—a)(w—8)---(w@—A) 


be the least common denominator of the set of rational functions a, ( w), and 
write 


g:(w)=T(x—a)T(e—8)--- D(a —r)g; (x) (i== 15.2, sts) tt.) 


where I'(a) is the gamma function. The transformed system will be altered in 
that the common denominator has been removed. ‘The formal solutions of the 
new system will be those of the old multiplied by a certain factor, and hence 
will satisfy the restrictions imposed in § 1. 
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The new coefficients are polynomials in #. It is then permissible to take all 
the functions @,,(a) as polynomials, say of degree y or less, and this we shall do. 
The first principal matrix solution G'(a) is constituted of elements analytic 
throughout the finite plane, in this case, inasmuch as the elements a,, (a ) have 
no poles in the finite plane. 

From the equation (46) we have 


(47) _ P(x) =A"(2) G(x); 


but if we take our period strip far enough to the right, the elements of H(«) 
are analytic functions of «# and the determinant of /7(«) will not vanish in the 
strip inasmuch as its asymptotic form is given by the determinant |s,,(2) |. 
‘1 which are analytic 
except perhaps at z = 0 and z = oo, corresponding to the upper and lower end 


Consequently the elements p,(a) are functions of z = e°" 


of the period strip. In the case when the functions a,,(a) in (1) are merely 
rational it is clear that the periodic functions p,(a) are analytic or have poles 
except at z= 0 or z= 0. 

It is necessary now to remove a certain ambiguity. The expression s,,(«) 
represents the elements g,,(«) and h,,(«) asymptotically in any right and left 
hand side of the plane respectively, and is a many-valued expression which is 
changed to 


(48) err uN—is eres. (3') 


after a complete positive circuit of « = 0 [see (6)]. Hence if the same deter- 
mination of s,,(#) is chosen for g,,(#) and h,,(@) along the direction of the 
positive axis of imaginaries, the elements g,,(a) and h,,(x) will have a different 
asymptotic form along the direction of the negative axis of imaginaries, since in 
one case we pass from the positive axis of imaginaries to the negative by a posi- 
tive partial circuit, and in the other by a negative partial circuit. (It must be 
remembered that g,,(«) and h,(#) preserve their asymptotic form in any left 
and right half plane respectively.) Let the determination for h,,(a) be termed 
s,(@). Then that of g,,(a) is obviously obtained by a complete positive circuit 
and is given by (48) in the direction of negative imaginaries. 

In the upper half of the period strip Jiy(#) and h,(«) have a common 
asymptotic representation s,(#), and this proves that 


P (G8) iS es (ays 


But the elements of s;;(a) and s,,(#) of S~'(w) and S(«a) are of the respective 
asymptotic forms 





a) sD 
phe g—*% mn—Ti 2) Os Ae aly Y) 
get poo Oy + yen : wee pia apne 


wv 
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[see (9) and (6)], so that in consequence the relation holds 
Py(@) ~ py" ppv 76, 
Therefore, if we think of p,,(«) as a function of z, we have 
of emia TE logz \"-% 
lim py(w)z 2x1 ( “2. ) = 6 
Oar Vaan 


The single-valued analytic function p;,(#) of z is accordingly infinite only to a 
finite order at z = 0 and either has a pole there, or is analytic. For i = 7 it is 
clear that p,,() is an entire function of z taking on the value 1 at z = 0, that is 


(49) ayaa AP cl) etx ia ee 


For i + we have obviously 











ij ° 
z=0 


lim p,(«)2~* = constant 


2=0 
since X,, was defined as the least integer as great as the real part of 


log p; — log p: 
IrV—1 





Hence p,,(«) has a zero of order 2,,, at least, at 2 = 0, and may be written 
(60) pul) = Fr (of 4 Mere 4 ...), 


the coefficient of the exponential factor being an entire function of z. 
It remains to consider the functions p,(«) in the lower half of the period 


strip. Here the functions g,(2) and h,(«#) have the respective asymptotic 
forms — 


etruN—ie drrl—ig (~) and s,(x), 
and the matrices G(x) and H(«) are asymptotically represented by 
Str yeand) S)(a) 


respectively where uf 
; D>; (x) —— (a) (ee N12 p2nrjN—1 8, ee 


Hence we obtain 
P(a)~ S(w)8,(@) or [S(a) S(w)](erm = etet8,,) 
or Dae pi merit r; ( E27 b Mis e2mrjN—1 85; ) i 
Thus each function p;;(#) satisfies the condition 
log py—log pi lox 2 ri ee 
lim p.,(%)2  aeN=1 (e_ ) en 2nrjy—1 — § 
pes \2) V1 


* The notation (4) signifies a matrix with term @ in the 7th row and jth column. 


ij 
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We see again that p;,;(x) becomes infinite only to a finite order at z = oo. 
This demonstrates that p,,(«) is a polynomial in z and that p;,(#) (7 +7) is 
equal to z’v multiplied by a polynomial in z 
In the case 1 = 9 we have 
lim py (ver * = eemris—1 
so that the polynomial p,;(«) is of degree mw in z with leading coefficient emris— 1, 


In the case i + 7 we have 


lim p,; (0) sae w+l — constant, 


2=>0 


so that the polynomial coefficient of 2” is of degree uw — 1. 

Thus we have proved the following theorem : 

Tueorem IV. Let G(x) and H(ax) be the first and second principal 
matrix solutions of (4) in which the elements 2h f(x) are polynomials of 
degree w at most in x, and write 


Ca ead SEA EN ate 


The fundamental periodic functions p,(x) which constitute P(x) are in this 


case of the form 

fe 5 IT on. Joe 
51) Dule) = 1 Cee eae Tt) gery N—1e 
, 2nryN lz [ 6 Qa Le (4-1) p2a(u—1)N — le verte 
Diy) = Pee NE CPE OB et OY CE ee 


in which d,, denotes the least integer as great as the real part of 





1 
oie (log p, — log p; ). 

The simplest illustration is given by the difference equation for the Gamma 
function, when one has 


— ory mL on vane 
g (2) = ert TTT Aw) =P (@), p(w) =1— ar 


A similar analysis of the nature of the functions p,(«) at 2 = 0 and z 
may be made in the more general case when the functions a,(a) are not 
restricted to be rational functions, and shows that p,,(a) is analytic or has a 
pole at 2 = 0 and z = 00 with leading terms of the same form as those of (51) at 
these points. If the a, (a) are rational, it is obvious that the functions p,{«) are 
rational in e&%—1*; we shall not stop to investigate further the structure of 
these functions. 
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§6. THe Principat Marrix SoLuTIoNs IN THE ENTIRE PLANE. 


The results of the preceding paragraph make it possible to discuss the asymp- 
totic form of the elements of G'(#) [and likewise of /7(x)] in the entire com- 
plex plane. In the first place it has been shown that 


Gy () ~ 8j(2) 
along any ray from # = 0 in the second or third quadrants. To investigate the 
asymptotic form along rays in the first and fourth quadrants we make use of the 
equation 


eae (@)= (a) (nr) or gy(2)= Ds hex (2) Ce) (i,j=1, 2,---,n), 
Ta) 

in which the elements /,,(#) are of known asymptotic form s,,(«) in any right 

half plane, and the elements p,,{v) are known functions of «. 


Consider now a ray from « = 0 in the first quadrant and lying above the axis 
of reals. Along this ray, by equations (51), we shall have 


Py(t)~ e2myN—i Ga) pwhere Ay, = Onan cua 
Thus the preceding equation for ¢,;(«) leads to 
Nat Ai 
(58) gu (2) ~ 8a (ae eh +o. + ay (aetna, 


a formula which determines the asymptotic form in the first quadrant. 
To determine the dominant term we need to compare the relative magni- 
tude of the terms 
x p27 ox mie ie x 2 Neat 
pie My eee 0h, 2) Pye ta 


If these be divided by p*, the logarithms become 


$y, a 5 ers Oz, alate, 


—_— (log p, — log p; ) 
He Vo i( Be aS x NS Ve 
G Pia cog e | aug 


log p, — log p; 


Qari’ —1 





Irv —1 ( 





By the very definition of d;,, the coefficients ¢,,, ---,€;;=0,---, €,, of a in these 
expressions will lie in the strip 0 =v < 27. Let P,, ---, P, be the points which 
represent these coefficients in the complex plane. On account of (8) these coef- 
ficients will have decreasing real parts and the points P,, ---, P, are ordered 
from right to left. As arg x increases from 0 to $7 the above logarithms main- 
tain their relative positions but are rotated about 2 = 0 through the same angle. 
The dominant term along the ray arg « =7 is that one for which the corre- 
sponding point is farthest to the right (i. e., the logarithm has the greatest real 
part) when a rotation 7 has been effected. None of the terms after the j-th 
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can dominate since the corresponding points are to the left of P; = 0 for all 
values of tT < 7/2. 

Draw the convex broken line P,P, --- P, below which none of the points 
P,, --+, P; lie and whose vertices are at some of these points. If the plane 
be rotated through an angle 7, it is clear that these vertex-points, and only 
these, will correspond to dominant terms. Let the acute angles which the 
successive sides of 7, P, --- P, make with the axis of reals be ¢,, },, ---- 
The critical rays along which the dominant term changes are then in order of 
increasing magnitude 


T YE 
2 out qo geeens 


- 


For small values of arg « the dominant term is clearly given by 


2 \ p2m Ar, -—1 @ (0) 
ay(2)etrr=ls a, 


and as the first critical ray is passed this changes to 


he (a0) et oj¥—1# (9) 


aj* 


Along the ray the form is given by a combination of two or more terms, a fact 
which we shall express by saying that the change is wniform along the ray. A 
similar change takes place along each of the successive critical rays until the last 
is passed when the asymptotic form becomes s,;(x). 

Likewise in the fourth quadrant the asymptotic nature is deduced from a 
relation 
Gy) ~ 8 (x) Pre Ae tS, (00) et alae 


See eibel Sin( @) @ 22H + AyD 12 out) 
The expressions s,(a), ---,8,,(«) which appear here are the determinations 
for the functions ,,(#), ---, A,,(@) in the right half plane. Consequently the 
determination of s,,(a) obtained by a positive rotation from the first to the fourth 
quadrant along the negative axis of reals is this determination multiplied by the 
factor ¢’""*—l "5-1 Hence in terms of the second determination 


, UN pOan(Agy 1) alate 2 at ee eet 
Gg (L) ~ Bu (em he oe ieee eee ae + 8; (2) 
a Rey + S,, (2) E27 Anj-V? ae e7207;" aul ca 


After division the corresponding logarithms are 


LU AP eye trey el 
any —1| “EF Et ad fey ee Oy, 


IrV—1 
¢ ea log Pe log Pj A, 
2ryv—1 oa “~+2,,—-1 |e. 
T — 
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The coefficients of « are represented by points Q,, ---, Q;=9, +++, Y,, 27 
units below the corresponding points P,, ---, P, (except for P, =@,=0). These 
points all lie in the strip — 27 =v < 0 and are given in order from right to left. 
As arg x decreases from 0 to — 7/2, the figure formed by these points rotates 
through an angle —7/2, and the dominant terms correspond to the point farthest 
to the right. None of the terms after the jth can dominate. 

In this case we are led to the following rule: draw a convex broken line 
Q, Go --+ Q; above which none of the points Y,, Q,,---, Q; lie and whose 
vertices are at these points. Let the acute angle which the successive sides 


Q,Q.--- Q; make with the axis of « be wW,, %,, ---. The critical rays 
along which the dominant term changes are then 


T Tv 
ee YT? nd E 


in order of decreasing magnitude. For small arg x the dominant term has the 
asymptotic form 


se aye = 2irs)), —1% g—2nr; La Chas 

and as the first critical ray is passed, this changes uniformly to 
Or Nae) H1e Ing 1 (el) 
8,9(@) e705 Cn Om Ohms 


and similar changes take place along the remaining critical rays until the last 
ray is passed, when the form is s,, (a). 

THEorEM V. Let the coefficients a;,(«) be polynomials of degree not 
greater than winx. Write 


—_— (log p, — log p, 
») ae ort tg OG, ste == €-.. 
a7 V 1( ey si +%,] ej; 








where X,; is the least integer as great as the real part of the negative of the 
first term in parenthesis, and where p,, p,, +++, p, are the roots of the 
characteristic equation ordered according to decreasing absolute magnitude. 
Mark the two sets of points 


El; ne) ee 29 a 0 and e,—1, e,, —1, a bt €. 
and call them respectively 
ewe la reise ele ONGC). Cece = she 


Construct the convex broken line P,P, ++. P; above which all the remain- 
ing points P lie, and likewise construct the convex broken line Q, Qs --+ Q; 
below which all the remaining points @ lie. Let the acute angles which 


the successive sides of P,P, --- P; and Q, Q-++ Q; make with the 
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axis of reals be ,, b,, +++ and W,, Wo, +++ respectively. The critical rays 
between arg x = 9 and arg « = 27 are then 


7 7 7 T 
3 — Pris Faeroe io ata é3 ment Va 
in angular order. The asymptotic form of g;;(v) changes uniformly from 
8iq(a) e2” aj” —1” oi) to Sig (a) e283" —1* a) 
along the critical ray arg x =4m — $,, and likewise from 
ti (x) 27 (Ayj—DY —1x g—2mrd ne to 8;5(x) on 2(rgj—DY — 12 e~2nr5Y 1 fut) 


along the critical ray argu = —40+~,. Between the last critical ray of 
the first set and the first of the last set the asymptotic form is given by s,,(x). 

It is interesting to observe that with g,,(~), ---, g,,,(#) there are associated 
at most 7 — 1 critical rays in the first and in the fourth quadrants so that, for 
example, when 7 = 1 there are no critical rays. But we have g,(w) =w,(@), 
+++, g,(x) =u,(#) and this result is in accord with Theorem 1. 

There are two special cases of exceptional interest. The first is that in 
which p,, p,, +++, p, are of equal absolute value. The quantities e,, are in this 
case all pure imaginaries and the broken lines P,, P,, --- and Q,, Q,, --: 
reduce to segments of the imaginary axis, and we have ¢, = 7/2, ~,=7/2, 
so that the critical rays fall along the positive axis of reals, i. e., do not exist 
since this line is excluded throughout. In this event the elements of G(x) 
preserve their asymptotic form throughout the entire plane, a result which 
agrees with that obtained in §1. The second case is that in which the argu- 
ments of p,, ---,p, are equal. In this case the quantities e;, are all real. In 
the first quadrant the only critical ray is the positive axis of imaginaries. In 
the fourth quadrant one finds critical rays different from the negative axis of 
imaginaries. How shall we reconcile these unsymmetric and apparently contra- 
dictory results, since by Theorem III the positive axis of imaginaries is not a 
critical ray? If one of the constants c‘!) which determine the change in asymptotic 
form vanishes, the formulas are still valid but do not give the dominant term.* 
The true critical rays in the first quadrant are symmetrically placed with respect 
to those in the fourth quadrant. 

In general the effect of a zero value of c{)) (or of c#~) is to shift the 
actual change in asymptotic form to a secondary critical ray making a smaller 
angle with the positive axis of reals. The complete determination of its posi- 
tion may be effected when the constants c\ are known. 

The critical rays for these solutions have been determined by Galbrun by 





* Just as, for example, if u—«? we have u~ e*(0) along the positive axis of reals, but this” 
does not give the dominant term. 
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use of the Laplace transformation. It may be noted that the above results hold 
when the functions a,;(«) are only restricted as in (2), since only the form of the 
functions p,(«) at 2 = 0 and z = oo has been made use of. An interesting dif- 
ference between the case when the functions a,,(«) are rational and the case 
when they are not lies in the fact that there are a limited number of possible 
positions for the secondary rays in the first case, and an unlimited number in 
the second. j 


§7. THe FUNDAMENTAL PROBLEM. 


The properties which we have thus far adduced completely characterise the 
solutions of a linear difference system (1) with rational coefficients, as is evi- 
denced by the following theorem : 

THeorEM VI. Let G(x) and H(«) be two matrices of single-valued func- 
tions, analytic save for poles in the finite plane and such that their elements 
have the property 


lim gj(«)a-“*pr*a-%= 8, and limh,(x)a“*p*a%=s,, (|sy| +9) 
t= Hrd 0) 


for x in any left or right half plane respectively, and furthermore let 

G(e)= T(x) P(x) 
where the elements of P(x) are periodic of period 1. Then G(x) and Hx) 
are the first and second principal matrix solutions of a system (4) in which 


the elements of A(x) are rational in x, at least if p,, Py» +++, p, are distiuct. 
Proof. If we put 


A(#)=G("+1)G-(x) = H(x+1)H-(«), 


as we may by the hypothesis of the theorem, it is clear that the elements a,,( 2 ) 
of A (a) are single-valued and analytic in the finite plane except for poles. Fur- 
thermore, by direct computation, the elements g/,(a) and /j,(a) of G~*(a) and 
HI (x) are seen to be such that 


lim g,,(2)2""(p,e" "2" = o,, and lim hy, (2) c?4*( pe -# "xe" = o,,, 
c=0 x=n 


in which o,, denotes as before the element in the ith row and jth column of 
the matrix inverse to (s,;,). The variable x lies in any left and right half 
_ plane respectively. Therefore we have 


a,;(%) = Do g,(@ +1) 91;(2) = hi, (a + 1)hi,(2), 
T=1 a 


= Di (@+1)0e+? (p,e#)*+* (w@+1)"* (8,, +6.) 0" (ppet) ws (Os + E15) 
T=1 
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where ¢;, and e,, tend to zero for all large values of «, that is, in overlapping 
right and left half planes. This may be written 


1\ net 2 ; 
ag(2)= aren (145) >. (Bip. o ae Ne 
T=1 


where e;_, tends to zero as # becomes infinite. 
Thus a@,,(@) must have a pole of order » at 2 = oo with leading coefficient 


I an 
Uy = ye $37 P1 Frz ’ 
T=1 


and is a rational function of a. In order to find the roots of the characteristic 
equation (8) in this case, we make an initial linear transformation with constant 
coefficients on g,(@), ---, g,(#) in the linear difference system 


g,(@) = Yai, (2)9, (2) 


which has been constructed. The constants s,, undergo the same transformation 
and may be reduced to 6 
characteristic equation is 


3 thus we shall have a, = 6,,p,;, so that the invariant 
i, u apd 


(P—p,)(P — 2) +++ (P—P,) = 9 


with distinct roots p,, ---,, not zero. Hence the above system satisfies the 
restrictions of $1. According to the definition of principal matrix solutions, 
G'(«) and H(«) must be the first and second principal matrix solutions, since 
the principal matrix solutions are the only ones which preserve a definite asymp- 
totic form s,(a) even to terms of the first order in any left or right half plane 
respectively. 

It is evident that the n? + 2n exponential constants p,;.7;, 8, together with 
the functions p,(«) characterize the principal solutions more or less completely. 
Let us turn again to the case in which the coefficients a,,(@) are polynomials of 
degree w in x. In this case the equations (51) show that the functions p,,(a) 
involves n*~ — n further polynomial constants ci. But among the exponential . 


constants there are m which are not essential since we can alter any set s,,, ---, 8 


Ik? * nk 
by an arbitrary multiplier and not affect the associated linear difference system 


(1). Hence there have been specified in all 


(n* + 2n)+ (n?u—n)—n or n’(w+1) 


characteristic constants counting only the ratios s,,, s,,, +++, 8,, a8 character- 
istic constants. This number is precisely the number of arbitrary coefficients 


in the n’ polynomials a,,(@), each of degree » or less in x. Now the system (1) 
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determines the constants, but not uniquely since 7,, ---, 7, may be replaced by 
any determination 7, + 2m, esi lea toon r +2m, Yolen: +++, m, integers ) 
in the formal expansions. There is however exactly one set of characteristic 
constants for each such determination. If the characteristic constants are inde- 
pendent, one may conversely regard the coefficients in the polynomials a,,(«) 
as functions of the characteristic constants. The following definition and theorem 
go to show that conversely the characteristic constants do describe all the essen- 
ial properties of the solutions : 7 

Definition. Two linear systems (1) are said to belong to the same class if 
one may be transformed into the other by a linear transformation with rational 
coefficients. 

THeoreM VII. Two linear difference systems (1) in which p,, P,, +++ 5 Py 
are distinct and in which the functions a;,(«) are polynomials in x of degree 
f will belong to the same class if their characteristic constants are the same. 


Proof. Let 
(64) G(e@+1)=4,(@)G\(e) and = G,(e +1) = A, (2) G(x) 


be two systems of this kind, expressed in matrix notation, which possess the 
same characteristic constants. For convenience we suppose both of the equa- 
tions transformed into a normal form in which 


(55) dy (a) = Pp; (d,2" +. ae aS er -). 


This may always be effected by one and the same linear transformations with 
constant coefficients, 


G(x)=CG(x), 
namely by that transformation which reduces the constants s,; to 6,,, 


(y= (ee) (85) 


This is always possible by (7), and if one substitutes in the new formal expan- 
sions, it appears at once that the transformed elements of A,(#) and A,(#) 
have the form (55). The exponential constants p;, 7; and the polynomial con- 
stants are of course unaltered by this transformation, and we have explicitly in 
each case 


(56) fics du: 


ii? 


(i=1,2,--+,n). 


This simplification being effected, let us consider the relation between the first 
principal matrix solutions G,(«) and G,(a). Write 
(57) G(x) = R(x)@,(2). 

We find then 


(58) R(x) =G,(«)Gy'(w)=H,(@) P(x) LA, (#) P(#)| =A (2) He), 
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where /7,(a) and H,(«) are the second principal matrix solutions and P(x) is 
the common matrix of fundamental periodic functions. It is now easy to dem- 
onstrate that (2) is a matrix of rational functions of w. The elements a,,(«) 
of this matrix have only poles in the finite plane and the relation (58) shows 
that 

(59) lim # (x) = 6, 


in the complete vicini.) *f « = oo on account of the common asymptotic form 
of G, and @,, H, and H,. In consequence of (59) the elements 7,,(x ) must be 
rational functions of «, analytic at e=oo and taking on the value 6,, at that point. 

Substitute the value of G,(a) given in (57) in the first of the given difference 
systems. There results 


G,(@ +1) =[B(@ +1) 4,(#) R(w)] G,(e). 
A comparison with the second of the given systems shows then that 
(60) A,(#) R(a) = B(@+1)4,(2). 


This is the condition that the two systems belong to the same class and are 
transformable, the first into the second, by (57). 

Even if this theorem is true there remains the possibility that not all of the char- 
acteristic constants are independent, although we are now certain that these 
constants effectively determine the transcendental properties of the solutions. 
We may however say something more of the dependence of solutions on the 
characteristic constants. 

In the first place we observe that the exponential constants are expressed in 
terms of the coefficients in (56) when the reduction to normal form has been 
effected. Now the principal matrix solutions of (1) were constructed by means 
of certain limit determinants and a process of summation based on a contour 
integral. All the processes employed are uniformly convergent in the coeffi- 
cients a) and involve them analytically. Jt follows that the two principal solu- 
tions G(w) and H(x) of (1) are analytic functions of the constants a) as 
well as of x, and hence the elements of 


ce () aCe (,) Et aaa) 


have the same property. This necessitates, of course, that the coefficients cf) be 
analytic in the coefficients a). Let us take p,,---,p,,7,,---,%7, a8 fixed, 
which amounts to’choosing a) in (56) once for all. The coefficients c‘') are then 
single-valued analytic functions of the remaining coefficients a‘!), which appear 
jn precisely equal numbers. 

Now only two things are possible: either the characteristic constants are inde-- 
pendent and one may conversely regard the quantities a’) as analytic functions 
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of the quantities c“, or else they are dependent. In this latter case we should 
be able to choose 
a = dy,(r) for alli, 7, k, 


where ¢,,,,() is an analytic function of the parameter 2, in such a way that the 
characteristic constants are independent of >. The functions a,(a) are then 
dependent on 2, so that we may write A(a)== A(w, 2). Furthermore we can 
take generally 

A,(%)= A(x, r)), A,(w) = A(a, 2d) 


as two determinations of A(«#) which give equations (54) with the same charac- 
teristic constants, and we may take 7 = 2, as a value of X for which the func- 
tions ¢,,,(@) are analytic. The matrix /(«) is defined by (57), where G,(«) and 
G,(«) denote again the first principal solutions in (54). The elements 7, (x) 
are rational functions of x by the preceding theorem. 

We will now show that the functions 7;,(«), which depend also on 2, must be 
polynomials in x. To this end we make the further assumption that no two of the 
be" roots of the determinant equation | A(x, X’)| = 0 differ by integers. This 
is manifestly the general case. 

If one of the elements of /? has a pole at a point, it will be possible to form 
a group of such points 


a,a+1, Sore ©: 


containing the special point and such that « — 1 and @ + 1 are poles of no ele- 
ment of /?. Now if we consider (60) at «=, we see that the right-hand 
member is analytic at this point, and that the left-hand member will have at 
=0 atzv=—8. Hence 
we must have A,(8)=9. Likewise if we consider the same equation at 


least one element with a pole at x = 8 unless | A,(«) 





x2 = a—1, we see that the left-hand member is analytic at this point, and that 
the right-hand member will have at least one element with a pole unless 
|A,(v)|=0 at ex =a—1. Hence we must have 4,(a—1)=0. But for 
r near to r,, the roots of 


|A,(#)|=|A(#,%)[=9 and | A,(#)| = Aw, 2)| = 0 


will nearly coincide and no two of them, as a —1 and 8 respectively, can be 
congruent and distinct on account of the hypothesis concerning the roots of 
|A(a,2,)|=9. It follows that the elements of (a) can have no poles in 
the finite plane, and hence are all polynomials in x. According to (59) these 


polynomials reduce to 6;, at «= oo, and hence are identically equal to 6 


ij ij? 


The elements of A(x, X) will not depend on the parameter 2X, contrary to 
hypothesis. 
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Hence the characteristic constants are independent, and the coefficients in the 
polynomials a,;;(«) may be conversely regarded as analytic functions of these 
characteristic constants. A fundamental problem of the linear difference 
system is to study this functional relation and in particular to determine 
whether there, exists a system (1) with coefficients polynomial in x of degree 
not greater than w having any assigned set of characteristic constants. 
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ON PROPERTIES OF A DOMAIN FOR WHICH ANY DERIVED SET 
IS CLOSED* 


bY 


EARLE RAYMOND HEDRICK 


1, Introduction. FR&cHET, in his thesis}, defines a general class of assem- 
blages (LZ) of objects of any sort, with which some definition of limiting element 
of a sequence is associated. ¢ 

The most interesting type of such assemblages is that which FricuHeEr calls 
compact.§ Among such assemblages one very important class are those which 
have the property that the jirst derived set (E'’) of every subset (/) of (D) 
is closed. || 

In this paper, some of the properties of any fundamental assemblage (D) 
which has both the properties described above will be discussed. We shall call 
(D) the fundamental domain. {[ 

2. Elements Interior to Assemblages. Let there be given a fundamental 
domain () with the properties ** described in §1. An element <A is said to be 
interior t+} to a set (£’) of (D) if A is not a limiting element of any sequence of 
elements of (D) which do not belong to (#). One set (/) is interior to 
another set (#’) if every element of ( 2’) is interior to (/’). 





* Presented to the Society (Columbia, Mo.) November 27, 1909. 

+ Rendiconti del Circolo Matematico di Palermo, vol. 22 (1906). 

t The only restrictions are (1) that a sequence of identical elements, A, A, ---, A,+-- be 
said to have A asa limiting element, (2) that if a sequence 4,, A,,---, An, --- hasa unique 
limit, any infinite subsequence selected from it, in the same order, has the same limit. 
(FRECHET, loc. cit., § 7.) 

2 A fundamental domain is compact if every infinite set of its elements has at least one limit- 
ing element. (FRECHET, loc. cit., § 9.) 

|| Compare FRECHET, loc. cit., § 22. It is evident that domains exist which do not have this ~ 
property. FRECHET cites the case of the domain of all continuous functions defined in a closed 
interval. - See also SCHOENFLIES, Punktmannigfaltigkeiten, Bericht der Deutschen Mathe- 
matiker-Vereinigung, Erginzungsband II (1908), page 86, lines 1-6, and page 279. 
On page 282 it is proved that this property is not a consequence of the compactness of (_D). 

{| The notation ( Z) is used by FRECHET for any domain for which an acceptable definition of 
limit is given. In this paper we shall assume that ( D) is compact and has the closure property 
mentioned above. The investigation of the properties of sets having these two characteristics 
is suggested by SCHOENFLIES, loc. cit., p. 279. 

** The following theorems involve this hypothesis, which is not repeated below. 

tt See FRECHET, loc. cit., § 8. 

Trans. Am. Math. Soc. 20 285 
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An immediate consequence of this definition is the following theorem : 

THEOREM 1. Jf an element A is interior to a set (#), all but a finite 
number of elements of any sequence whose limiting element is A are interior to 
(Ei). For if not, let 47S eAyes. Altea be the infinite set of elements not 
interior to (£’) selected from such a sequence. Since 4, is not interior to (/), 
it can be approached by a sequence of elements A“, A®, AM, ..., AM, --- of 
(D) which do not belong to(#). The derivative of the set of elements A” 
contains the elements A,. Since this derivative is closed, A is one of its ele- 
ments; hence A can be approached by a sequence of elements of the set A 
none of which belong to (#). This is contrary to the hypothesis that A is in- 
terior to ( #’), and the theorem is proved. 

3. The Heine-Borel Theorem. The theorem just proved enables us to show that 
the Heine-Borel theorem * holds for a fundamental domain ()) which has the 
properties of section 1. 

THeorEM 2. Let (£),(£,), +--,(£,), «++ be a countable set of assem- 
blages, such that every element of a certain closed assemblage (K ) is interior 
to at least one of the assemblages ( E,) ; then every element of (A) is interior 
to one of a finite number of the assemblages (E,). 

For suppose the theorem untrue. Let A, be an element of (A’) not interior 
to (£)), and let (/,,) be the first of the (#,) to which A, is interior. Let A, 
be an element not in (Z),j=n,; and let (£,,) be the first (#) to which A, is 
interior. Continuing this process indefinitely, as we may in case the theorem 
is untrue, we obtain an infinite sequence of elements A,, such that (/,,) is the 
first (#) to which A, is interior, and n,>n,,. The sequence A, has a limit- 
ing element -4, which is itself interior to some (#’), say (#7). We may sup- 
pose A is the only limiting element of the 4,, for, if not, a partial sequence can 
be selected out of the A, which has A as its only limiting element and for which 
the essential properties of the A, are preserved. Since A is then the only lim 
iting element of the A,, it follows from Theorem 1 that all but a finite number 
of the A, are interior to(#,). This shows that the original process is falla- 
cious, since n, = ¢ for all sufficiently large values of 1. Hence the theorem as 
stated must be correct. 

4. Examples: The Hilbert Space. As an instance of a fundamental domain 
to which the preceding theorems apply we may cite, of course, any limited 
region of an ordinary space of one dimension (or in fact of dimensions), with 
the usual definition of limiting point. In fact, any assemblage of points in 2 








* The theorem is restricted to the case in which sets E; form a countable assemblage ; this was 
the original form of the BOREL statement, afterwards generalized, for real variables, by LEBESGUE 
and others. FRECHET gives (loc. cit., §$36, 42) proofs for any domain of type (V) (ibid., 
§ 27, et seq.), under restrictions on the definition of distance (voisinage) and of limiting 
element which include the conditions of this paper (ibid., §28). The more general form of 
the theorem occurs in this paper as part of Theorem 16. 
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dimensions which is itself closed may be chosen as the fundamental domain (D). 
Such a domain evidently has the property that the first derived assemblage of 
any subset (/’) is closed. A more characteristic example, in which the defini- 
tion of distance has nothing to do with the definition of limiting object is the 
Hilbert space of an infinite number of dimensions ;* the objects used are the 
points (x,, @, ---,#,,---) with the restriction Sxv7=1. The definition of 
distance between two points is [ =(a — x2)? ]4; and the points (a), (#), 
-++,(a”), --- approach the point (a) as a limit if lim,_, «” = x, for every 
value of i.+ This space evidently possesses the properties of $1; yet the 
set of points (a) which approach (x) may all lie at unit distance from (wx), 
as in the example x” = 0 ifn +i,2%—=1; 7,=0. Frécner has given a 
definition of distance (voisinage) for which the preceding definition of limit 
points makes the distance between (#") and (x) approach zero.t The preced- 
ing work shows that it is not always necessary to set up a definition of distance 
for the Hilbert space; for other domains of objects to do so might be very difficult 
or even impossible. 

5. Other Theorems. Another property of sets of real numbers which holds 
for a fundamental domain ( D)) having the properties of section 1 is the following : § 

THEOREM 8. The set of elements at which the oscillation of any limited 
Junction f(x) is not less than a given number k is closed. Let S be any 
sequence of elements A,, A,, A,, ---, A,, --- whose only limiting element is 
A; let M(A, n) be the upper limit of the values of f(a) at the points 
A, (p=1, 2, ---); then M(A) = lin,_, 
called the maximum of f(a) at A with respect to S. The maximum of f(x) 
at an element A is defined to be the upper limit of the maxima at A with 
respect to all possible sequences of elements different from A whose only limit- 
ing element is A. The minimum at A is similarly defined. The oscillation 
at A is the difference between the maximum and the minimum. || 

Let Z be a limiting element of a sequence A,, A,, ---, A,, --- such that 
the oscillation of f(a) at A,, for all values of nx, is not less than k&. If the 
maxima J of f(a) at A, are not less than a fixed number // for an infinite 


M(A,7) surely exists and is 


* HILBERT, Wesen and Ziele einer Analysis der unendlichvielen unabhdngigen Variabeln, Rendi- 
conti del Circolo Matematico di Palermo, vol. 27 (1909). Also see HILBERT’s Mitteil_ 
ungen tiber die Grundziige einer allgemeinen Theorie der linearen Integralgleichungen (vierte und fiinfte ) 
Gottinger Nachrichten, 1906. 

t HILBERT, Palermo Rendiconti, loc. cit., p. 3. 

{ FrREcHET, Nouvelles Annales de Mathématiques, 4th series, vol. 8, Marchand July, 
1908. Strictly, by the wording of pages 1 and 23 (July), it would appear that the Heine-Borel 
theorem does not hold for the Hilbert space ; this is however only due to a change of nomencla- 
ture, as a closer inspection enables the reader to prove. 

§ Compare, for example, BAIRE, Legons sur les fonctions discontinues, p. 73. 

|| Compare BATRE, loc. cit., p. 70; and a paper by the writer, Bulletin of the American 
Mathematical Society, vol. 13 (1907), p. 378. 
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number of values of 7, it follows that the maximum J/, of f(a) at Z is not less 
than /7; for if m,, n,,--+,%,;, +++ are the values of n for which JZ, = H, we can 
select a set of elements A‘)’, A, ..-, AY, --- which approach A,,, and for 
which f(a) exceeds /7— e, where e is an arbitrarily small fixed number inde- 
pendent of 7. Since ZL is, by section 1, in the first derivative of AY, the maxi- 
mum at Z is not less than //. 

‘Likewise if the minima m, of f(x) at A, are not greater than A for an infi- 
nite number of values of n; the minimum m, of f(a) at ZL is not greater than 
KX. Suppose that the maximum J, and the minimum m, of f(«) at L differ 
by &—46. Then there are surely only a finite number of values of n for 
which MW, exceeds MW, + 6 and only a finite number of values of n for which m,, 
is less than m,— 6; hence there are only a finite number of values of n 
for which JZ, — m, exceeds & — 26, which is contrary to hypothesis. Therefore 
the oscillation, 1, — m,, of f(a) at ZL is not less than &; and the theorem is 
proved. It results also from the proof just given that *: 

THEOREM 4. Zhe maximum of f(a) is itself a function which is semi- 
continuous above ; and the minimum is semi-continuous below. 

Another theorem which remains true is: 

THEorEM 5. The frontier of any set is closed. 

The frontier of a set (1) of (D) is defined to be the elements of (#’) which 
are limiting elements of elements not in (/) together with the elements not in 
(£’) which are limiting elements of elements of (#). Let A be any limiting 
element of elements of the frontier. If A is a limiting element of frontier ele- 
ments f,, f,, -++5f,5 +++ which belong to ( #’), each /, is a limiting element of 
elements not in #; hence A is a limiting element of elements not in #. Hence 
A is a limiting element of elements of (Z’) and also of elements not in ( /’); it 
is therefore a frontier element. A similar argument applies in case A is a limit- 
ing element of frontier elements not in (./’). 

That the several theorems proved above hold true without any restrictions on 
the definition of distance, or any connection between that definition and the 
definition of limiting element, is especially remarkable because the proofs of the 
analogous theorems for real numbers apparently make essential use of the dis- 
tance notion. That such is the case, however, is demonstrated here by the 
entire absence of any definition of distance.} 

It is also clear that the property emphasized in section 1 —that the derivative of 
any set be closed — may be used to characterize a type of domains (with assigned 
definitions of limiting elements) which have in common some fundamental 
properties. 





* Compare BAIRE, loc. cit., p. 72. ) 
t See SCHOENFLIES, Bericht, loc. cit., p. 289. Compare, however, VEBLEN, these Transac- 
tions, vol. 6 (1905), p. 167. 
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Another important theorem which follows from these same assumptions 
occurs incidentally in the next section. 

6. Enclosable Domains. In the theory of linear point sets the following 
statement may be taken as an axiom: If the interval (A,, B,) is interior to the 
interval (A, ,, B,_,) and if the distance ATE: approaches zero, there is a single 
point common to all these intervals. 

We shall now assume the analogous property: Corresponding to any element 
A of (D) there exists a countable set of closed assemblages @,(A) which 
contain the single common interior element A, and which have the following 
properties : 

(a) Q,(A) is interior to Q, (A). 

(0) Corresponding to any integer m an integer n exists, such that, for any 
point B whatever, any Q, which contains B is interior to Y,( B). 

When the domain DY with its definition of limiting element satisfies this 
requirement, we shall say that D has the enclosable* property. All of the 
assemblages ( are supposed to be selected now, and are held fixed in all that 
follows. Any Q. is said to be of rank i. 

Several consequences of these assumptions may be stated at once: 

Lemma l. The fundamental domain (D), if it contains more than a single 
element, is perfect. For any isolated point of ()) is “interior” to any assem- 
blage whatever. And (JD) is closed, by its definition. 

Lemma 2. If A, is interior to Q(B), for all values of i, B is the only 
limiting element of the elements A,. For since FB is the only element interior 
to all the (;( 6), any element C’ distinct from B may be enclosed in Y(C), 
so that Y,(C’) and @,( 4) have no elements in common for sufficiently high 
values of i andj. Then the lemma follows from Theorem 1. 

It follows also from Theorem 1, that a necessary and sufficient condition that 
Lim;_,, A; = B is that at least one of the A, lies in Q(B) for every value 
of j. 

Lemma 38. Jf a sequence A, have the single limiting element B, corre- 
sponding to any fixed integer m, an integer N exists such that B is interior 
to Q,(Ay,,) for all values of p. 

For a given m select n by (b); since Q (£) contains Ay,,, where NV is 
determined by Theorem 1, Q@,(£), and therefore £ itself, is interior to 
Q,(Awsp)» by (6). 

Lemma 4. Jf B is interior to (EF), a number m exists. such that any Q,, 
which contains B is interior to (F). 





* My attention is called to the similarity between this hypothesis and that given by VEBLEN 
for point sets, these Transactions, vol. 6(1905), p.168. The notion of uniformity of enclosure 
is essential in both cases. It is suggested that the word ‘‘enclosable’’ might read ‘‘ uniformly 
enclosable’’ ; the former term is retained here, however, for simplicity. 
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For let 2, be a point of Q,( 6) which is not interior to(#). By Lemma 2, 
Lim,;_,, &, = B, and all but a finite number of the /?, are interior to (2) by 
Theorem 1. It fellows from (6) that m exists as stated in the theorem. 

Lemma 5. Jf B is interior to (#) and if Lim,_, A,= B, where A, is an 
element interior to a certain assemblage Q’, of the type Q, for every value of 
i, then n exists such that Y),, is interior to (£) for all values of p. 

For @,(A,) contains B and lies in (/#) fori =m, 7= NV by Lemma 4 and 
Lemma 38. Corresponding to m, a number exists, by (6), such that any Q) 
which contains A, is interior to Q,,(4,) 3 hence (),, is interior to Q,,(A 
and therefore to (/’), if alson = 1. 

THeorEeM 6. Jf any sequence WY. of assemblages of the types Q; 
({=1, 2,38, .---,n, ---) are such that Q, is interior to Q;_,, there is one 
and only one point B interior to all Y., and also Lim,_, A;= B if A, is any 
element interior to Q.. 

For if A, is interior to Q; the sequence A, has at least one limiting element, 
B, and B is interior to every Q. Any other element C distinct from B can 
be enclosed by @,(C’) so that Q@,(C’) and Q;( 2) have no elements in common. 
But @,(B) contains @, for some value of &, by Lemma 5; hence Q,(C’) con- 
tains at most a finite number of the points A,. It follows that B is the only 
element common to all the Q’,, and is the only limiting element of 4,. 

THEOREM 7. (Cauchy Fundamental Theorem.) The necessary and 
sufficient condition that the sequence A, have a single limiting element is that, 


hee, 


corresponding to any arbitrarily assigned value of i, a number n exists such 
that, for all values of p, all the elements A, +, are interior to a single 
assemblage of the type Q,. 

The condition is necessary. For if Lim,_,, A, = &,a number m exists by 
Lemma 3, such that Q,(A,,) contains B; hence Q,(A,,) contains A 
sufficiently high values of n, by Theorem 1. 

The condition is sufficient. For if @, contains A,,,, the sequence A, has 
at least one limiting element &; if there were another such limiting element 
C, Y,(C) and Q(B) would contain no common element for sufficiently high 
values of k; but @,(£#) contains Q,, by (6), for sufficiently high values of 7, 
whence (,(C’) contains at most a finite number of the elements A,, and is 
therefore not a limiting element. 

THEOREM 8. The set P of elements of condensation * of any condensed + 
assemblage E is either vacuous or perfect. 

It can be shown that P is closed without the assumption of the enclosable 


n+p for 





* A limiting element is an element of condensation if it remains a limiting element after any 
countable assemblage is removed. See FRECHET, loc. cit., p. 6, § 8. 

7 A condensed set is one for which any non-countable set of elements gives rise to at least one 
point of condensation. See FRECHET, loc. cit., p. 19, footnote. 
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property. For let A be a limiting element of elements of P, then A belongs 
to (£"), since P belongs to (#’), and (#’) is closed. If a countable set of 
elements are removed from (Z’), P remains intact; hence A remains a limit 
point of P, and A remains a limit point of the remaining (#). Hence A 
belongs to (P).* 

Let us now show that (/) is dense on itself; let A be any point of (P). 
Surround A by a set of assemblages (Q,). Then there are an infinite number 
of values of i, 7,,7,, --+,2,, +++, for which a non-countable set of elements of 
( £) are interior to (Q,_,), but not to (Q,), since otherwise a value of 7 exists 
for which only a countable set of elements of (’) are interior to Q,, and this, 
by Theorem 1, contradicts the hypothesis that A belongs to(P). Since (/) 
is condensed, there is therefore at least one element of (P) in Q,_,, but not in 
Q;,.15 for all values of 7,. Let these be p,, p,, ---,p,, +++. Then A is the 
limit point of p,, by Theorem 6. 

THEOREM 9. The set of elements (C’) of any condensed assemblage ( E’) 
which are not elements of condensation is countable. 

For every element / of (C’) is such that no element of condensation lies in 
Q,(k), where i can be found when & is given. The set of elements (C,) for 
which 7 has the same fixed value is countable, for otherwise an element of con- 
densaticn p determined by (C,) would lie in Q,(/) for some element / of RC), 
by Lemma 38. Hence the entire assemblage (C’) is countable. 

It follows that every CLOSED condensed assemblage (E’) consists of a count- 
able set and a set which is either vacuous or perfect. ‘The conclusion is still 
valid if (/) is not closed but contains all its points of condensation. 

Finally, any condensed assemblage ( /’) consists of a countable set and a set 
of which every point is a point of condensation ; the latter set is dense on itself. 

With a modification of Fréchet’s proof (Thesis, p. 20) similar to the modi- 
fication of Lindelof’s proof + of Theorem 9 above, it can be shown that 

THEOREM 10. The elements of any assemblage (EF) which do not belong to 
its first derived assemblage (E’) form a countable set. 

Hence, if any derived assemblage is countable, the original assemblage is 
countable. 

Precisely following the proofs of Fréchet (Thesis, pages 20-22) we may now 
show that: 

THEOREM 11. Any closed assemblage (E) is the first derivative of some 
assemblage selected from (D). 

THEOREM 12. Any closed sub-assemblage (F’) of an assemblage (EF) can 
be formed from ( £) by omitting from (E) the points interior to a countable 
number of the assemblages Q. 





*See FRECHET, Palermo Rendiconti, vol. 30 (1910), p. 23, footnote. The closure 
property of section 1 above is the principle needed in FRECHET’s thesis, p. 19, § 29. 
t BorEL, Lecons, page 5. 
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On account of its importance in what follows we shall repeat Fréchet’s proof, 
which requires alteration in certain details, in the following special case : 

If we select (/’) to be vacuous and (#’) = (D), it results that 

THeorEM 18. Every point of (D) is interior to at least one of a countable 
set of assemblages Q.* 

Select some Q at random, say YQ. Then any point A of (D) not belonging 
to YQ has the property that (,(4A) has no point in common with QY for suf- 
ficiently high values of 7. We shall show that there exists a countable set of 
elements of (D): : 

AD, 4, AMD; AM, ..., AGO; ... AD, ..., AGO; ... such that 
(a) Q ( A‘) has no point in common with Y, and (0) any element of (D) 
belongs to @ or is interior to @(A‘”) for some values of n and 7. For sup- 
pose the process carried out to any stage, so that the points up to A‘? are 
selected. Suppose A exists such that Q (A) contains no point in common with 
Q® and that A is not interior to Y,( AY) for k<n. Take this A to be A‘; 
and select another A of (J) which has the same properties and which is not 
interior to @ (A). Continuing in this way, form A”, A®, ..-. This 
suite is finite, for if not the limit point A’ would exist and @ (4A,) would 
contain A‘ by Lemma 3, and therefore also A’”’*”), by Theorem 1, for suf- 
ficiently high values of m. 

This completes the proof if we note that every point of (® is interior to that 
@ which precedes Y in the sequence of @’s which belong to the same point A, 
as does Q. 

Since every @ (A) may be replaced by Q,, where k <n, since (AY 
is interior to Q,( A‘’?), it follows that every point of (7) is interior to at least 
one of a countable set of assemblages @, of the same rank, k. 

But, in the preceding proof, all of the points up to and including A‘?»-” may 
be omitted ; hence it follows that 

THEOREM 14. very element of the fundamental domain (D) is interior 
to a countable number of the assemblages Q,, for any preassigned value of k. 

Hence also, by Theorem 2, every element of (D), or of any closed subset 
of D, is interior to a finite number of the assemblages Q,, for any preassigned 
value of k. 

THEOREM 15. Zhe domain (D) itself is the first derived assemblage of a 
certain countable set of its own elements ; that is, (D) is “ separable.” + 

For let us take the set of elements 


A,; AM, ---, AM; AD, ..., APO: >. 
defined in the proof of Theorem 13, and the elements 


: (1) (Prt « (1) ee (Crepe! ee 
A,, 5) Avan. seas Alpepe ’ Aes r) PN dy 2 


* See FRECHET, Thesis, p. 25. 
+See FRECHET, Thesis, p. 23. 
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obtained in the same proof by omitting the points A‘, .--, A‘” and by 
choosing () to be at least of rank & + 2, as in the proof of Theorem 13. All 
of these points form a countable set ; we shall show that any element of (JD) is 
a limiting element of this set. 

For let A be any element of (D). By Theorem 138, A is interior to 
Q, (A) for definite values of n andj. With this fixed value of 7, let us select 
m by Lemma 4 so that any Q, which contains A lies in Y, (AY). Then 
choosing k= m, select 7 so that A lies in Q,, (AP. »,). Proceeding in the 
same way, we may locate A in the interior of a sequence of assemblages (”’, 
Q, +++ such that WY is of higher rank than Q-” and interior to it, and 
such that Y™ contains a point A” of the countable set selected above. It 
follows, by Theorem 6, that Lim,_, A“ = A. 

CoroLLary. <Any subset of (D) which is dense on itself is contained in 
the first derived assemblage of a countable set of its own elements. 

THEOREM 16. Let ( #) be an assemblage, each of whose elements is inte- 
rior to at least one of a family (fH) of assemblages I, where (HH) is not 
necessarily countable ; then the necessary and sufficient condition that every 
point of (£) is interior to at least one of a finite number of the assemblages 
Lis that ( E’) be closed. 

The condition is sufficient. For, since every element e of (Z’) is interior to 
some assemblage J, there is an upper limit to the value of n for which @ (e) is 
not interior to some J. If not, let ¢,, ¢,, ---,¢,, +--+ bea set of elements of 
(£) such that Y (e,) is not interior to any 7. Let e, be one of the limiting 
elements of e,; we may suppose without loss of generality that the e, have been 
already selected so that lim,_,e,=e,. Let J, be an assemblage of (7) to 


N=2 ~n 


which e, is interior, Then Q ) is interior to J, for sufficiently large 


np (e, +p 
values of n, by Lemma 5. 

Let WV be the upper limit on n for which @(e) is not interior to some J. 
Select the finite set of assemblages ( of rank WV + 1 for which every point of 
( D) is interior to some Qy,,, by Theorem 14 and Theorem 2. Let Y”, Q”, 
--+, Y® be the subset of these Q’s each of which contain at least one point of 
(Ff). Select 7,7, ..-, J such that Q® is interior to 7; then every point 
of ( /’) is interior to one of this finite set of Z’s. * 

The condition is also necessary. For if (/) is not closed, let e,, ¢,, ---, 
,» +++ bea set of elements of e whose only limiting element e, does not belong 
to (#); and consider the family (/7) of assemblages 7, whose elements belong 
to (/’) but not to @ (e,). Not all the points e,, and, a fortiori, not all the 
points of (/) can belong to a finite number of the Z,, by Theorem 7. 


é 





* This proof follows in spirit that of FRECHET, Thesis, p. 26, but in style it follows a proof by 
BAGNERA, Rendiconti del Circolo Matematico di Palermo, vol. 28 (1909), p. 244, 
which is essentially the same as FRECHET’s. 
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THEOREM 17. very non-countable assemblage (£) of (D) is condensed. 

Given a non-countable set of elements of ( Z’), at least one of the finite set of 
assemblages (, of rank /, to at least one of which each point of (Z’) belongs, 
contains a non-countable set of elements of (#). Hence a sequence ON 
QO, «++, Q”, of the type @ exists, such that (” is interior to ("—) and that 
(%” contains a non-countable set of elements of (#). Hence, by Theorem 
6, a point A exists which is the only point interior to all of the Q” and which 
is a point of condensation of (/’). 

From Theorems 9 and 17 we now conclude: 

THEOREM 20. very closed assemblage (H) consists of a countable set 
together with a set which is perfect. 

We have now proved a set of theorems analogous to the principal fundamental 
theorems of the theory of bounded sets of points ; for these the only assumptions 
made were those of $1 and $6. The hypothesis that the first derived assem- 
blage of every set is closed is therefore seen to be a fundamental hypothesis of far- 
reaching character. The fundamental domains which possess that property 
include many important examples besides the original bounded sets of points, 
and have characteristics in common which make that class of domains one of 
great importance. 


‘ 


It should also be noticed that the enclosable property of section 6 is possessed 
by all ordinary domains under any of the usual definitions of distance, if Q,(A ) 
be taken to be the spheroid about A as center, with radius 1/7. 





IMPORTANT COVARIANT CURVES AND A COMPLETE STSTEM OF 
INVARIANTS OF THE RATIONAL QUARTIC CURVE* 


BY 


J. E. ROWE 


Introduction. 


It is well understood that different domains of rationality are useful in dis- 
cussing different properties of curves. Two domains are employed in the fol- 
lowing, to render possible the geometric interpretation of certain invariants and 
covariant loci of the rational plane quartic. 

Section 1 is divided into two parts: In the first part is given a straightfor- 
ward proof of the covariance of curves derived from /2” by a certain translation 
scheme; in the second part SALMON’s work on the combinants of two binary 
quartics is applied to those covariant curves of the /2* which can be found as 
combinants. In Section 2 the most important invariants of the /?* are dis- 
cussed, and four invariants are found in terms of which any other invariant 
relation on the /?* can be expressed algebraically ; in this sense these four in- 
variants constitute an algebraically complete system. Section 8 contains a 
treatment of the invariants of the /?* when the /?* is taken as the section of 
the Steiner Quartic Surface by a plane; in this scheme the invariants occur as 
symmetric functions of the coefficients of the cutting plane. 


Sla. Certain Covariants of Rational Curves. 


Let the rational curve of order n, which may be called 2", be written para- 
metrically 


(1) em G0 Oo" + 6,0" +s (72+ 0, 1,2). 
If (1) is cut by two lines 

(2) (fe) = &,2,+6&2,+ &2,=0, 

and 

(3) (nx) = 1% + 7,2, + 7,0, = 9, 


the results of this operation are the two binary 7-ics 


(4) Re ln) fe tack ir oe Os 


* Presented to the Society, September 6, 1910. 
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and 
(5) (an)t" + (bn) tt’ + (en) t"? .-. = 0, 


which yield the x parameters of the points in which the lines (2) and (8) cut 
the curve. 

The combinants of (4) and (5) are expressible as rational functions of the two- 
rowed determinants of the matrix 


A CoB) CB (eb) (48) -~ 
| 
Han) (bn) (en) Cdn) 
But if in any two-rowed determinant of (6), the quantities ~,, ,, v, are substi- 
tuted for the coordinates of the point in which (2)-and (8) intersect, the result 
may be expressed as a three-rowed determinant. For instance, 


(af) (BE) q, b, 2, | 

\(q@ 9 | 

(7) | | b a, =| abe |; 
Can) Con) Pee 


= a, 1 


{ 
a, 2 | 


and evidently the other determinants of (6) assume similar form. Consequently, 
by means of the above translation scheme * from the combinants of (4) and (5) 
certain loci are derived which are related to the #” ina special manner. Certain 
sets of points on the £2” defined by some projective relation are connected in this 
way with a point of the plane, namely, the intersection of (2) and (8). This 
fact alone warrants the assertion that loci related to the A” in such a manner 
are covariant curves ¢ of the R". But it is important to give an actual alge- 
braic proof of this fact. 

In order to prove formally that these curves are covariants, it is sufficient to 
show that they are unaltered by any linear transformation of the x’s or ?s. 

Let the transformation of the a’s be 


(8) ev, = lx, +m, 0, + 0,2, (10, 17208 


After this transformation (1) assumes the form 


(9) w, = (1,4, + ma, + n,a,)t" + (1,0, + mb, + n,b,) 0" +++, 
or 
(10) oe, = (i,a)t?+(1,5)'+(1,c)t---, 


where (/,a) =/,a, + m,a, + n,a,, ete. 





* GRACE and YOUNG, Algebra of Invariants, pp. 314-318. 
+ GRACE and YOUNG in the place already referred to have practically proved that such loci are 
covariant. 
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From what has been stated the combinant curves of (10) are expressible as 
sums of terms, each term being of the same degree in determinants of the type 


(4¢) (45) (42) 
(11) (a) (1b) (ta). 

(Ia) (1b) (1,2)| 
But by the theorem for the multiplication of determinants (11) becomes 
(12) | Zn | | aber] ; 


also each three-rowed determinant of the type (11) formed from (10) is equal to 
the product of |/mn| by the corresponding determinant formed from (1). 
Hence, as |/mn| factors out of each term of the combinants of (10) to the same 
degree, these curves are unaltered by a transformation of the w’s. This is a 
property which is possessed by any homogeneous function of the determinants 
of the type |abx|; however, not every such function is a covariant. * But if 
such a function is also unaltered by a linear fractional transformation of the 
parameter ¢, then such a function is a covariant. Therefore it remains to 
show that combinant curves possess also this property. 
Let the transformation of the ¢’s (t = ¢,/t,) be 


(12) t= m,t, + m,t,, t, = 1,t, + U,t,- 
Transforming (1) by means of (12) we obtain 
(13) C= Ot + Ot + 6,2... (i=0,1; 2). 


If we cut (13) by the two lines (2) and (3) we shall obtain two binary n-ics, 


(14) (WE)? + (VE)... = 0, 
and 
(15) (a7 teeo)t tes. = 0. 


But (14) and (15) are exactly what we should have obtained by operating upon 
(4) and (5) with (12). However, the combinants of (4) and (5) are unaltered 
by any such transformation as (12); hence the combinant curves are unaltered 
by a transformation of the parameter t and are covariant curves of the I”. 
All loci obtained in the manner indicated are covariants, but other covariants 
oceur which cannot be derived as combinants. 

Salmon * has discussed the combinants of two binary quartics from an alge- 
braic standpoint and we shall apply his result with some extensions to a study 
of those covariants of the #* which can be derived in this manner. 


* Higher Algebra, third edition, pp. 200-206. 
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$ 1b. Covariant Curves of R* as Combinants. 


Let the equation of the #* be written parametrically 


(16) w,=a,t' + 46.0 + 6c. + 4d.t+e, (i= 0, 4500 
If the /2* is cut by the two lines (2) and (8) we obtain the two binary quartics, 
(17) U= (a&)t' + 4(0€)0 + 6 (c&)? + 4(d&)t + (e&) = 9, 
(18) V = (ant 4 (bn) Olen) eA dy 0 en ies 


giving the parameters of the points in which (2) and (3), respectively, cut the 
‘ curve. Considering the w and v above to be the same as those of Salmon * by 
reason of (5) and (7) we have 
a=(ab)=|abe|, a=(de)=|dex|, B=(ad)=|adx|, B=(be )=|beu 
(19) y=(ae')=|aen|, O=(bd )=|bdx|, A=(ac')=|acx|, N—=(ce \=-|ceme 
u = (be')=|bex],- u’=(ed’)=| cde]. 
Consider the pencil wu + Av as a single binary quartic, substitute its coeffi- 


cients in its two invariants g, and g,, and let the resulting quadratic and cubic in 
K be written 


(20) SiK?4+8'K48,—0upeand 7 Ke 7 ee 


the quadratic gives those two values of A for which «+ Av becomes a self- 
apolar quartic; and the cubic those values of A for which «+ Av becomes a 
catalectic quartic. 

Equating to zero the discriminant of the quadratic of (20) and making the 
substitutions (7), we have 


— 48 | bex| |edx:| — 8 | abae| | dec | 
—8]|adx||bex| = 0, 





e|? + 12] acx| | cex 





(21) 


which is the locus whose tangents cut 2 in self-apolar sets of points. If the g, 
of (4) were formred it would be the envelope of lines which cut /?* in self-apolar 
quartics. Hence A is the point equation of the conic g,. A line which cuts 
ft‘ in three consecutive points is a line of A, for the g, of a quartic having a 
triple root vanishes. Consequently the six inflexional tangents of R* touch A, 
and indeed A is often spoken of as the conic on the six inflexional tangents of f*. 

The condition for w and v to have the same apolar cubic, or that each may be 
expressed linearly in the same three fourth powers, leads to a second combinant 
which with the substitutions (7) becomes. 





* Higher Algebra, third edition, pp. 200-206. 
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B = |acx||ceaw| — | bew||cdx| — | adx||cda 


— | beas| 





(22) 





*— |abx||dex| = 0. 





bex| + | bdx 


This conic may be identified with the conic which Stahl* gives parametrically ; 
it is the locus of the vertices of flex-triangles of all first osculants. 

The eliminant of w and v expresses the condition for a common root or the 
condition that they intersect on the curve. Hence by reason of (7) & becomes 
the point equation of the /*. 

The Jacobian of w and v is 


(23) at? + 3r0° + (88 + 6u)t + (y + 86) 4 (88 4 Bw)? 4 38At+ 0 =0. 


By a well known property of the Jacobian (23) gives the six tangents from a 
point to /2*. The condition that these form a self-apolar set is 


(24) wemee407.+— 4+ 487. 


Consequently the locus of points such that tangents from them to /?‘ form self- 
apolar sets is the conic 


(25) A+48B=0. - 
Further we find that the following relation holds 
(26) " 820(72— 1007,)=(A—16B)— R, 


where J, and J, are the well known invariants of the sextie (23). But 
I; - 1007, = == 0 fee a sextic which has either a triple root, or a double root 
al the miter four forming a self-apolar set. Consequently such points lie on the 
quartic curve 


(27) AS ttey— k= 0. 


The points on # which behave in this manner are on the conic A—16B=0. 
Hence the six flexes and the two points qg, (which have the property that tan- 
gents drawn from them to /?' form self-apolar sets) lie on the conic 


(28) ee 16h — 0. 


It is worthy of notice that the above not only gives an easy way to write. 


down the equation of the coni¢ on the flexes but is an independent analytical 

proof that they do lie on a conic with the two points q,. - 
Salmon’s combinant equation C’= 0, expressing the ndiiae that a member 

of the pencil w + Av can have two Biosred factors, and from our standpoint the 


locus of points such that lines drawn from them cut the /‘ in quartics which 





*W. STAHL, Journal fiir diereine und angewandte Mathematik} vol. 101 (1886). 
+ I,=0 is the self-apolarity condition of (23). 


- 
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have two squared factors, can be nothing else than the point equation of the 
four double tangents of the /2*. Since it may be written 


(29) 1280 =(A—48B)?— R, 


it is evident that the conic on the eight points of contact of the four double 
tangents is 


(30) A 48 Bi 0. 


Forming the Hessian of the eubie of (20) and requiring it to be apolar to 
the quadratic of (29) yields a combinant which may be expressed thus, 


(31) 1287= R—(A—16B)(A+48B). * 


When J = 0, the /?* breaks up into two conics. . If the two lines from a point 
which cut the 2’ self-apolarly are apolar to the Hessian pair of the three lines 
which cut /?* in catalectic quartics, then J vanishes; therefore together with 
(7) it gives the locus of such points. 

Forming the third transvectant of w and v we get a quadratic in ¢ whose dis- 
criminant vanishes on the locus 


(32) AR SO 


This may be identified with Stahl’s conic V. The first osculant of #* at a point 
¢ is an #° and therefore has three flexes on a line. The equation of this flex- 
line is a quadratic in ¢ and the discriminant of this quadratic may be identified 
with (82). Or writing the /* symbolically 


(33) (a&)(at)* = 0 and (bE) (8t)* = 0, 
then taking the third transvectant we have 
(34) |abe||8|*(at)(Bt) = 0, 


which is the conic V given parametrically. Of course the letters in (33), (34) 
are only symbols and must not be confused with the same letters already used 
with different meanings. 

The eliminant of the cubic and quadratic of (20) is the condition for such a — 
FX, to exist that w+ Av =0 has roots that are both self-apolar and harmonic | 
pairs. But a quadratic for which g,= g,= 0 has a triple root, and therefore 
with (7) Salmon’s D = 0 becomes the equation of the six flex tangents of the f*. 

The combinant /’, the discriminant of the cubic of (20), evidently yields the 
locus of point whose lines cut /?' in catalectic quartics. It is therefore the point 
equation of the g, of equation (4). 

Suppose that the polar of the quadratic of (20) as to the cubic of (20) is $;, 
and the polar of ¢, as to the quadratic is ¢,, by using the cubicovariant of the 
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cubic instead of the cubic itself we obtain ¢; and ¢; by the same operations. 
The condition for ¢, = 0 and ¢;) (or ¢; and ¢,) to be the same is the combinant 
M, and by using (7) we have the locus of such points. | 

Before leaving covariant curves we observe that from Salmon’s identities 


(35) D—H=—2IB— B(A—16B), 
and 

(36) 1287 = R—(A 4 48B)(A—16B), 
it follows that 

(87) 64(D— #)= b[(A—16B)?’-F]. 


Consequently,* twelve of the intersections of the flex tangents of R‘ and E lie on 
the conic B. 
Also from (26) and (87) we have 


(38) 320(D—E)=B[(A+48B)?—1007,]. 


If J, = 0 (i. e. if tangents drawn from any point to &* form a catalectic set), 
the intersections of D and # lie on two conics; the flex tangents touch / along 
A + 48 B= 0 and intersect H along B. This particular 72‘ is of the lemniscate 


type. 
§ 2. Invariants of F* as Combinants of the Fundamental Involution. 
If the 7* be referred to a special triangle of reference its equations are 
eo, = at’ + 4d¢°, 
(1) ny =4ddt+e, 
w, = 4b0° + Get? + 4d. 


The condition for /?* to have a triple point,} or the condition for /* to have 
a perspective point for (1) becomes a 


(2) Bi =36a'c’e? + 256ab? d?e — 96a’ cd’ e — 96ab’ ce® — 16a’ bde? = 0. 
If the g, of uw of Section 1 is found for (1), its discriminant multiplied by 
eight may be written 


(3) Aj = — 6a’ c’e’ — 960°? d? + 8a bde’? + 48abe’ de — 32ab’d’e = 0. 


Since the six inflexional tangeuts are lines of the conic g,, A’ vanishes when the 
f?* has three concurrent flex tangents. 





*See THOMSEN, American Journal of Mathematics, vol. 32 (1910), p. 222. 
+ W. STAHL, Mathematische Annalen, vol. 38 (1891) ; Gross, Mathematische An- 
nalen, vol. 32 (1888). 
Trans. Am. Math. Soc. 21 
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Calculating the conic on the flexes from the preceding section for (1) and 
taking its discriminant, we have 


| = 256 (a'b’cd*e’)* — 64( ate’ dte’) + 382(ated’e’) 
(4) — 1920? de — 5120 Be? Pe? + 128 (abe de’) 
— 32a°bc' de® — 4atcte* = 0. 


Since it is known that if an 7?‘ has three flexes on a line it has a fourth, C’= 0 
is the condition for four collinear flexes of the A*. 

These three invariants are independent, as may be shown in the following 
manner: A’ and & are evidently independent. Further if C’ were expressible 
in terms of A’ and B’, such a relation as C’ = 7~B” + yA’ B’ would have to hold 
because C” contains no term in b‘c'd', i. e., B’ would. have to be a factor of C’, 
but this is disproved by making 6 = 0 in (2), (8) and (4). Similarly D’ is 
shown to be independent of A’, B’, and C’. 

The condition for A — 168 in lines to be apolar to A in points we shall call 
RF’, = 0, and we find that 


(5) 86.2. +1080, 4+ Bi 104' Bi + 16-4) 0" 


~ 


If H = 0 is the apolarity condition of A in lines to A — 168 in points, then 
(6) 6H+4 A, Bi 4+8A°=0. 
The discriminants of A and B are known, and therefore, the discriminant of 
the whole pencil 
(7) rA(A—16B)+4uA=0 
is 
(8) CO RON ee A — A ene 
But a more convenient formula than (8) is the discriminant of 


(9) N(cA +dB)+ uw (ad + 1608) =0, 


which is 

[—(c+d)*A4?—d(c+dyH+ @(c+d)R,—@C% |» 

+[-8(a+b)(e+d)*Ay—(b(c+d)?+2d(a+b)(e+d)) A 

+ (d?(a+b) + 2bd(c + d))R, — 38d?C{ |r? pw’ 

+[—8(a+b)*(e+d)Ap—(2(a+b)(c+d)b+(a+b)d|H 

4+ (2bd(a+b)+(c+d)b*) Ri —3bdC% | rp” 
+[—(a+6)A?— (a+ dfbH+ (4+ 0)UR, — BC; |p =0. 


3 


(10) 





* The expressions in parentheses carry with them their conjugate expressions. 
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By substituting proper values in (9) and (10) any invariant of any member of 
the pencil of conics may be easily found. For instance, by a method to be given 
presently the discriminant of /* is found to differ only by a numerical factor 
from the undulation condition. Hence by substitution in (9) and (10) the undu- 
lation condition is 


(11) ei — A Oe, 
or by reason of (5) and (6) 
(12) 1440), + (8B, + 2A4')?=0. 


Also the invariant whose vanishing is the condition for three concurrent double 
tangents is the square root of the discriminant of the conic A — 12 8B, or at least 
it differs only by a factor. Hence the condition for A — 12B to degenerate is 


(13) —(B+6A;Y=0, 
and for three concurrent double tangents, 
(14) | ay 


The conic A — 16B meets /* in two points q, besides the six flexes. By sub- 
stituting (1) in A —16£ and comparing with the sextic giving the flexes we 
find a quadratic giving the g’s. Its discriminant is 


(15) Bers’ 0; 


hence (15) is the condition for the q’s to unite. 

Having taken the /2‘ in a workable form to find relations among its invar- 
iants, we shall now give the most important invariants in their most general 
forms. It is well known that all line sections of the /?* are apolar to a pencil 
of quartics which constitute the Fundamental Involution. From the theorem 
of Grassmann + on the proportionality of determinants it follows that the com- 
binants of the Fundamental Involution are invariants of the /*. An easy 
method to pass from the combinants of line sections of an /* to combinants of 
the Fundamental Involution is to replace each determinant by its complementary, 
i. e., |acw| and | bkw| must be replaced by | bde| and | ace|, respectively, ete. Of 
course, allowance must be made for binomial coefficients. For instance, if these 
changes are made in the combinant B of Section 1b we have 


B’ = |bde||abd| — |ade|| abe| — | bce| | abe| 
(16) 








— |acd||ade| + | ace 





*— |ede|\abc| = 0, 


* This was proved in a different way by Dr. THOMSEN in his dissertation, Johns Hopkins 
University, 1909. 
+ W. F. MEYER, Apolaritdt und Rationale Curven, § 11. 
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which is the triple-point condition for /?* written without binomial coefficients. 
Further, if these changes are made in A of Section 10 the result is —768 times 
the discriminant of A for /2* written without binomial coefficients. 

We shall summarize the results of these two sections in a table. Let ( 2‘) 
mean the /* written parametrically with binomial coefficients and (/?*) mean 
ZF?‘ written in the same way without them. Also let A’ stand for the combinant 
A of the Fundamental Involution which may be derived from A as already 
explained. In the first column is given the name of.the combinant of two line 
sections of (/?*); in the second we have the locus resulting from the process 
explained in Section 1a; in the third is the same combinant of the Fundamental 
Involution giving an invariant of (#*) whose meaning appears in the fourth 
column. Also if A’ means an invariant of (/2*) we shall understand that A} 
stands for the same invariant of ( /*), possibly differing by a factor. Evidently 
any such invariant as A} can be obtained from A’ by substitution of binomial 
coefficients, i. e., |cde| and |bcd| of A’ would be replaced by 24|cde| and 
96 | bed |, respectively, to obtain a multiple of A,. 


Table of Related Invariants and Covariants. 




















Combinant of ae ot a 
two line sec- Covariant Curve of (£*). ti andl A Condition for (R*) to have 
tions of (2°). CR"). 
A Locus whose lines cut (#*)| . A’ 3 concurrent flex-tan- 
in self-apolar sets. gents. 
B Locus of vertices of flex A’s|.  B’ Triple point. 
of 1st osculants. 
C Product of 4 double tan- Gates 4 collinear flexes. 
gents. 
D Product of 6 flex tangents. LN Cusp. 
LR Point equation of ( 2*). dy. Undulation. 
iH Locus whose lines cut ( /*) EE’ Tac-node. 
in catalectic sets. 
A —12B | Locus of flex lines of Ist| A’—12B’ Its 2 q’s unite. 
osculants. 
M Remote meaning. M" Skew invariant. 











For the purpose of deriving these invariants a special form of the /?* has 
been used; and after they have been derived, to identify them with the proper 
combinant of the Fundamental Involution is a comparatively easy matter. This 
was the case with A’ — 12 BR’, which as a combinant of the Fundamental Involu- 
tion one would hardly have expected to give the condition for three concurrent 
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double tangents. On the other hand, forming the cubic of (8), Section 1a, of 
the Fundamental Involution, we have three catalectic sets associated with the 
double points; if two of these are the same we have a tac-node, the condition 
for which is “’ =0, and this would probably be a difficult result to obtain 
directly from the equations of the curve. D’ = 0 is the condition for ( /2*) to 
have a doubly perspective quintic, and therefore the condition for a cusp. 

Let the invariants A’, Bb’, C’, and D' be called J,, J}, [,, and J,, respectively. 
These four invariants constitute a complete system in the sense that any other in- 
variant relation on the L* can be expressed in terms of them, i.e. any other inva- 
riant of the /2* is connected with these four by an algebraic relation. The proof 
of this fact depends upon a theorem due to Stroh,* which applied here says that 
every combinant of two binary quartics multiplied by the proper power of an 
invariant (which in this case is the undulation condition) is an invariant of a 
binary sextic.+ In this case TX de) *y TeGReie TR a Le Tp loa and 
Ef ite)" (where & is the degree of an invariant) become J,, J,, J,,, J,,, and 
J,, of a binary sextic. But J,, J}, Z,, and J, are independent, hence J,, J,, 
J,,, and J,, are independent. Suppose then that there is an invariant J, of the 
f* which gives rise to an J,, of the binary sextic. Then we should have five 
invariants of a binary sextic, four of which are independent, and these are always 
connected by an algebraic relation. Consequently any J, of the J?* is algebraic- 
ally expressible in terms of the four invariants J,, 7,, Z,, and J,. 


§ 3. The R* as Plane Sections of the Steiner Quartic Surface. 


The invariants of the A‘ may be treated very neatly by considering the 7‘ as 
plane sections of the Steiner Quartic Surface { which we shall call S*. 
The point equation of the S* referred to its trope planes is 


(1) Va, = Vn, + Va, + V0, + V0, = 05 
¢ 

we propose to cut this by the plane 

(2) (av) = a,v,+ 4,2, + 4,0, + 2,2, = 05 


in this manner any relation among the a’s is of (2) yields a special /’, or the 
invariants of the #* may be expressed in terms of the symmetric functions of 
the a’s of equation (2). 

For instance, any plane through the point (1111) cuts out an #* with a triple 
point and therefore the condition for an /?* with a triple point is that (2) be on 





*E. StrRoH, Mathematische Annalen, vol. 34 (1889), pp 321-323. 

+ W. STAHL, Crelle’s Journal, vol 104 (1889), p. 302. 

t The Steiner Quartic Surface may be obtained as the polar of a plane as to a tetrahedron. 
(1) is the polar of the plane (1111) as to & ££ —0. It is of the third class, fourth order, 
with an enveloping cone of order six. Hence a plane section is a curve of order four and class 
six—an FR‘. 
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the point (1111), which is «, + a, + a, + 4, = 0, and this as a symmetric func- 
tion of the a’s is 


(3) S,=0. 


Any plane on a pinch point cuts out an /* with a cusp; the six pinch points 
have the coordinates (1100), .--, (0011), hence we have an /* with a cusp when 
any one of the six factors of 


(4) (2, ar a, )( % oF a, )(% nF as) (a, Fe ay) ( a, +°a,) (a, ae a; ) = 0 
vanishes. Expressed in terms of symmetric functions, (4) becomes 
(5) S,S.8; pees 6, — 0, 


which is the general condition for a cusp. Similarly when any two factors of 
(4) vanish we have two cusps, and by taking the product of the factors of (4) 
five at a time we obtain the condition for a second cusp after (5) has vanished. 
I find this to be 


(6) 28, 83+ S,S,+ SiS,— SS, = 0. 

By the same argument, after (5) and (6) have vanished the condition for a third 
cusp is 

(7) SS, + 3828, + 83+ 2S87S,=0. 


If (2) is a tangent plane of (1), the point of tangency is a double point in the 
curve of the section. Nodes also occur where (2) cuts the double lines of the 
S*. The condition for an extra node is that (2) be a plane of (1). The plane 
equation of (1) is 


(8) (1/€,) = 1/8, + 1/€, + 1/8, + 1/8 =0. 
and hence the condition for an extra node, or for /* to degenerate, is 
(9) Dea=i0% 


The points where (2) cuts the trope conics are points of contact of the double 
tangents in the curve of section or the double tangent are the intersections 
of (2) and trope planes. Hence if (2) is on a vertex of the reference tetrahedron 
the corresponding /?* has three concurrent double tangents. As this can occur 
in four ways, the condition for three concurrent double tangents is 


(10) See 0e 


Evidently this could not occur twice unless (9) holds, in which case R, 


degenerates. 
The line joining the two points where (2) cuts a trope conic is a double tan- 
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gent; if these two points come together the intersection of (2) and a trope plane 
becomes a line of the corresponding trope conic and in the section this point is 
an undulation. Hence the condition for an undulation is that the intersection 
of (2) and a trope plane be a line of the corresponding trope conic. This may 
occur in four ways and the general undulation condition is the product 


4 
II (2, + %% + a, a, ) = 0, 
or ‘ 


(11) esr 38.9. 9, 4 Seen 


By the same argument as in case of cusps, the condition for a second undulation 
after (11) has vanished is found to be 


(12) Si + 8,S,8,—- S?8,+ TS,S,=0. 
Also for a third, after (11) and (12) have vanished we have 
(18) Si + 8, 8,+ 28,=0. 


By the use of a result of Richmond and Stuart * the quadric associated with 
the S* containing all those points which in plane sections are flexes is found in 
our notation, 


(14) 8 (asus + atal + abat + aia) — S,(2a7— 220, 2, ) =(). 


By its form the quadric in the second parenthesis touches the edges of the tetra- 
hedron at their mid-points, and in sections gives the points of contact of the 
double tangents. Knowing the meaning of (14) and of the quadric just men- 
tioned and recalling that they (or the corresponding conics in Section 10) are pro- 
portional to A —16B and 48 B— A, respectively, we see that the quadric 
a? x* = 0 is the locus of points which in plane sections yields the conic which 
is the envelope of flex-lines of all first osculants, as it is proportional to d —128B. 

It is desirable to form the discriminant of the pencil of conics as has been done 
in Section 2. In order to do this in a way that involves the a’s symmetrically, 
we find the plane equation of (14) and substitute the a’s for &s. Thus by using 
a result of Salmon + after dividing out by S,, the discriminant of 


(15) prabxct —AS,( Lai — 2lax,x,) = 0 
is exhibited as follows, 
a S28 —(S,S? 58, 8, 8, + 8S?) 2a + 4(8? 8? — 28, 8?— 8, 8,8, pr? 
+ 4§2(S?—48 )=0; 
* Proceedings of the London Mathematical Society, series 2, vol. 1 (1904), pp. 


129-132. 
+ Geometry of Three Dimensions; p. 50, 2 67, p. 58, 279. 
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and (16) in the notation of Section 16 is the discriminant of 
(17) w(A—16B)+2A(A—48B)=0. 


Equating (17) to A and substituting in (16) we find the discriminant of A 
to be 


(18) A, = [3(S,5,—48,)]?=0, 
therefore three flex tangents are concurrent if 
(19) Soe = 0" 


Or by equating (17) to B we find the discriminant of B 
Leg a 
(20) 4.362(S: + 8, So Ss; 5,5.) = 0, 


but (20) is only a multiple of (11), showing that B degenerates when /* has an 
undulation. 


If we identify (17) with 
(21) vA + H(A—16B)=0 
we find that the discriminant of (21) is 
[#(S,48, —48,)]* 4 aie (S{S}— 208, 8,8, + 6487) 7° 
(22) +4 (64S8{—5S1S}+4+128,834 48,8, 8,) vk? 
+ 3 (88S,S,S,+ S7S}—48, 8?) kK? = 0. 
Let us write equation (22) briefly as | 
(23) Aly + Hy K+ kR,vK?+C, Ke = 0. 


The importance of (23) will appear later. 

If a point where a double line of S‘ cuts (2) is moved up to be a point of (14) 
we have brought a node and a flex together and have a flecnode; except that at 
the two pinch points which are on each double line we get cusps. 

The points where the double lines of S* cut (2) are 


eae ple Be eh 0, = 2, = — (a, +a, )5 
(24) Ly = L, = 4, + as, v= 2, = —(% + %); 
Cy = Ve = 4, + A, @ =X, = — (4 + A). 


Substituting these in equation (14) and factoring the cusp condition twice out 
each time, I find that the conditions under which a fleenode can occur are three 
expressions of the type 


(25) (a,—a@,)°*(a, + a3) + (a, — @,)*(a, + a) = 0; 
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i. e., the vanishing of any one of the three expressions of the type of (25) insures 
a flecnode. 

By arguments similar to those already used the general condition for a flecnode 
is shown to be 


ag, 22S 82 Si — ASSES, — 6483 + SiS, 8, — 583 83 
a? TRE Sy ee 


The condition for a second fleenode after (26) is satisfied is 


(27) S7S5— 168, S,8,4+ 4883 + S?S8,— 4887 S,= 0. 
Also, for a third, in addition to (26) and (27) we find 
(28) SS,—- 68, =0. 


Obviously an /?' cannot have three flecnodes without one of them being a biflec- 
node. The /?* is cut in eight points by 4 — 16L= 0; six of these points are 
flexes and the other two are the points g. For a flecnode, a q and a flex must 
come together ; this could occur only twice and a third flecnode would require 
two flexes of the /* to cross, thus forming a biflecnode. 

The matter of biflecnode conditions is somewhat unsatisfactory. To find them 
we introduce a conic of fundamental importance. The conic 


(29) (a5 + xi + et) + 2fe,x, + 2gu x, + Zhu, x, = 0 

may be transformed by x, = 1/«, into the #* referred to its nodal triangle, and 
its equation is 

(SO N(x oe 4 eh oes oe et) fete, + Again we, + Zhare,x, = 0. 


It may be shown that the invariants of the /’* calculated directly from equation 
(30) are connected with the invariants we have found from the S* by the follow- 
ing relations 


2.=a,+a,+4,+a,= 8), 
2f =a,+ 4,—4,—4,, 

(31) 
27 = a, — 4 + 4, —4,, 


2h =a,—a,— 4, +4,. 


The equation of a pair of nodal tangents may be written down from (80). If 
we impose upon each of these tangents the condition that it cut the A‘ in three 
consecutive points the results are the conditions for a bifleenode. These opera- 
tions yield three pairs of equations of the type 


(32) An—gf+ov=9, gf —hr¥+ 97 = 9, 
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where = 0 is the triple-point condition and y = 0 is the cusp condition. Ruling 
out the vanishing of 2 or y, one such pair as (32) will vanish if only any two of 
the quantities (f, g, 2) vanish. A pair of conditions expressible in sym- 
metric functions of the «’s which are equivalent to these two conditions are 


3 
(33) > f’97’ = 0 and. , f*¢ ht =0, 
and. these are expressible as ; 
(34) 38S} —16S7S,+ 16834168, S,— 6458, = 0, 
and 


(85) S’— 8S*S, + 1687S} + 4883 + 1683S, — 648, S,S, + 645; =0. 


It may be easily verified that the conic on the flexes degenerates when wits 
and (85) vanish simultaneously. 





AN APPLICATION .OF MOORE’S CROSS-RATIO GROUP TO THE 
SOLUTION OF THE SEXTIC EQUATION* 


BY 
ARTHUR B. COBLE+ 


Introduction. 


By making use of the fact that all the double ratios of m things can be 
expressed rationally in terms of a properly chosen set of » — 3 double ratios, 
KE. H. Moore has developed the “cross-ratio group,” C,,, a Cremona group 
in S_, of order n! which is isomorphic with the permutation group of n things. 
H. E. Staueur$ has discussed the C;, in considerable detail. Both C,, and 
C;, have been listed by S. Kanror. || 

I have already pointed out] that C,,, defines a form-problem which I shall 
denote by ?C,,,. The solution of PC,,, carries with it the solution of the n-ic 
equation, and I have worked out in detail the application to the quintic equation. 
After the adjunction of the square root of the discriminant of the n-ic, a new 
form-problem, P C,,,., can be enunciated whose underlying group is the even 
subgroup C,,,. of C,,. It appears in the particular case, n = 5, that the solu- 
tion of PC;,. can be expressed rationally in terms of the solution of KLEmN’s 
A-problem.** The transition from the one problem to the other is accomplished 
by a very direct process which is suggested by simple geometric considerations. 
Explicit formule are always desirable, and these have been lacking hitherto in 
the solutions of the quintic equation in terms of the A-problem. By intro- 
ducing PC;,. as an intermediate stage I have obtained such formule from the 
long known invariant theory of the binary quintic. 





* Presented to the Society, December 28, 1910. 

{ This and allied investigations are being carried on under the auspices of the Carnegie 
Institution of Washington. 

tAmerican Journal of Mathematics, vol. 22 (1900), p. 279. 
§American Journal of Mathematics, vol. 22 (1900), p. 343; and vol. 23 (1901), 
p. 99. 

|| See his Theorie der endlichen Gruppen von eindeutigen Transformationen in der Ebene, Berlin 
(1895), p. 105, Type XIV; also Theorie der Transformationen im R,, etc., Acta Mathe- 
matica, vol. 21 (1897), p. 1, in particular, p. 77, Type LI. 

{ These Transactions, vol. 9 (1908), p. 396, cited hereafter as cl. 

** An explicit solution of the A-problem in terms of the icosahedral irrationality is found in 
cl, §5. 
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It is my object in this paper to determine whether any material advantage is 
gained in the solution of the sextic equation by the introduction of the form- 
problem of the cross-ratio group of six things, PC,, or PC,,.. The main 
result in this direction is found in § 2, namely, that after the adjunction of the 
square root of the discriminant A of the given sextic S, the PC,,. and there- 
fore S itself has a rational resolvent sextic 2. This resolvent = is of the gen- 
eral diagonal type, i. e., the fifth and third powers of the unknown are missing. 
This resolvent is not unknown, * and the main point of novelty here is the very 
natural way in which it is suggested by the C,,. 

In the first paragraph, the equations of generating substitutions of C;, are 
derived, particular sets of conjugate points are considered, the invariant spreads 
of the group are obtained, and the form-problems of C,, and C,,,. are set forth. 
The solution of the sextic S in terms of the solution of either of these form- 
problems is exhibited. In the second paragraph the solution of PC. is 
expressed rationally in terms of the solution of the resolvent >. Some data 
concerning the history of = and its connection with a particular sextic ® of 
MASCHKE are reviewed. ‘These data are correlated to some extent by a geo- 
metric interpretation. A solution of PC,, by means of hyperelliptic modular 
functions also appears. In the third paragraph the reduction of the solution 
of = to the solution of the form-problem PG,,, of the VALENTINER collineation 
group G’,,, in S, is outlined. The method there used applies equally well to the 
given sextie S,+ so that the advantage which arises from the introduction of = 
is due only to the absence of two of its coefficients. But the rational functions 
of the coefficients required for the reduction to PG’,,, are of necessity so compli- 
cated ¢ that this advantage is important. | 


360 


$1. The Invariants and Form Problems of C,,. 


»> +++, %, can be transformed linearly in such 
a way that z, becomes oo and the other roots become y,, 7,, «++, y, respectively, 
where }i7y,=0. The transformed roots y are determined to within a factor 
of proportionality. Their values in terms of the differences of the roots z are 


py, =21 86 46 56481 26 46 56441 26 36 56451 26 36 46, ik—n—ny, 


A sextic S with given roots z,, z 




















(1) py,=13 26 46 56+23 16 46 56443 16 26 56458 16 26 46, 





py,=14 26 86 56424 16 36 56434 16 26 56454 16 26 36, 








py;=15 26 36 46425 16 36 46435 16 26 46445 16 26 36. 


* See the references at the end of $2. 
{| CopLE, Mathematische Annalen, vol. 70 (1911), p. 337; cited hereafter as C2. 
{ An estimate of the number and order of these functions is found in C2. 
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The differences of the transformed roots y are 
(2) P(¥;—Y,) = —5-ik 16 m6 nb (4, k,l, m, n=1, 2, ---, 5). 


The system of values y subject to the relation, > y, = 0, can be interpreted 
as the homogeneous coordinates of a point y in S,. In this system of coordi- 
nates there is associated with the five reference planes, y,= 0, a set of five 
points, each the polar point of one plane as to the tetrahedron of the other 
four. Denote these five points by p,, p,, +++, p,; their coordinates are 
moa. tl, 1, 1,1), ¥--,p,(1,1,1,1, —4). 

In the formulz (1) let z, be a variable parameter, ¢. Then the point y 
describes a rational twisted cubic. As ¢ takes the values z,, z,, ---, 2, y takes 
the positions, p,, p,,---,p;-¥- Thus to construct the point y which corre- 
sponds to a given sextic S, we associate five of the roots of S to the points p 
and pass through these points a rational cubic such that their parameters p 
on the cubic are projective to the five roots of S. In this projectivity, the 
sixth root of S determines a sixth point y on the cubic curve. Since five 
roots of S can be associated with the five points in 720 ways, a sextic S deter- 
mines a set of 720 points y. The change in y due to a permutation of the 
roots of S from some given order furnishes a transformation of Moore’s group, 
C,,. The 720 points y determined by S are a set of conjugate points under C,,. 

Let 7.) ..;..) denote a permutation written in cycle form from the order 
215 2y5 +++, 2 to the order z|, 2,, ---,2,. The same symbol will be used for 


6 
the transformation which carries y into 7’. Clearly the permutations of z,, -- -, 2, 


J 


alone give rise to the permutation group of the five coordinates y, i. e., to the 


collineation group, C, 


system of five points p, into itself. The C;, can be generated by this group and 


»)> Which transforms the system of five planes y, or the 


an additional transformation, say Z/,,,. To obtain this transformation we make 
use of formule (2). 


























24 de ls SS ee e., eee il 
p(y; —¥y,)= wie 4 OO == —.5-02 O11. 4100 ) =e - 
a ws = il 
p(y, —¥,)= ae ee Ome OD Oo. 5-60. 21 4 hci 
he Gee 
(3) oer rig ; : 
py. —¥,)= P14 26.00 56 — —5-64 21 31 blac rs 
Ver Hs 
a beg i ke i 
PY, —y.)= — 5-1) 26 36’ 46 = — 5.65 21 31 41 =o——__., 
Yi — Ys 
where 





o = 25p-12 18 14 15 62 63 64 65. 


Thus Z7,,. is an involutory cubic transformation with the singular tetrahedron 


Po» P31 Pgs P; and the fixed point p,. Moreover any permutation which affects 
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%, gives rise to a cubic transformation with a singular tetrahedron whose vertices 
are found among the points p and with the same period as the permutation. The 
equations of the transformation can be obtained in precisely the same way as 
tor Zi, ays 

A point in general position is one of a set of 720 points which form a conju- 
gate set under C;,. Ifa point takes less than 720, positions under C;,, it must 
be unaltered by a certain subgroup G of C;,. To such a point there must cor- 
respond a class of projective binary sextics, each of which must be self-projective 
under a binary transformation group [' which is isomorphic with G. If all the 
roots of the sextic are distinct, any permutation of them which can be effected 
by a binary projectivity defines the projectivity. If however equalities among 
the roots exist — to fix ideas let z, = z, then to the identical projectivity there 
corresponds the identical permutation and also the permutation (z,, 2,). From 

‘the formulae (2) we find that the points y which correspond to sextics for which 
2,=2,(1,k=1, 2,---, 5) liein the plane y, — y, = 0; those which correspond 
to sextics for which z, = z, are directions about the point p,. These five points 
and ten planes are a conjugate system of manifolds under C,,, the locus of 
points for which the invariant A of S vanishes. Since we are interested pri- 
marily in the solution of S we shall assume that A+ 0. Then the groups G 
and I‘ are simply isomorphic. The types of sextics S invariant under a group 
I’ have been tabulated by Bouza.* From these types the systems of points in 
question are easily derived. 

Because of the projective character of the transition from sextic S to point y 
it is clear that the locus of points y which map sexties S for which a certain 
invariant J of S vanishes is a surface, J/= 0, invariant under C,,. Conversely 
to every surface, JJ = 0, invariant under C,, there corresponds an invariant J 
of S. For if JJ = 0 is invariant under C,,, JZ must be a symmetric function 
Of Y,5 Yoo +++) Ys- Since Dy, = 0, IM is the leading coefficient of a covariant 
of the quintic, (¢,— y,t,)---(t,—y,t,). Then J/= 0 expresses that oo is a 
certain covariant point of y,, ---, y,, or that z, is a certain covariant point of 
2, +++,2%,. The condition that z, be a similar covariant point of the other z’s 
is that IJ = 0 for all points conjugate to y, and this is satisfied, since = 0 is 
invariant under C,,. But this condition implies that the roots z satisfy a 
rational invariant relation, J = 0. 

The invariant surfaces therefore are merely the invariants of the sextic 


O2,( 4, — Yi ees (4 — Weta Ly=9, 


a sextic in a typical form employed by Clebsch (Bindre Formen, p. 851); the 
invariants of such forms are calculated there up to the sixth order. Another 





*Mathematische Annalen, vol. 30 (1887), p. 546; American Journal of Mathe-— 
matics, vol. 10 (1888), p. 47. 
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mode of procedure is to express the invariants of S in terms of the differences 
of the roots z. By identifying z, with oo and z,, z,, ---, 2, with y,, Y., °°) Y; 
we get the corresponding invariant surface from the coefficient of the highest 
power of z,. The index of this power is the degree n of J in the coefficients of 
S. The weight 3n of J is the order in the differences. But n differences in 
each term of J contain z,. Thus the order of the corresponding invariant sur- 
-face Min y is 2n. Since Jf must contain all the points to the same multiplicity 
k and also must be invariant under 7’,,., we find that k =n. Hence 

All surfaces invariant under C,, are rational integral functions of a set of 
surfaces M,, M,, M,,, M,,, M,, of orders 4, 8, 12, 20, 30 respectively and of 
multiplicities 2, 4, 6, 10, 15 respectively at the points p. These surfaces cor- 
respond to the members of a complete system of invariants of S of degrees 
2, 4, 6, 10, 15 respectively. 

The square of J/,, can be expressed by means of the others ; whence the gen- 
eral invariant surface J either is of order 44 with 2k-fold points at p, or is the 
aggregate of such a surface and /,,. The discriminant A of degree ten corre- 
sponds to a surface of order twenty, which as we have seen must be the square 
of the ten planes on p. This surface has 12-fold points at p, instead of the 
normal 10-fold points. This is accounted for the fact that the oo? directions 
about p, also map sextics for which A=. In general if the multiplicity at p, 
is greater than the normal multiplicity, 24, the ten planes are part of the 
invariant surface. 

The simplest linear system of surfaces which is unaltered by C,, is the system 
of oo* quadrics on the five points p. These quadrics map S, on a cubic surface 
in S,, whence there is among five linearly independent quadrics on p only a 
single cubic relation. There are 
2 
PET G2)\(n+8)(n-4)/41—(n—2)(n—1)n(n-41)/41 = ees avai) 
linearly independent forms of order n in these five quadratic forms. This is 
exactly the number. 





1 5 gata ae 
31 (2m +1) (2n + 2)(2n+3)—ain(m+1)(n+2) = 9 (n? + 2n +2), 





of linearly independent forms of order 27 with n-fold points at p,. Hence every 
surface invariant under C;, can be expressed as an algebraic form with the five 
quadrics as variables. For purposes of manipulation however it is convenient 
to have a symmetrical set of quadrics on the points p;. Since the five points 
are permuted by C’,,, each member of such a set would be unaltered by a sub- 
group of C’,,, whose index is the number of members. This number should be 
five at least and we look for quadrics invariant under a metacyclic subgroup 


C,, of C. 


19 Whose index is 6. Selecting the particular subgroup generated by 
Tooq45) ANd TZ)... we find that the quadric required is 


¥ 
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(% “ar Yo) (Ys — 4) =F (Y. ei Y3)(% iim Ys) x (Ys — Yu.) (Ye pe Ys) 
+ (92-95) (4s — 11) + Ys — 11) ae 


By using the even permutations the following set of six conjugate quadrics is 
obtained : 


2A = (25)(13)+(51)(42) + (14)(85) + (43)(21) + (82)(54), (ik) =(¥—H), 
2B = (12)(58) +(28)(14) + (34)(25)+ (45)(81) + (51)(42), 
2 C’ = (58)(41)+ (34)(25) +(42)(18) 4 (21)(54) +-(15)(32), 
2D = (81)(45)+ (24)(58)+ (25)(41) + (15)(82) + (48)(21), 
2H = (81)(24)+(12)(58) + (25)(41)+ (54)(32)-+ (43)(15), 
QF = (42)(35)-+ (23)(14)+(81)(52) + (15)(43) + (54)(21). 


There must exist among these quadrics a linear relation (due to the identities 
of the type (12)(384) + (18)(42) + (14)(23) = 0; this is necessarily sym- 
metrical, 


(5) A eee) ae ee 


(4) 


The even permutation group of the y’s, a C,,,, permutes the six quadrics as the 
icosahedral group permutes the diagonals of the icosahedron ; the odd permuta- 
tions permute the quadrics oddly into the quadrics with changed sign. The 
Cremona transformation 7/,,. permutes the quadrics in the order (A/#)( BC) 
(DF’) to within a common outstanding factor. Thus to within common factors 
the quadrics are permuted in all possible ways by the C,,. Each quadric is 
unaltered by one of a second set of six conjugate subgroups of C,, of order 120. 
The cubic identity satisfied by these quadrics must be unaltered by C;, and there- 
fore must be symmetric in A, ---, #. Since 2A = 0, this identity is 


(6) AP Bea)? i ee een 


Every invariant surface can be expressed in terms of these quadrics, and being 
invariant must be a symmetric or alternating rational integral function of them. 
Conversely every such function determines a surface invariant under C,,. For 
example, = A’ does not vanish, since the quadrics satisfy only the relations, A = 0 
and > A*=0. The odd permutations of C’,, change the sign of = A°, hence 
it is an alternating invariant S of degree 5, i. e., to within a numerical factor, 
VA. Also II(A— B) does not vanish and is unaltered by both the even 
and the odd permutations of C,,,. It must be then the skew invariant of S of 
degree 15. The symmetric functions, = A’?, =A‘, and IIA correspond to 
invariants of S of degrees 2, 4. and 6 respectively. “ 
To identify the preceding results with known systems let us define, following 
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Clebsch and Gordan, some invariants and covariants of the sextic. Let 
va oe Ris hi (00 deo. 
feat’ == (Gi) a, Bp = nie = ( Kel eke. R= no = (hmy ke, 
A =(ab)’, Biz=( kis, )*, C = (kk, (kk, Pb, by)? 
Lp (in), R = (Im) (In)(mn), VA=II(z,—2,) (i<k). 


Adjusting the numerical coefficient in the formula for A given by Gordan 
(Invarianten- Theorie, p. 295) we have 


1 
(8) — 2.33 


(7) 


Ape Apo A? —'2*.5* AAC 
+ 3.2.5°( AB’? + BC) + 3°-5°D. 
"Let the invariants A, B, OC, D, and R be calculated for the sextic, 


6t, 11 (¢, — ¥;,t,), 
1 


and expressed symmetrically in terms of the quadrics A, ---, #. These 
quadries satisfy a sextic equation, > = 0, where 


(9) 2=(Q—A)(Q—B)---(Q— P= OM + 159,014 159,0'+ 6950+ 9.- 
The coefficients of = are integral in A, B, C, A, and the square root of the 
discriminant of = is a numerical multiple of 2. The result of the comparison is 


5 5 5° 
159, =9 4, 15g,= 3 4°— 9 3B, 
iL0) , 
Be 6 5 Les 
~@=—yA +5-pAB+ aC, 69, = 33 VA, 


Another set of fundamental invariants is defined by the equations, 


meet se 


Daye De AterS 52 AD 148 OLG 


1 


5-9: (84? — 75B), 


(11) 


where B and C both vanish if S has a triple root. Then the sextic = has the 
particularly simple form 
2 Fi DN) 1 ary 
(12) == (Q'+ 4) + 15BEU+ ZVAQ+C=0. 
If we let 
(18) YA,=M(4—B)...(4—F)(B—C).-. (B—F)--. (HF), 
then 
eee 92.510 
(14) [ieee a 


Trans. Am. Math. Soc. 2% 
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The form problem of the C;, reads as follows : 

(15) Given the numerical values of A, B, C, A, invariant under Cy, to 
find the ratios of the coordinates of a point y for which these quantities take 
the assigned values. 

The given values determine the numerical values of B/A’, C/A*; and A/ A’, 
whence y is a meeting point of invariant surfaces of orders 8, 12 and 20. 
Apart from the points p of multiplicities 4, 6, and 10 respectively, these sur- 
faces meet in 8-12-20 —5-4.6.10 =720 points which form a conjugate set 
under C,,.. Thus all the solutions of PC,, are obtained rationally from one 
solution by means of the transformations of C;,. 

If the numerical value which the product of the ten planes, VA, takes for 
the point y be given it is not possible to determine a set of 360 points conjugate 
under C%,. by. means of three absolute invariants alone. As before, the known 
ratios B/A®, C/ A>, and A/A® determine two sets of 360 conjugate points. If 
also the value # be given, the known ratios B/ A’, C/A*, R/( VA)* determine 
three sets of 360 conjugate points, since the surfaces are of orders 8, 12, and 30 
with 4-, 6-, and 15-fold points respectively at p,. But there is an identity 
(Gordan, Jnvarianten-theorie, pp. 290-1) which expresses the square of 
{/ R/(VA/) in terms of B/A’, C/A* and A/A*. Since this identity is cubic 
hin A / A®, only one of the above three sets is contained in the two sets. Thus 
the form-problem of P C%,. reads : 

(16) Given the numerical values of the invariants A, B, C, ES. and R 
subject to the identity which connects them, to find the ratios of the coérdinates 
' y of one of the associated set of 360 points conjugate under Coe 

We have to show finally how the roots z of the given sextic S can be expressed 
rationally in terms of a solution, y, of PC;,.. First let us assume that A + 0 
and # + 0, for otherwise S can be solved by means of radicals. The invariants 
A, B, C,A,and R of S are calculated and a value of V/A is adjoined. These 
values are identified with the numerical values in PC;,.. The solution of 
P Cy. furnishes a sextic 


S’ = 6t,(t, — yy ty) +++ (t, — Yoty) 


which is projective to S. If we denote the invariants.and covariants of S’ by 
primed letters, then 


(17) J2(in)= ple (Ut); I,(mx) = pI, (mt), (na)? = p(n'ty. 


Here J, is a non-vanishing invariant of weight 6 which can always be formed 
from A, B, C, and YA unless A = B= C= 0, in which case 8 is solv- 
able by radicals. p is a power of the determinant of the projectivity that — 
transforms S’ into S. The determinant of the system (17) in the variables ~ 


wt, 2x,x,, and a> is L3 and is not zero. From this system we can find the 
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values of x; /p, 2x,x,/p, and «}/p in terms of the coefficients of S, of the coor- 
dinates y,, ---, y, and of ¢, and ¢,. Then from 





ihe 1 
Os ee 
1 Wey 
ae or s 
Ae wpe 2 = 
1 ile. 
=H, i, =i 
Pp p 
we get the six roots z,, 2, ---, 2, by assigning the values ¥,, y,, «++, Y;, 0 to 


the ratio ¢,/t,. 
Hence the solution of S and that of PC,, or the solution of S after the 
adjunction of A and that of PO,,. are rationally equivalent problems. 


§2. The Sextic Resolvent X= of P Corpo. 


The given quantities in PC,» as formulated in (16) determine rationally the 
coefficients of the sextic = in (9). Also, according to (14), VA, is rationally 
known from PQ). The Galois group of = is of order 360 and is simply iso- 
morphic with C;,,.. Since the roots of = are rational functions of the required 
coordinates y in PCy, = is in asense a rational resolvent of PC... In order 
to complete the connection between = and PC ,. we require formulae which 
give the ratios of the coordinates y in terms of the roots A,---, F’ of 2. 
From the formulae (4) we get at once 


(44 B) = (51)(42), (B+ 0) =(84)(25), (C+ B) = (18)(42), 
WAC) =(68)(41), —-(B+D) = (81)(45), (C+. 7) = (6421), 
(18) (44D) =(48)(21), (B+) =(12)(53), (D+ B) = (25)(41), 

(44 E) = (82)(54), (B+ F)=(28)(14), (D+ F) = (24)(53), 
(44 F) = (25)(18),  4(O+D) = (15)(32), (#4 F) = (15)(48). 


From these pairs of differences the ratios of four linearly independent differences 
can be derived in a variety of ways. One verifies at once that 


p(12)=— (A+ D)(B+ E)(C+F), 
p(18)= (A+ D)(B+E)(B+D), 
p(l4)= (A4+D)(A+C)(C+ F), 
p(15)= (H+ F)\(B+E\(C+F), 


(19) 


where 


p = 8-(12)?(84)(35)(45). 


From these ratios of the differences we find the required ratios of the coor- 
dinates y, - 
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by, = (12) + (18) + (14) + (15) 
by, = —4(12) + (18) + (14) + (15) 


Hence the solution of = and the solution of PC%,. are rationally equivalent 
problems. : 

Since the solutions of O05). and the solution of S after the adjunction of 
VA are also rationally equivalent, it must be possible to exhibit = directly as a 
rational resolvent of S. This is accomplished by passing from the quadrics 
A,.--, # to functions of the differences (z,;— z,) by means of formulae (2). 
Dropping the factor, 25II°?_,(76 ), from the six we obtain functions, A’, ---, F”, 
of weight 3 and of order 1 ina particular root. They arise from A, .--, /” by 
replacing each term (ik)(/m) by the term (ik)(/m)(n6). These new fune- 
tions A’, ---, #” are the roots of a rational resolvent of S after adjunction of 
VA. They have been used by previous writers on this subject, but in these 
earlier accounts the introduction of the functions seems to be somewhat fortu- 
itous. Here their existence and properties have been shown to be direct conse- 
quences of quite elementary geometric group-theory. Moreover the inverse 
process of expressing the roots of S in terms of the roots of =[(19), (20), (17)] 
is as readily suggested and accomplished by the use of familiar formulae. 

The functions, A’, ---, #” of the six roots z seem to have been first used by 
Joubert,* who has noted their most striking properties and has calculated the 
equation which they satisfy. A similar study is found in a paper by H. W. 
Richmond.+ Joubert’s main interest in this sextic apparently lay in its utility 
as a resolvent of the quintic.t 

From a quite different point of view, H. Maschke § developed another par- 
ticular sextic, 


(21) Saf 6F y+ 4Fy + 9F2y? —12F,y +4F,, =0. 


The coefficients /’, are quaternary forms of order 7 in the variables z,, 2,, 2,, 2, 
which are invariant (or which at most change in sign if i = 0 mod. 8) under a 
group of linear substitutions of order 64.720. The group is obtained by effect- 
ing transformations of the periods on the Borchardt moduli, z,, for the hyper- 


elliptic thetas of genus 2, where 

; giaU 0 (0, Wii SA rh cy ipeah Bpat eo V7 MAU QO; 27,,, 27 neces 
2 
ee 27195 2T a.) 4=9,=0,,(9, 0; 27 271 2T9)s 


119 


2=0,=0,(0, 0; 271 11? 





*Comptes Rendus (1867), p. 1025 and p. 1080. 

tT Quarterly Journal of Mathematics, vol. 31 (1899), p.57. 

} See the historical account by KLEIN, [kosaeder, II, 1, §$ 4-5, p. 148. 

§ Mathematische Annalen, vol. 30 (1887), p. 496 ; in particular p. 506, (14). 
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The roots of & = 0 are quartic forms in the z’s which I shall denote by ® 

--, ®, [see Maschke, l. c. (7) and (11)], each of which is unaltered by the same 
group, I',,, of linear substitutions or by an isomorphic group, I’,,, of collinea- 
tions. They satisfy the two identities 


(23) ~ ©, = 9,7 D> P,P, P,P, = }(> P, P;)’. 


On the other hand, Bolza* has obtained the values of the invariants of 
the binary sextic in terms of the zero values of the hyperelliptic thetas, 
(0,03 7,5 Tos To:), associated with the sextic. The squares of the ten even 
thetas can be expressed as quadratic functions of the z’s and therefrom the 
invariants can be derived as functions of the forms /’, [ Bolza, loc. cit., (30), (82) ; 
Maschke, loe. cit., (21) and (23)], 


F fr’, — F 








(patel mu 12 24 () p* (ESS ¢s ae 
i. en ere | | Pag a0 Ogee asl 
( 2) nce Su Fi is (270i) 
Tes aie cin W,) Dog — Dy, Diy 


Maschke { has remarked further that by means of a Tschirnhausen transfor- 
mation, y = x” + \ + pw, the general sextic can be transformed into ® = 0 by 
solving a quartic equation. Then the known values of /’, determine the abso- 
lute invariants formed from A’, B°, C’°, A°. If therefore the periods and 
the thetas be calculated for a normal hyperelliptic integral associated with a 
binary sextic which. has these absolute invariants, values of pz, in (24) are 
obtained and these in turn determine the roots ®, of P=0. Thus the general 
sextic is solved by means of hyperelliptic modular functions. 

Commenting on this paper, F. Brioschi§ notes that the sextic ® can be 
written as 


(25) (yi —3P,y + 2 FF, +12(F, Ff, — Py)y —4(4 2 — #,) = 9- 


If we use Bolza’s invariants and set & = p’y/8, this becomes 


. A® 
(26) (B — 5.3° BE — 10.890")? + 4, (E—5-27A") = 0. 
Tia 
f= §.2' A — 2, 
T= t — 3.5.27 A°t! 4+ 8.5(5.47A” — 9B)? 
(27) | 
S vay 10(5?.4 A" — 5.19? Ao Bo — 390) = 0. 





*Mathematische Annalen, vol. 30 (1887), p. 478. 
t+ The A°, B°, C°, A°, here refer to BoLZA’s A, B*, C*, A 
tRendiconti della R. Accademia dei Lincei, series 4 (1888), p. 181. 
@Rendiconti della R. Accademia dei Lincei, series 4 (1888), p. 183. 
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In later papers Brioschi* develops more fully the connection between these 
sextics and the theta moduli. 

The sextic 7’ is in Joubert’s normal form. By comparing it with = in (12), 
the relations between the invariants of Bolza and those of §1 appear. Clearly 
the solution of 7’ or = implies the solution of Maschke’s sextic ® and con- 
versely. We shall find farther on [see (82)]« the rational transformation 
inverse to (27). 

The formule given above are illuminated by some geometric considerations 
allied with the papers of H. W. Richmond.+ Denote the quadrics A by A(y’), 
their polarized forms by A(yy'); the quartics ®, by ®,(2*), their polarized 
forms by ®,(2°2’). If we polarize the identity (6), = A*(y’) = 0, we get the 
identity, = A?(y’) A(yy’) = 9. But this expresses that, for a given point y, 
the quadric, = A?(y?) A(y”) =0, has a double point at y. For given y we 
have the condition that a quadric on the six points p, and y’ may have a double 
point at y. Hence 

(28) The equation, = A?(y?) A(y”) = 0, is, for given y, a quadric cone on 
the points p with vertex at y; for given x’, the Weddle quartic surface with 
double points at the points p and y’. 

The quartics ®, are unaltered by a collineation I’,, determined by a Kum- 
mer surface, and every such quartic is a linear combination of the ®,’s, say 
=A,P,=0. Since >H,=0 we can suppose that >A,=0. The condi- 
tion that 2>,®, = 90 be a Kummer surface is then easily shown to be 
=A, =0. Hence 2 A(y’)®, =0 is for given point ya Kummer quartic, 
It is easily verified ¢ that the fundamental sextic of this Kummer quartic and the 
sextic y/, +++, Y,, 0 are projective; whence 

(29) The Weddle quartic surface, & A(y’) A?(y?) =0, and the Kummer 
quartic surface, = A (y") P ,(2*) = 0, are birationally equivalent. 

If on the other hand we polarize the quartic identity (23) we get the new 
identity 
LD, (22) Pz (2*)Oo(2*)Pp(2*) — $[ TOy(2*) Pp (2*)] [ZH ( 227) Oz, (2)] = 0. 
Interchanging z and 2’ we have the condition that the quartic surface in the 
variables z, 
aa EP (24) Py (2) Belz") By (2") — FL EMy(2") Bp (2")] 

[=@, (24) ®,(2")] =9, 
may have a double point at 2. Being unaltered by I, it must have 16 
double points, whence 


16 


* Acta Mathematica, vol. 12 (1889), p. 83; Annales de 1’Ecole Normale Supé- _ 
rieure, (3), vol. 12 (1895), p. 343. 

+Quarterly Journal of Mathematics, vol. 31 (1899), p. 125; vol. 34 (1902), p. 117. 

{ The necessary formule are given by HupDson, Kummer’s Quartic Surface,pp. 81-2. 
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(31) The quartic surface (30) is a Kummer quartic surface with double 
points at the 16 points conjugate to z under T,,. 

The coefficients of ®,(z'), ---, in (30) after being modified so that their 
sum is zero can be identified with the coetficients of @,(2z‘) in (29). Express- 
ing each coefficient in terms of the symmetric functions of the ®,’s, i. e., the 
f’., and of a particular ®, we find with little trouble that 


(32) CY aonypges AT 


This formula furnishes the Tschirnhausen transformation of the sextic ® into 
the sextic 2. 

If we interpret the A’s as homogeneous point coordinates, and the ®,’s as 
space coordinates in S,, then =A* = 0 is the equation of a diagonal cubic sur- 
face, A,, whose reciprocal is a quartic envelope, #,. The equation of 2, is 
precisely the quartic identity (23). Thus we have the particularly simple inter- 
pretation of (27) and (82): 

(83) Zhe inverse Tschirnhausen transformations (27) and (32) from the 
Joubert to the Maschke normal form (and vice versa) represent the process of 
passing from point to tangent space (and vice versa) of the reciprocal loci K, 
and BR, in the space S,. 

If the Maschke sextic be solved as already indicated, then the roots of = are 
obtained from (32). Consequently also the solution of PC;, in terms of hyper- 
elliptic modular functions of genus two is known. Ultimately then the roots of 
the given sextic S are expressed in terms of such functions, i. e. in terms of 
transcendental functions of three variables, the moduli 7,,, 7,,, 7,,.. This how- 
ever can hardly be accepted as a final solution. The PG',,, contains only two 
independent variables and by the use of it in place of the modular functions an 
essential simplification is obtained. 


$38. The Reduction of PCs,. to the VALENTINER F’orm-Problem. 


The even permutations which do not alter 2, give rise toa collineation sub- 
group C,,, of Cg. This subgroup is one of a set of six conjugate subgroups, 
Gi, ---, G®, the root z, being associated with GC). The quadrics A, ---, F 


60°? 60° 
also are permuted in all possible even ways by Cg... Therefore Cy, contains 


a second set of six conjugate subgroups, GG), ---, GU, the quadric A being 
unaltered by GM, ete. The same set of subgroups G‘! is defined by the 


60 
functions A’, ---, F” of the roots z. If then we begin with the quadrics 


A,.---, # and form from them six functions A”, .--, #’” in the same way 
that the A”s are formed from z,, these new functions will be unaltered respec- 


tively by a set of conjugate subgroups G',, which are different from G4), ---, 


Gi), The groups G4”, ..-, G” must be identical to within their order 


with the groups G(), ---, G), since C5). is known to contain only two 
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systems of conjugate icosahedral subgroups. Let us then name these functions 
AY), ..., H®. Each H is of order 3 in the differences of A, ---, F’, of 
order 6 in the differences of the y’s and of maximum order 3 in a particular y. 
Also since /7Z, is unaltered by GS) or C,,, it must be a seminvariant of the quintic 
with roots ¥ of degree 3 and weight 6. The quintic has only one such covari- 
ant—its canonizant of order 8. Thus H, = 0 myst be the condition that oo be 
a canonizant point of y,, y,,---,Y,- Similarly H,=0 is the condition that 

, be a canonizant point of y,, ---, y,, 03; etc. The surfaces, H,= 0, are 
a surfaces with triple points at p, which satisfy relations similar to Boy, and 
(6). Adjusting the numerical factor so that 


6 6 
>) 4,=0, > =, 
=I 


i=1 


we find that 
H, = y$ — By$s + 2y$6 — y? [()? — T08!?] + By, 96s 

(36) + (sP)F + 8(sP YP — 2088 (i=1, 2,3, 4,5); 
Hf, = — s; —10s} + 20s,s,, 


where 
a, (oye = (@) (on 
8, = VHYo 9 Vas Ser Boi 8 ve 5) =1. 


The Valentiner group of 860 ternary collineations, G,,,, is isomorphic with 
Cy,2 and has also two sets of conjugate icosahedral subgroups, G?, ---, G; 
and Go ,-++, GO. As invariants under the subgroups we have two sets of 
six conics, (k,x%)*, ---, (k,x)?; and (ax)’, ---, (fx)? [See C2; $1]. at 
each conic be multiplied by its reciprocal, the two sets of six products are per- 


muted by G 


~ without extraneous factors. Hence the forms 


6 
2d (ke)? (kh ki uy . 


and 
i 
(37) > (ax). (aaduy. A 


are leinian forms, i. e., algebraic forms in the three sets of variables w,, x,, 
a3 Uys Uyy Uzi Yys Yor ***s Ys, Which are merely multiplied by a factor when 
the variables x and w are contragrediently transformed by the collineations of 
G',,. and simultaneously the variables y are transformed by the corresponding 
substitutions of C;,.. The correspondence between G'sg) and Cy. is established 
by associating /7, with (k,x)’. From these two forms we derive the covariant 
connex (1, 1) 
6 


(38) DPD): A.(k,ka)?-(kh,aa)(k,%)(aa'w) 
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which is also a Kleinian form. This connex viewed as a collineation has three 
fixed points which can be separated by means of an “accessory ” cubic equation. 
One of these fixed points is a so-called “covariant point’? by means of which 
the solution of P C61. is reduced to P Grgo. 

Simpler algebraically than this direct transition from P C5... to P G's) is the 
solution of the resolvent = in terms of PG... This is accomplished exactly 
as outlined for the general sextic in C’ 2 (in particular § 4), the expressions being 
considerably shorter owing to the fact that in the case of 2, a,=a,=90. For 


example, the accessory cubic equation [ C2, § 4, (1), (2), (8), (4)] is 


o+dco—K=0, 
where 


(39) J = 3[ 15929, — $9296 — 297]; 
K = gl— 499591 + $9299 + 89% — ae Qe]: 
From the preceding considerations I conclude that as a matter of practical 
convenience it seems advisable to effect the solution of the diagonal sextic 
resolvent > in terms of PG,,, rather than the given sextic S. As the natural 


bond between S and >, the Cremona C%,. must be introduced. 
BALTIMORE, Oct. 1, 1910. 





ON THE USE OF THE CO-SETS OF A GROUP* 


BY 


G. A. MILLER 


$1. Introduction. 


ABBATI proved in a Jetter addressed to Rurrint and dated September 30, 
1802, that it is possible to divide all the operators of a group G into sets with 
respect to an arbitrary subgroup #7 so that no two of the sets have a common 
operator. That is, every subgroup of G may be regarded as a modulus with 
respect to either right or left multiplication. For any subgroup // a set of 
operators S,, S,, ---, S, may be selected so that this division can be effected 
in each of the following four ways: + 


G = H+ HS HS. + --. + HS), 
=H+8,H4+8,H+.---+8,H, 
= H+ Sy'H+ Sy'H+... + SH, 
= HPA Ses 1s 


The sets 7S,, S,H (a= 2, 8,---,p) have been called Nebengruppen { or 
co-sets of G as regards H7, the former being called the right co-sets and the 
latter the left co-sets. When // is added to these co-sets they are called the 
augmented right co-sets and the augmented left co-sets, respectively. 

It has been observed that the operators of each right co-set are evenly dis- 
tributed among a certain number of the left co-sets, or among all of them, and 
that the operators of each left co-set are distributed in the same way among the 
right co-sets. When a right co-set involves an operator which transforms 7 
into itself all of its operators have this property and this right co-set involves 
exactly the same operators as some left co-set, and vice versa. A necessary and 
sufficient condition that #7 gives rise to a multiply transitive substitution group 
i¥, when G' or one of its quotient groups is represented transitively as regards 
HT in the usual manner,§ is that the operators of each right co-set of G as 
regards /7 are distributed among all the left co-sets as regards H, p being | 
greater than 2.|| The same condition is expressed by saying that whenever S 





* Presented to the Society (Chicago) December 28, 1910. 
+ Quarterly Journal of Mathematics, vol. 41 (1910), p. 384. 
” + WEBER, Lehrbuch der Algebra, 2d edition, 1899, vol. 2, p. 8. 
§ Dyck, Mathematische Annalen, vol. 22 (1883), p. 91. 
|| Proceedings of the American Philosophical Society, vol. 49 (1910), p. 307. 
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is any operator of G which is not also in 7 every operator of G is included in 
the two sets /7 and 7SH/, and that p exceeds 2. 

GaLots called attention to the importance of the special case when each right 
co-set of G as regards // is identical with some left co-set. That this case 
expresses the necessary and sufficient condition that H is invariant under @ 
follows from the more general theorem noted above that a necessary and suf- 
ficient condition that H is transformed into itself by the operators of a right 
co-set is that this co-set is identical with some left co-set, and vice versa. This 
theorem is, in turn, included in the still more general statement that a necessary 
and sufficient condition that the operators of a co-set transform /7 into a group 
having exactly y operators in common with /7 is that this co-set has exactly + 
operators in common with some other co-set with respect to H. This statement 
may again be regarded as a special case of the more general theorem which 
affirms that the total number of operators in G' which transform / into a group 
having exactly p operators in common with some other subgroup /¢ is a multiple 
of the product of the orders of H and £ divided by p.* 

When #, and #H, are any two groups the product H, H, represents the 
totality of distinct operators obtained by multiplying on the left each operator of 
H, by each operator of 7,. The number of distinct operators in this totality is 
evidently the product of the orders of H, and /, divided by the number of their 
common operators. A necessary and sufficient condition that this totality con- 
stitutes a group is that H,H,= H,H,. This is a special case of a more gen- 
eral theorem which may be stated as follows: A necessary and sufficient condi- 
tion that the continued product of the X groups 7, H,, ---, H, is a group is 
that this product is not affected by the cyclic permutations of its factors. That 
is, HH, .-. H, is a group whenever 


DELSER Gee MER SIER oe TES I EAD TE Br 


as may easily be verified. 

The given method of arranging the operators of G' in distinct sets, called 
augmented co-sets, can easily be generalized by observing that the co-sets are 
completely determined by {7 and do not depend upon the choice of the operators 
S,, S,, +++, Sj. Hence it follows directly that the double co-set HS, H,, H, 
being an arbitrary subgroup of G’, remains unchanged when S, is replaced by 
any other operator of this double co-set. That is, two double co-sets HS, //,, 
HS, H, either have all their operators in common or they have no operator in 
common.t Lach operator of G may therefore be uniquely represented by such 
double co-sets and 7H, ; that is, the group may be represented by a system of 
augmented double co-sets, as follows : 





*Bulletin of the American Mathematical Society, vol. 16 (1910), p. 510. 
{| FROBENIUS, Journal fiir reine und angewandte Mathematik, vol. 101 (1887), 
p. 274. 
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G = HH, + HS, HM, + eats + HS, fi,. 


When 7, = Hand G or one of its quotient groups is represented as a transitive 
substitution group with respect to // in the ordinary way, the number of transi- 
tive constituents in the subgroup composed of all the substitutions which omit 
one letter of this substitution group is ), if the omitted letter or letters are 
counted as constituents; and the numbers of distinct operators in these various 
double co-sets are equal to the products of the order of H and the degrees of the 
various transitive constituents of this subgroup.* When HH, =1 these double 
co-sets reduce to right co-sets and when H/ = 1 they reduce to left co-sets. 

The general properties of double co-sets were first studied by FROBENIUS in 
an article entitled Ueber die Congruenz nach einem aus zwei endlichen Gruppen 
gebildeten Doppelmodul, Journal ftir die reine und angewandte 
Mathematik, volume 101 (1887), page 278. Since then the concept of equiv- 
alence of operators as regards a double modulus has been employed by various 
writers. The object of the present article is to extend the abstract theory as 
regards co-sets with a view to a greater usefulness of this concept. This article 
is practically a continuation of the one entitled, Some relations between substi- 
tution group properties and abstract groups, Proceedings of the Ameri- 
can Philosophical Society, volume 49 (1910), page 307. The theorem of 
§ 3 which exhibits a dual relation between the degrees of the transitive constitu- 
ents of various subgroups when the group is represented with respect to these 
subgroups is perhaps the most useful result of the present paper. 


§ 2. Double co-sets with respect to a single subgroup. 


The double co-set HS, H involves all the right co-sets which are conjugate 
under H/ with HS,. It also includes all the conjugates under / of the left co- 
set S, 7. In fact, each of these two complete sets of conjugates involves exactly 
the same operators, and is identical with WS, H. The number of distinct con- 
jugates in each of these two sets may be obtained by dividing the order of 
by the number of operators common to H and S_'//S, since this is also the 
number of operators common to the two co-sets HS, and S, H, and hence it 
represents the number of left co-sets among which all the operators of AZS, are 
evenly distributed as well as the number of right co-sets among which the oper-— 
ators of SH are evenly distributed. We shall prove in the next paragraph 
that this same number is also the degree of a transitive constituent of the sub- 
group composed of all the substitutions omitting one letter in the transitive 
substitution group A which corresponds to the permutations of the rows when 
all the operators of G' are arranged in the ordinary rectangular form and the 
operators of 7 constitute the first row. + 





* Proceedings of the American Philosophical Society, vol. 49 (1910), p. 311. 
t Dyck, Mathematische Annalen, vol. 22 (1883), p. 91. 
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To prove this theorem we shall at first assume that / is simply isomorphic 
with G. This is equivalent to assuming that 7 contains no invariant subgroup 
of G besides the identity, or that A represents G'. Let A, represent the sub- 
group of A’ which corresponds to // in this simple isomorphism. Hence A, is 
composed of all the substitutions of AT which omit a given letter (a) and HS, 
corresponds to all the substitutions of A which replace a by a given other letter. 
The conjugates of 7S, are then all the operators of G which correspond to 
those substitutions of A’ which replace a by the different letters in a transitive 
constituent of A,. That is, if the operators of G are arranged into double 
co-sets with respect to a single subgroup in the following manner: 


G=H+HS,AH+ HS,H+..-+ H8,H, 


and if H does not involve any invariant subgroup of G besides the identity, so 
that G may be represented as a transitive substitution group K with respect to 
FH, then the operators in each of these double co-sets correspond to all the sub- 
stitutions of K which replace the letter omitted in the subgroup corresponding 
to H by the letters in a transitive constituent of this subgroup. 

When 7 includes an invariant subgroup of G' or is itself invariant under G’, 
it gives rise to the transitive representation of a quotient group of G and the 
preceding theorem applies to this quotient group. Hence A represents the num- 
ber of transitive constituents (each omitted letter being also regarded as a tran- 
sitive constituent) in the subgroup composed of all the substitutions of this 
quotient group which omit a given letter, and we may establish a (1, 1) corre- 
spondence between the double co-sets and the transitive constituents of this 
subgroup in such a way that the number of distinct operators in each double 
co-set is equal to the product of the order of {7 into the degree of the correspond- 
ing transitive constituent. In particular when /7 is invariant this quotient 
group is regular and the number of these double co-sets is equal to the degree 
of this quotient group, as each of the transitive constituents of the given sub- 
group is of degree one in this special case. Hence we have as a corollary of the 
given theorem the known theorem that necessary and sufficient conditions that 
fT gives rise to a multiply transitive group are that /7 contains less than half 
the operators of G and that \ = 2. 

A necessary and sufficient condition that the transitive substitution group Av 
to which 7 gives rise is primitive is that G is generated by each double co-set 
as regards /7, since this condition is equivalent to the condition that HZ is a 
maximal subgroup. <A necessary and sufficient condition that the subgroup of 
J€ composed of all its substitutions which omit one letter omits exactly a 
letters is that there are a — 1 double co-sets as to // each involving the same 
number of distinct operators as HZ does. This results directly from the more 
general theorem that all the operators of such a double co-set transforin /Z into 
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groups all having the same number of operators in common with // and that the 
number of the distinct operators in this co-set is equal to the square of the order 
of H divided by the number of these common operators. This is, in turn, a 
special case of a theorem which will be proved in the following section. 


§ 3. Double co-sets with respect to two distinct subgroups. 


A special case of a double co-set with respect to two distinct subgroups was 
developed by Cauchy to prove the fundamental theorem that every group whose 
order is divisible by a given prime number involves a subgroup whose order is 
this prime.* This theorem was announced by Galois, who however did not 
give any proof in his published papers. Frobenius extended, in the article 
cited at the close of § 1, the development of the theory of double co-sets and 
employed this theory to re-establish Sylow’s theorem as well as to prove other 
fundamental related theorems. Recently the present writer pointed out that 
Sylow’s theorem may be proved directly by a slight extension of Cauchy’s theo- 
rem relating to double co-sets and then following the steps which Cauchy took 
to establish the special but fundamental case noted above.t+ These facts may 
suffice to indicate that the concept of double co-sets relates to fundamental 
matters in group theory and seems to deserve more attention than it has recently 
received. 

If H, and H, are any two subgroups of G’, all the operators of G may be 
represented uniquely in either of the following two forms in accord with the 
results stated above : 


G = HH, + H,8,H,+ +. + HSH, 
—H,H PAS) Ho. HS 


The second augmented system of double co-sets is evidently composed of the 
inverses of the operators in first system. To obtain a concrete illustration of 
some of the properties of these augmented double co-sets it may be observed that 
when G can be represented as a transitive substitution group A’ with respect to 
H,, the substitutions corresponding to /7, /, will be composed of all those of AC 
which replace the letter @ omitted in all the substitutions of the subgroup A, . 
corresponding to /7, by the letters of the transitive constituent to, which a 
belongs in the subgroup ‘A, corresponding to H7,. In a similar manner we may 
observe that all the operators of the double co-sets 1, S, H, (a = 2,38, ---, 2) 
correspond to all the substitutions which replace the letter by which a is followed 
in S, by all the letters of a transitive constituent in A,. The number of the dis- 
tinct operators in the double co-set 7, S, H, is therefore equal to the order of 





* CAUCHY, Oeuvres complétes, 1st series, vol. 9 (1896), p. 358. 
t Bulletin of the American Mathematical Society, vol. 16 (1910), p. 510. 
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HT, multiplied by the degree of the corresponding transitive constituent of J. 
In particular, this number is the order of 47, whenever the letter which follows 
ain S, does not occur in X,. As a special case we have also the theorem that 
a necessary and sufficient condition that 7, H,= G' is that A, be transitive. 

From the preceding results we may deduce a general theorem as regards 
the transitive substitution groups which are simply isomorphic with G. This 
theorem may be stated as follows: Jf G is represented as a transitive substitu- 
tion group K and if K, is the subgroup composed of all the substitutions of KT 
which omit a given letter, then any subgroup K’ of K has the same number of 
transitive constituents as the subgroup which corresponds to K, has when K is 
represented as a transitive group with respect to K’. Moreover, the transitive 
constituents in the two given subgroups have the same relative degrees in the 
two different representations of G'. 

The significance of this theorem may be inferred from the following illustra- 
tions. When the icosahedral group is represented as the alternating group of 
degree 5, X, is the alternating group of degree 4 and all the subgroups of order 
12 in XK are conjugate. If we let A’ represent one of the subgroups of order 4 
in A it is evident that A’ has two transitive constituents of degrees 4 and 1 
respectively. Hence when /{ is represented as a transitive group of degree 15 
with respect to A’ its subgroups of order 12 will have two transitive consti- 
tuents of degrees 12 and 8 respectively. On the other hand, if we let A’ repre- 
sent a subgroup of order 6 in A, it is clear that it has two transitive constituents 
of degrees 3 and 2 respectively. Hence when £ is represented as a transitive 
group of degree 10 its subgroups of order 12 will have two transitive constituents 
of degrees 6 and 4 respectively. Finally, if we let A’ be a subgroup whose 
order is either 5 or 10, it is transitive, and hence the subgroups of order 12 in 
the icosahedral group are transitive when this group is represented transitively 
on either 6 or 12 letters. 

It should be observed that the given theorem remains true even when A does 
not represent G' but represents merely a quotient group of G; that is when //, 
either involves an invariant subgroup of G' or is itself invariant under G. In 
these cases it is evidently necessary to consider the groups which correspond to 
the subgroups ‘A, and A’ in the transitive representation instead of these sub- 
groups themselves. The given development exhibits not only an interesting 
dual relation between the forms of the various subgroups when a group is repre- 
sented transitively in the various possible ways, but it also exhibits a dual rela- 
tion between certain abstract group properties and substitution groups, since 
not only does X express the number of transitive constituents in the group corre- 
sponding to 7, when G is represented transitively as regards //,, but the num- 
ber of distinct operators in each of the double co-sets is equal to the product of 
the order of /, and the degree of the corresponding transitive constituent. 
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The number of distinct operators in each one of the augmented double co-sets 
is a multiple of the orders of the two subgroups H,, H7,. That is, if A’ is 
any subgroup of any transitive group whatever of order g and of degree n, 
and if n, is the degree of a transitive constituent of K’, then the order of K’ 
is a divisor of n,g/n. This limits the orders of the intransitive subgroups of 
any transitive substitution group and it reduces to Lagrange’s theorem when the 
subgroups are transitive. It may therefore be regarded as a generalization of 
Lagrange’s theorem. It should be observed that this theorem may also be 
proved directly by employing the fact that the order of the subgroup composed 
of all the substitutions of A’ which omit a given letter is a divisor of g/n. 

To illustrate the usefulness of the theorem in the last paragraph we may again 
make use of transitive representations of the icosahedral group. When this 
group is represented as the alternating group of degree 5, K’ can have a transitive 
constituent of degree 2 only when the order of A’ is a divisor of 24, and it can 
have a transitive constituent of degree 3 only when this order is a divisor of 36, 
in accord with the given theorem. The only non-cyclic subgroups which have 
constituents of degree 2 or 3 are those of order 6, and as 6 is a divisor of both 
the numbers 24 and 36 this agrees with the theorem. On the other hand, when 
the icosahedral group is represented as a transitive group of degree 6, A’ can 
have a transitive constituent of degree 2 only when the order of A’ is a divisor 
of 20. As a subgroup whose order is divisible by 5 in a transitive group of 
degree 6 could clearly not have a transitive constituent of degree 2, it results 
that the order of A’ is a divisor of 4 whenever it has a transitive constituent of 
degree 2. In fact, it is evident that the subgroups of orders 2 and 4 are the 
only ones which have transitive constituents of degree 2 in the present case. 
Similarly we observe that the order of AY’ is a divisor of 6 whenever it has a 
transitive constituent of degree 3, and that in the present case the subgroups of 
order 6 have two constituents of this degree. These illustrations may suffice to 
exhibit how the theorem under consideration may be employed to gain an insight 
into the structure of transitive substitution groups. 

It is known that a necessary and sufficient condition that the product H, 1, 
constitutes a group is that it is equal to its inverse 7,H,. We proceed to 
inquire what is implied by the condition that each double co-set is identical with 
the inverse of a double co-set as regards the same subgroups. ‘That is, we 
suppose that the two series of angmented double co-sets 


Gm HH SH, nH, 8, FF. 
= HH, + SPH, + +++ + HSH, 
are identical if the order is not considered. Since each of the two products H, H, 


and //, 7, involves the identity it results that these must be identical when the 
given condition is satisfied, and hence a first result is that /7, 7, must be a sub- 
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group of G. The assumption that /7, S,H,= H,S,H, clearly implies that 
Hf, H, is invariant under S,. That is, whenever a double co-set as regards two 
permutable subgroups coincides with the inverse of a double co-set as regards 
the same two subgroups then the product of these subgroups is invariant under 
each of these double co-sets. In particular, a necessary and sufficient condition 
that #7, 1, is an invariant subgroup under G* is that each double co-set as regards 
H,, H, is identical with the inverse of some double co-set as regards these sub- 
groups. If either 7, or /7/, is assumed to be the identity we obtain as a special 
case the theorem noted in the third paragraph of the Introduction. 

When G or a quotient group of G is represented as a substitution group as 
regards /7,, the preceding results may also be employed to establish a useful 
criterion to determine when //, 7, constitutes a subgroup of G. , In fact, since 
H, H, is composed of all the operators of G corresponding to the substitu- 
tions which replace the letter (a@) omitted in the subgroup corresponding to 
H, in this substitution group by the letters of a transitive constituent which 
involves a in the subgroup corresponding to /7/,, it results that a necessary and 
sufficient condition that H, H, is a group is that the transitive constituent 
which involves a in the subgroup corresponding to H, involves all the letters 
of one or more transitive constituents in the group corresponding to H, when 
G, or one of its quotient groups, is represented transitively as regards H, and 
a is the letter omitted in the group corresponding to H,. 

The preceding theorem is a special case of another theorem which we proceed 
to establish. Since “7, H, is composed of all the operators of G which corre- 
spond to the substitutions, in the transitive group to which #7, gives rise, which 
replace the letter a omitted in all the substitutions corresponding to 7, by all 
the letters of the transitive constituent involving a in the subgroup corresponding 
to H,, the number of operators common to 7, and H,//, can be directly 
determined from this substitution group. In fact, a necessary and sufficient 
condition that H, H, and HH, have in common all the operators which corre- 
spond to the total number of substitutions which replace a by the letter c is that 
all the letters in the constituent to which c belongs in the subgroup corre- 
sponding to /7/, are found in the transitive constituent to which a and c belong 
in the subgroup corresponding to H,. In particular, if all the letters in the 
latter constituent constitute the letters of two or more constituents in the group 
corresponding to H, it results that //7, H, and //, /7/, are identical, as was proved 
in the preceding paragraph. This proves also that /7, //, cannot involve the 
inverses of all the operators of a double co-set with respect to H,, H,. 

The co-sets which contain the inverse of at least one of the operators in 
H, H, can readily be determined when G' or a quotient group of G is repre- 
sented with respect to H/,. In fact, if a letter in the transitive constituent 
involving a in the subgroup corresponding to /7, is replaced, in the subgroup 
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corresponding to /,, by a letter of another transitive constituent of the former 
of these two subgroups the double co-set corresponding to the latter constituent 
involves the inverse of an operator of /7, H/, and vice versa. To determine the 
double co-sets which involve the inverse of at least one of the operators of 
H, H, it is therefore only necessary to observe which of the transitive con- 
stituents of the subgroup corresponding to /Z, involves at least one letter that 
succeeds in the subgroup corresponding to /7/, a letter of the constituent involy- 
ing @ in the former subgroup. When a set of constituents, including the one 
involving a, of this subgroup involves all the letters of a set of constituents of 
the group corresponding to /7/,, the letters of these constituents clearly represent 
a system of imprimitivity of the substitution group with respect to #. In 
particular this group is always imprimitive when 1, H, = H,H, < G. 

When G is written as the sum of the subgroup // and a series of correspond- 
ing co-sets, as follows : 


G=H+ HS,+ HS,+.--..+ HS,, 


the series of operators S,, S,,---, S, may be so selected that the same totality 
of co-sets is obtained by replacing each of these operators by its inverse, as was 
observed in the opening paragraph. This can evidently also be done as regards 
double co-sets with respect to a single subgroup, but it cannot always be done 
as regards double co-sets with respect to two distinct subgroups. The truth of 
this statement may be verified if we let G be the transitive substitution group 
of order 32 and of degree 8 generated by the substitution aebf-cgdh and the 


two subgroups 
Hi = 1) eg fhsbdeed 400-7 li, TT yee Ne eg 


Hence it results that G must have special properties when it is possible to select 
the operators S,,---, S, so that both of the following arrangements are possible 
when every operator of G is uniquely represented by the former : 


@ = HH, + H,8,H, +--+ HSH,, 
BET eAEA TT cca hae be 2. 12 palch 


From the theorem that /7, H, cannot involve the inverses of all the operators of . 
a double co-set with respect to H/, H, it results that G' may always be represented 
in these two ways if S,, ---, S, are properly chosen and \<4. It is also 
clear that this is always possible when //, gives rise to a doubly transitive sub- 
stitution group, since all the double co-sets involve operators of order 2 in this 
special case. 





THE SOUTHERLY DEVIATION OF FALLING BODIES* 
ce 
WILLIAM H. ROEVER 
INTRODUCTION 


In the work of previous writers on the subject of this paper the potential 
function used for that of the earth’s gravitational field of force has, in general, 
not been more than a first approximation, i. e., a development, in the neighbor- 
hood of the initial point of the falling body, which includes terms of only the 
first order in the independent variables. The circle of reference (parallel of 
latitude) used has also, in general, been different from that used in experiments 
for the determination of the same quantity. 

From equations (1) and (2) which follow it appears that the southerly devia- 
tion is proportional to the square of the height A through which the body falls 
(at least for sufficiently small values of A) and that the constant of proportion- 
ality involves the first and also the second derivatives of the potential function 
f,-+ Hence the truth of the following statement : 

I. The potential function to be used for that of the earth’s gravitational field 
of force should be a second approximation, 1. e., a development in the neighbor- 
hood of the initial point of the falling body, which includes terms of at least the 
second order in the independent variables. 

In experiments for the determination of the southerly deviation of falling 
bodies, a plumb-line P, & is supported at the point P, (Fig. 5), from which the 
body falls, and the deviation is measured on the level (equipotential) surface 
which passes through the plumb-bob 72, from the circle of latitude which passes 
through #. The direction of gravity at 2 is RP,, and that at P, is the limit- 
ing direction which is approached by the line #P, as the length P, & approaches 
zero. Let us denote by ¢ the limiting position of P,#. It is easy to prove 
the following statement : 

II. In a field of force in which the lines of force are not rectilinear, plumb- 





* Presented to the Society (Southwestern Section), November 27, 1909, and November 26, 
1910. See also footnote to formula (3). 

{In this paper, as in the work of previous writers, a distribution of revolution is assumed, 
i. e., the earth’s field of force is assumed to be the same in every plane through the axis of rota- 
tion. 
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lines* of different lengths which are supported at the same point (in particular 
a plumb-line P, @ and the line ¢) do not coincide. 

In order to be able to compare the results of experiment with those of theory, 
the same circle of reference should be used in the computation as in the experi- 
ment. This, however, has not been done by previous writers. In their com- 
putations they used as their circle of referertce on the level surface of 2, not 
the circle of latitude of #, but that of the point Z’ in which the line ¢ pierces 
the level surface of /2. That a great error has thus been made, appears in 
Assumption 4, below, in which it is shown that for a second approximation to 
the potential function the distance (measured along a meridian) between the cir- 
cles of latitude of # and 7’ (the part which has been neglected) is eighteen times 
as great as that between 7’ and S (the part which has been computed), S being 
the point in which the body, which falls from P,,, strikes the level surface of 2. 
For a first approximation to the potential function, however, the distance between 
the circles of latitude of and 7 may be small in comparison to that between 
Tand S. 

Now let us compare the assumptions and the results of previous writers, who 
disregarded either one or both of the facts set forth in I and II, with those of 
this paper, in which these facts are not disregarded. In order to do this it is 
desirable first to give a brief description of the method of this paper. 


STATEMENT AND COMPARISON OF RESULTS. 


After the falling body is released from its initial position, P,, of rest with 
respect to the rotating earth, it moves under the influence of a field of force /’, 
which is fixed in space.t A plumb-line P, # at rest is in equilibrium under 
the influence of a field of force /’, which is fixed with respect to the rotating 
earth. If U,=/f,(7, 2) and,U,=/,(7, 2) (where 7 represents the distance of 
a general point from the earth’s axis of rotation OZ, and z that from a plane 7 
perpendicular to OZ at O, and where O is taken at the earth’s center, although 
this is not necessary) are potential functions of the fields /’, and F’, respectively, 
there exists between them the relation 


2 pe 
U, + 4077 = 


in which w denotes the angular velocity of the earth’s rotation. 

The path of the falling body, which has received an initial velocity from the 
rotating earth, is a curve c in the fixed field #’,. The curve c lies on a surface 
of revolution whose axis coincides with that of the earth. Let us denote by c, 





*Itis assumed that the plumb-bob is a heavy particle and that the line is weightless and 
perfectly flexible. 

+ That is, fixed with respect to a set of axes whose origin is the center of the earth and whose 
directions are fixed directions in space. 
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that meridian curve of this surface of revolution which lies in the plane of OZ 
and P,. The locus of the plumb-bobs # of all plumb-lines which are supported 
at P,, is a curve c, which also lies in the plane of OZ and P,. It will be 
shown later that the curves c, and c, are tangent at P,. The line ¢ defined 
above is their common tangent. 

Let us now take the common tangent and the common normal to these curves 
as a pair of rectangular axes and refer the equations of curves c, and c, to them. 
The coordinate which is measured along the tangent from the point P, we will 
denote by & and regard as positive when measured in the direction of the earth’s 
center. The other coordinate we will denote by 7 and regard as positive when 
measured in the direction of the north pole. (See Fig. 4.) The equations of c, 
and c, then become 


1 C+ Bo’ + A, o? 
(1) bers mis Di + 





C+ B, Aan 
(2) ie ee 


where 
om (se) (SE). -().]+ 
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nensr(Z)(B)- 2-9-2), 
Penis, 1 (28) 


ar of Cai oe 
-(Z)+(B)+2(2) rere 


the subscript (,) indicating that the derivatives of f, have been computed for 
tne point, (7 =a), z= 2, ). 

The southerly deviation is the difference 7, —7,, when we substitute for & 
the height h = P,#& through which the body falls, and for f, a sufficiently 
close approximation to the potential function of the earth’s gravitational field 
of force. 

The southerly deviation can also be expressed in the following very simple 
form * 


* This formula was presented to the Society (Chicago Section) April 29, 1911. 
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a 
4w? sin d cos ¢ + (52) 
3 

(3) 6g, 


in which g, and ¢ denote the acceleration and the astronomical latitude, respec- 
tively, at the point P,. For, 


CQ HBnvm nme (Y)-(8), 


of, ef, 
0086 = (J) -(%). +o'r,. 
By the equation of transformation in § 7, 
U,=f,(",z)=f,(— cos $—nsing+r7,, —Esingd + neosf+2,), 


and therefore 


2 U7. a2 OF 
a Sapa (sin d — cos” 6) 57 + sin 6.005 6] SH — SE]. 





Skee 











On the other hand, 
OU asco Mh 
On OE sais sin ¢ cos d. 


Hence equations (1) and (2) assume the following forms : 


1 [/ 2U, , 1/#U, 
n= ag L( drab), —sersin doose [P-m= a (yas) 
1 of 6 

1,— 1, = iy, | 4o°sin boos +5 (558) |e. 


(328), = Lan "ar )L = (on), 


and hence formula (3). 

It will be observed that the coefficient of & in each of the equations (1) and. 
(2) contains the second as well as the first derivatives of f,. It is for this reason 
that the potential function must be developed to terms of the second order inclus- 
ive in the neighborhood of P,(7,, z,)- 

In the discussion which follows we shall call 7, and », the parts of the southerly 
deviation which are contributed by the trajectory and the plumb-bob locus 
respectively. It is the part 7, which has been neglected, and the part 7, which 
has been computed, by previous writers. We shall compare these for each of 
several forms of 7, we shall also express the results corresponding to different 
forms of f, in terms of the same unit. 





and 


But 
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1. The Assumption of Gauss. 


Gauss assumed that the force to which a body, at rest with respect to the 
rotating earth, is subjected is constant in magnitude and direction. That is, * 


Os cas canoe 
Hilts 2) =falts #) — dor, 


in which ¢ and g are the astronomical latitude and the acceleration at P,. For 
this potential function equations (1) and (2) become + 


and therefore 


9 


> ao 
Te ON NCS ae ml at 


and 


os|bo 


w” 
2, — 1, = — 7, = 3 sin p cos d- 7 char 
Thus we see that in this case the whole southerly devi- 
ation is due to the trajectory, since the plumb-bob locus 
coincides with the tangent ¢. (See Fig.1.) The curve 
c, lies to the south of the tangent ¢. 

The potential function used by Gauss is a first ap- 
proximation to that of the earth’s field. By statement 
I this is not a sufficiently close approximation. 

Before making the next assumption let us express 
the result just obtained in a form in which it may be 
compared with the results which follow. 

With sufficient approximation 





where ¢ 





and MM represents the mass of the earth. Then 


* Strictly speaking this function does not quite represent Gauss’ assumption. Under Gauss’ 
assumption the equipotential surfaces of the field F, are parallel planes, while the equipotential 
surfaces corresponding to the function f, here assumed are parallel cones of revolution which have 
as a common axis that of the earth. 

+ The formula given by GAUSs is 


4 sin @ cos ¢ gw? t, 
— zgt? a eat 9 
we see that the result is the same as the one just found. See GAuss’ Werke, vol. 5 (1867), 


p. 502. Gauss’ formula can also be obtained by putting ( 0g/07 )) = 0 in formula (3). 
{ The value of o is about ;},. 


But since 
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C 
Po 


a th oa eae go. 
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"0% 
i. 
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2. A Second Assumption. 


Let us now assume that the field of force /, is central, the center being at 


the earth’s center and the law of attraction that of Newton. Then * 


M ze 
AES Die p=Vr+ 2, 





where J represents the mass of the earth. For this potential function equations 


(1) and (2) become + 





To Al 1 ; : | 
iS -—1040 42 20° + ..- |, 
Po Py gh aaa b 
i! 8 22 
mae = | 0+ to 4 = ; 0g 4 le. 
Po Pa 0 
and 
Y 4 1672 3-2 
Po 0 =Po 


In this case practically the whole southerly deviation is 
due to the plumb-bob locus, since in the equation of the 
curve c, the coefficient of & is an infinitesimal of second 
order with respect to the coefficient of & in the equation 
of c,. (See Fig. 2.) Both of the curves c, and ¢, lie to 
the north of the tangent ¢. 

Since the curve c, lies to the north of ¢, it follows that 
those computers who neglect the part 7, are forced to say 
that, for this potential function, the falling body has a 
northerly, and not a southerly, deviation. 





3. A Third Assumption. 


Let us assume, as above, that the field of force /’, is central, the center being 
at the earth’s center. Here we will assume, not the law of Newton, but that the 





*For this potential function the level (equipotential) surface of the field /, which passes 
through the plumb-bob R, is an ellipsoid of oblateness 3c. [Put «—0Oin the assumption 4.]  _ 

+ In this case the curve ¢, isa conic of which O(r 0, z=0) isa focus. This follows from 
the fact that the curve ¢c is an ellipse with focus at O. 
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magnitude of the force varies directly as the distance from the center. Then * 


eal 


ree 
IO 2) ante P=’, 


where A is a positive constant. For this potental function equations (1) and 
(2) become + 








need Wo eres oo. ws 
ae ee) 00 Re 0 o aneite 2 sane 
i D4 p. [ot KG + p> K? le + 9 
n, = — 2n, and 2, — 1, = — 8n,- 


In this case c, falls to the south, and c, to the north, of ¢. Hence the trajectory 
contributes 4, and the plumb-bob locus 3, of the southerly 
deviation. (See Fig. 3.) 

If, at the initial point, the forces due to assumptions 
2 and 3 be the same, Ap, = //p; and therefore w’/ KH = o. 


The General Differential Equation of Gauss. 


Before making the supposition stated in Assumption 1 
above, Gauss found the differential equations of motion 
(relative to a set of axes fixed with respect to the rotating 
earth) of a falling body, on the supposition that the field 
of force F’, is central,t the center being the point in which 
the earth’s axis is pierced by the vector which represents 
the force of the field /’, at the initial point of the falling body. Gauss does 
not solve these differential equations, in which he denotes by p the magnitude 
of the force of the field /’, and by a constant due to air resistance. If we 


1 
put this J/ equal to zero (i. e., neglect air resistance) and assume that p varies 





Fie. 3. 





* For this potential function all of the level (equipotential) surfaces of the field F, are ellip- 
soids of oblateness 3¢. Their equations are 


K(r?+ 2?) —o'r? =C. 
Their oblateness is 








VC 
i) ig OS a ie ae 
Pe VC Neen : 
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{In this case the curve c, is an hyperbola whose center is at O and whose foci are on the 
r-axis ; the curve ¢, is an equilateral hyperbola which passes through O and whose asymptotes 
are parallel to the axes of rand z. The truth of the first part of this statement follows from the 
fact that the curve c is an ellipse whose center is at 0. The curve c, is of the form mentioned 
since it is the locus of the feet of perpendiculars dropped from a point to a family of similar 
and concentric ellipses. 

{ At least if g is constant in his equations [3]. 
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inversely as the square of the distance (or directly as the distance) from the 
center (XY =0, VY=0, Z=@q) of Gauss’ field /’,, we obtain a set of differ- 
ential equations, the solution of which should yield for the » of Gauss the same 
value as that obtained by replacing z, by z, + a in the expression given for , 
under Assumption 2 (or 3), a being the distance of the center of Gauss’ field 
F’ to the south from the earth’s center O. ; 


4. A Fourth Assumption. 


Now let us assume that the potential function dh has the form * : 


M — 22* 
Airs 2) => +3 Mi - p° ) 





in which p and J have the same meaning as in assumption 2. The symbol p, 
represents the mean radius of the Standard Spheroid, and 


where e, represents the ellipticity (or oblateness) of the Standard Spheroid, and 


Noe, KOM 
‘ M/ey 
The values of the constants are + 
1 1 
e = .00167. 
For this form of f,, equations (1) and (2) become 
1r,z >| (2 ) (2 ayaa — 10r? (2) % Zz | 
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Po 2p, 


The ratio p,/p, is nearly equal to unity and 2e(= .003384) is nearly equal to 
o(= 00845). Hence, approximately, the above equations become 





* This function may be regarded asa sufliciently close approximation to the potential fone 
for which the Standard Spheroid is an equipotential surface. 

+ For the derivation of this function and the values of e, and o, see POINCARE, Figures d’ Equi- 
libre d’une Masse Fluide (1902), Chap. V. 
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In this case c, falls to the south, and c, to the north, of ¢. The trajectory con- 
tributes ;='5, and the plumb-bob locus 13, to the southerly 
deviation. (See Fig. 4.) 

It will be observed that the potential function and the 
results under the second assumption may be obtained from 
those under this assumption by setting e equal to zero. 

The preceding results and figures 1, 2, 3 and 4 clearly 
show that the curves c, (or c,) which correspond to the 
different assumptions are not even approximations to one 
another. The four potential functions assumed above 
may be regarded as having equal first derivatives* at 
P,(%>» %)- But in order that the curves c, (or c,) which 
correspond to two potential functions f,, shall osculate at 
P,, both the first and second derivatives of these two potential functions must 
be equal at P,. This follows from the fact that the coefficient of & in each of 
equations (1) and (2) involves both the first and second derivatives of f,. 





Fia. 4. 


The Work of M. le Comte de Sparre.t 


M. le Comte de Sparre computes the portion of the southerly deviation which 
is denoted by 7, in this paper. In his first paper he assumes potential functions 
which are practically identical with those of Assumptions 2 and 3. His results, 
under these assumptions, are 


1 Roth? 1 w’}? 


© = —=~ —,— sin’AcosA ‘and «== ——sinACOSA, 
2 ¢ g 


2 
respectively, and those of this paper are 
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respectively. Since x is positive for southerly, and y, is positive for northerly 
deviations, and since 





* That is, the vector which represents the force of the field F, at the initial point of the fall- 
ing body in F,, may be taken to be the same for all the assumptions. As a consequence of this 
the line ¢ will be the same for all the assumptions. 

ft Bulletin de la Société Mathématique de France, vol. 33 (1905). First paper, 
page 65, second paper, page 146. 
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- r w 
R= p,; sindt=—, cosX =—, V? = &, R—=a, 
0 0 g 
it follows that the two sets of formulas are identical. 
In the second paper a potential function is chosen which is practically equiva- 


lent to that of Assumption 4. The result of M. ‘le Compte de Sparre is 


tb 


@ 


ee: 99 Sin r cos A gt! 
and that of this paper is 
gee a ; ; 
SS a ee ere ; 
=o pis 8 Me 


Since h = & = }gt? + ---, and by the above substitution, these formulas may be 
written in the following forms : 


. o = o 
ec = 4, sin \ cosA—h’ and —n,=+4sin dA cosr 5h’. 


23 R R 


Therefore these expressions are nearly the same. 


Conclusion. 


Of the facts set forth in statements I and II of the introduction, the assump- 
tion of Gauss disregarded the first but not the second, and the assumption of 
the second paper of M. le Comte de Sparre disregarded the second but not the 
first, while the two assumptions of the first paper of M. le Comte de Sparre dis- 
regarded both the first and the second. On the other hand the diference 7, — », 
for assumption 4 was obtained with due regard for the facts set forth in State- 
ments I and II. This difference yields results for the southerly deviation which 
are several times as great as those obtained from the formulas of Gauss and M. 
le Compte de Sparre. It is not necessary to retain all the terms which are in- 
cluded in the expression for this difference, since o”, e? and eo are small in com- 
parison with co ande. Since the ratio p,/p, is nearly equal to unity, and therefore 


o ( = wf) and C, ( = a) 
M/p3 Mp 


are nearly equal, the expression for the southerly deviation of a falling body 
assumes the form: 


Saal 
4 sin 2¢,(40, — 3€)—, 
Po 
where ¢, denotes the geocentric latitude of the initial point P,, p, the distance 
from the earth’s center to P,, the height through which the body falls, and 
o, and e the numerical constants given in Assumption 4. 
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A Numerical Example. 

For the data of Benzenberg’s experiment in St. Michael’s Tower, namely 
} = 53° 33’, h = 285 feet, the formula of Gauss (3 sin ¢ cos dw*h?/q) yields 
the value .00046 lines *, and the formula of this paper [4 sin 2¢,(4c, — $€)h?/p,, 
where ¢, denotes the geocentric latitude of P, and equals 53° 22’ if the astro- 
nomical latitude is ¢ = 53° 338’ | yields the value .00202 lines. The latter result 
is about four and one-half times as great as the former, as we knew it should be 
from a comparison of the expressions for 7, — 7, under assumptions 1 and 4. 


The Results of Experiments. 


In experiments for the determination of the southerly deviation of falling 
bodies, results are obtained which are many times greater than those accounted 
for by any of the formulas given above. + 

Since the greater part of the southerly deviation is due to the plumb-bob 
locus, it occurs to the author that experiments for the determination of the devi- 
ation between a very long plumb-line and a short plumb-line, which are sup- 
ported at the same point, might give results of greater value than those for the 
determination of the southerly deviation of a falling body. The annoying factor 
of air resistance occurs in the latter, but not in the former. By enclosing the 
plumb-lines in an air-tight tube and making the observations through glass win- 
dows in the tube, air currents could also be eliminated. 


THE EsTABLISHMENT OF GENERAL EQuaTions (1) AND (2). 


$1. The curve c. The curve c has already been defined as the path of the 
falling body in the fixed field #’,. In order to get its equations let us choose a 
set of rectangular axes in /’, and denote by z,, y,, 2, the coordinates of a gen- 
eral point referred to these axes, the origin of which is taken at the earth’s cen- 
ter O. The axis of z, is taken coincident with the earth’s axis of rotation and 
is regarded as positive in the direction of the earth’s north pole. The axes of 
w, and y, then lie in the earth’s equatorial plane. The direction of the axis of 
z, is so chosen that the plane 2,2, contains the position P,, which the falling 
body occupied at the instant when its connection with the rotating earth was 
severed, and its sense is such that the coordinate of this initial point is positive. 
The axis of y,, which is perpendicular to that of «,, is positive in the direction 
in which the earth rotates at the initial point. (See Fig. 5.) 





* 144 lines— 1 foot. 

+ See the following papers: Professor FLORIAN CAJORI ; The Unexplained Southerly Deviation 
of Falling Bodies, Science, Vol. 14 (1901), p. 853. Professor EpwIn H. HALL, Do Falling 
Bodies Move South? Physical Review, Vol. 17 (1903), Nos. 3, 4. 
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Fic. 5. 


If, as above, 


O(#,, Yi 2,) =fi(", z) 


represents the potential function of the field #’,, and the angular velocity of 
the earth’s rotation, then the curve ¢ is that integral curve of the differential 


equations 
dx nous dy, 90, demo, 
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which, at ¢ = 0, is subject to the conditions 
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§ 2. The curve c,. The curve c, has already been defined as the meridian 
curve of the surface of revolution, of axis z,, on which the curve ¢ lies. It may 
also be defined as the path of the falling body in the moving plane which is 
determined by the body and the axis of z,. In order to get its equation let us 
make the following transformation of codrdinates : 


i= 1 008 0 5 Y= 1 SUG « agen 


in which @ denotes the angle which the plane determined by the falling body 
and the axis of z, makes with the planew,z,. (See Fig. 5.) The preceding dif- 
ferential equations are then transformed into the following differential equations : 


” Q? of, 
Po — 76 = 
Cr’ 
70" + 278 = 0, 
pelt es of, 
na Cece 


where the primes (’) and seconds (”) denote the first and second derivatives, 
respectively, with regard to the time ¢. The second of these equations on inte- 
gration becomes 


| = 


w ~* 


/ 
G55 


where & is a constant of integration, and hence reduces the first to 


2 
r Or 


The initial conditions assume the following form: when ¢ = 0, 
Pee g—0, Z2=% 
r =0, =o, 2= 0. 


Hence the constant & is given by the relation 





2 

o= k/1 0° 

Therefore the curve c, is that integral curve of the differential equations : 
2 pat A a) 
ah Of, ee Ch, 
Tae: Or? y Oz” 
which, at ¢ = 0, is subject to the conditions 
Pe es r = 0, 2 = 0 
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If we put 


2 pt 


or 
Virs2)= — SO 4Alr, 2), 


the last differential equations may be written in the following form: 


OV uOV 


wt ” 


? = 2” = ‘ 
Or’ Oz 


$3. The curve c,. The curve c, has already been defined as the locus of 
plumb-bobs of all plumb-lines which are supported at the initial point, P,, of 
the falling body in the field /,. It is therefore the locus of the points of tan- 
gency of tangent lines which are drawn from P, to the lines of force of the field 
F’,. In order to get its equation let us choose a set of rectangular axes in F’, 
and denote by w,, y,, 2, the coordinates of a general point referred to these 
axes, the origin of which is also taken at the earth’s center O. The axis of z, 
is taken, just as that of z,, coincident with the earth’s axis of rotation and is 
regarded as positive in the direction of the earth’s north pole. The axes of a, 
and y, lie in the earth’s equatorial plane, and when ¢ = 0, they coincide with 
the axes of «, and y,, respectively. (See Fig. 5.) The point P, lies in the 
plane w,z,. If, as above, 

OU, (Wo, Yas 2y) =f", 2), 

where 


r=Vetry? and 2 ns 


represents the potential function of the field /’,, the equations of c, are 




















Det en) Cpe, 
CU gum Uo OO 
Ox, Oy, Oz, 
But since 
aU, af, %,  8U, af, y, 8, af, 
On, Or r’ Oy, Or rr” Oz, Oz” 


the curve lies in the plane y, = 0, in which it has the equation 








tame 1. ise 
or Oz 


§ 4. The equation of curve c, in powers of r—7,. 
That solution of the differential equations 
T= Oar 2 = OV /Oz 


which, at ¢ = 0, is subject to the conditions r=7,,2=2,,7 =0,2 =0, is 
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of the form 


r—rn=4,+a,04---, 2—2,=8,0+B8,04+.---, 


1/0V 1/0V 
sale) &=3( a), 

DL fen (av eV\ (eV 
a= ai} (a8 ), ar ),+ (gree), (ae ),P 
1(/@V\ (eV eV\ (aV 
4 cele ) + (Gr) (FE). ‘ 


the subscript (,) indicating that the derivatives of V have been computed for the 
point P,(”,, 2%). By the elimination of ¢ from these equations, we obtain the 
equation 


where 








® 





2—%=a(r—7)+4,(r7-—% Hees, 


OV 
(=). 
Galan ie la\vaw ene V\" 

(Fras) (Se), - (Ge). 


2 6 ‘ (ay 


where 




















§ 5. The equation of curve c, in powers of r —7,. 


The equation of curve c,, whose finite equation has already been found in § 38, 
may also be written in the following form: 


2—2,=b(r—7,)+6,(r—7)?>+--:, 


2 j Lae 


In order to do this let us first write its equation in the form 


where 


where 
Of Of, 
B(r, 2) = 3 Gea 0) ie val Ear 


The derivatives dz/dr and d*z/dr? are expressible in terms of the derivatives of 
F’ by means of the relations : 
Trans. Am. Math, Soc. 24 
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orf oi dz 
Cr aay “dr 
Or ode or (2) OF dz 


oe Tt “Bran tar dior ee eee 





=0, 








and the derivatives of /’, in terms of those of f,, by means of the relations : 

















oe chy weg i= ae 2 Sy iyaeeeky 

Oe = Er ree) 

aa =s2t(r—1)— chem ene: ee 
on sole "%)) — ohh, post EE say 
FR _ 2h een) coe 


and therefore 





oF \ (ef, 
(= ra ( Cz) x 
O 











o}) 
® bo 
“| Y 

SS) 
o 
| 
to 
| ® 
a bo 
ols 
Ss 











Hence we find 











=) 
bw 

| 
ble 


aod fe 9 ok dz oF. a). 
Pe Ol eal am), in) + 6? ) \dr), 
dr® ngey 
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(NO -O(D-COMAM, 
(2) 


§ 6. The relation between the curves c, and c,. In order to find a relation 
between the curves c, and c, let us express the coefficients a,, a,, b,, 0, in terms 
of the derivatives of f,. We already have the relations : 











rT. 


wo” 
V= =f\- ¥ 2 and t=, + 


from which the following relations are found: 

















OVA IEC Fort, Cf ae zh 

Or Or a gin or agin 
av _ af, af, af, 

(Oz «Oz? Gz.) Cau 
eee Fe 
Or? Or” pe? Or" Or 4 
ev of ef, af, 
Or Oz Oréz’ OrGz Orez’ 

a Vane yi a Of ay 

O22 Oz?” 62 Ov?” 


Therefore: 
eV ae oV\ (af) _ (a, 
(Ge) =) CE) te = (a) (8) (ze), 
Vv CLT, 3 Oy, 

(Se Ms ee oe : (3 Ly 
eV of, or 
Or Oz P Or Oz ‘ Or Oz i 


Hence the relations 


























_ C+ Bio? + A,o! 
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where 


(ZB -(NAD)- ONO; 
22(28) (8) n+ ((D OMB 
nenss(B)(Z), mas-(¥)(%), 


Do 
O Tai\ee Of, Of, 
ES) 4,=4+3(2)», 4,=4-(3 8 


Since a, = 6,, it follows that the curves c, and c,, which lie in the meridian 
plane of P,(1,, 2,) (i. €., in the plane y, = 0), have a common tangent * and 
a common normal at P,. 











$7. The General Equations (1) and (2). The Southerly Deviation. 


Let us now take the common tangent and the common normal to the curves 
ec, and ¢, as a pair of rectangular axes, and obtain the equations of c, and c, 
veferred to them. The coordinate which is measured along the tangent from 
P, we shall denote by &, and regard as positive when measured in the direction 
of the earth’s center. The other coordinate we shall denote by 7 and regard as 
positive when measured in the direction of the north pole. The equations of 
transformation from the axes of 7 and z to those of € and 7 are 








r—7r,=— cos d-E —sin d-7n, 2—2%,=—sin d-& + cos ¢-7n, 
where 
: b, a, 1 1 
sin d = ————_ = ——__,, cos 6 = ——— = ————. 
eich Vice ma rag aa: 


By this transformation the equation 


ey oo On Taeats ) ot a,(7—%)) "+ sien 


* This common tangent is also tangent at P, to the line of force of the field F, which passes 
through P,. For the differential equation of the lines of force of F, which line in the plane 
¥, — 0 is 





oft 
dz o& 
dr of,’ 

er 


and therefore the slope at Py of the line of force which passes through P, is 


Cah. HEN a © 
Cees) We 
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of the curve c, assumes the form 


/ 
a, 2a, a, aa 


2 2 
Weaes + 


sedge ia 4 po 
i+a@ Ais gard 3 Vl+ain=0, 





a 





which when solved for 7, becomes *: 


are ea al 
By the same transformation the equation 
~2—2=b(r—7r,)+56,(r—7,)P + 
of the curve c,, becomes é 
i ee [i+ 8] aie at 
From the relations given in § 6 we find + 


Of, whl 
1 1 ake ) + 0% | 


CeaaNe y (a ea Deg ae 








where 


a [(%) ree] += + OH Baeeew 


Hence, if we denote the n’s of the curves c, and c, by 7, and »,, respectively, we 
obtain the equations 
1 C+ Bo’ + A,ot An. C+ Bw’ + A,o* 


aria (5 D} E eet, No eae a 





which are the equations (1) and (2) already given. As has been stated, the 
southerly deviation of a falling body is the difference 7, — n,, when & is replaced 
by the height A+ through which the body falls, and f, is a sufficiently close 
approximation to the potential function of the earth’s gravitational field of force. 





* The equation 
O= Ly + Ax? + Bay + Cy? + La? + Ma? y + Nay? +--- 


when solved for y becomes 
y=— fat Bey. 


{ The negative sign is taken because [1+ b? ]? and D3 are positive and ( 0f,/dr)) + w? 7, is 
negative. 

t As already remarked, the circle of reference must be determined by a plumb-line of length 
h supported at the initial point of the falling body. 
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AN APPLICATION OF A (41, 2) QUATERNARY CORRESPONDENCE 
TO THE WEDDLE AND KUMMER SURFACES* 


BY 
VIRGIL SNYDER 


Introduction. 


The three-dimensional non-linear involution determined by a system of 
quadrics having three linear parameters has been extensively discussed. In the 
case in which all the quadrics have six basis points the system furnishes a con- 
venient method of mapping the Weddle surface upon the Kummer surface. In 
the following paper I develop the details of this transformation analytically, 
obtaining a number of results already known, but by new methods, and apply 
the transformation to obtain a number of series of transformations which leave 
the surfaces invariant. A number of new transformations appear when the 
basis points are in simple or multiple involution. The relations which must 
exist among the coefficients of the equations to insure involution, the positions 
of the new lines lying on the Weddle surface, and the corresponding specializa- 
tions of the Kummer surface are obtained. 


§1. Lhe Involution I. 


1. Through six arbitrary points in space can be passed a linear system of 
quadric surfaces having three parameters. The equation of the system has the 
form 


(1) HT = yA Ret ASE ak Ea 


If the coordinates (&’) of a point P’ are substituted in 7, between (x) and 
HT( &') one parameter, as \,, may be eliminated, and thus the net 


(HH — H,- ,) +d, (HH, — Hy. H,) + 2,( 4-H, — H,-H,) = 0 


is obtained. The coefficients of the A, define three quadrics which intersect in 
eight points; as seven of these points are known the coordinates of the eighth, 
Pp” = (&’), can be expressed as rational functions of the codrdinates of the six 
fixed points and (&). In other words, the equations 





* Presented to the Society December 28, 1910. 
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yield the rational solutions 


= $:(15 &, &3, &). 


The seventh and eighth basis points of any net of quadrics contained in a 
linear system having six fixed basis points define an involutorial birational 
transformation.* 

Without restricting the problem, the basis points may be taken at the vertices 
of the tetrahedron of reference, the unit point and the point (a). It will be 
convenient to designate the points by number, as follows: 





(1,9,0,0)=1, (a,a,a,a¢,)=2, (0,1,0,0)=8, (1,1,1,1)=4, 
(0,0,1,0)=5, (0,0,0,1)=6. 
In the net defined by 1, 2, ---, 6, (&), &), the line ( £’&”) determines a pencil 


of quadrics whose basis curve consists of this line and the cubic curve y, passing 
through 1, 2, ---,6. The line (& &”) is a bisecant of the cubic curve. 

Any two associated points ( &), (&’) lie on a bisecant of the cubic curve y, 
defined by the six basis points. ‘There are fifteen special bundles, each defined 
by the points 1, 2, ---, 6 and a line joining some two of them. These bundles 
will be designated by the symbols {74}. Similarly, if P’ is on y,, the net will 
contain y,. It will be called {y,}. 

2. A line 7 (or any three points upon it) will uniquely define a quadric 
which contains it. When (€’) describes 7, (&”) will describe some curve upon 
H,, always lying on the bisecant of y, through (&). The bisecants of y, from 
points on / define a ruled surface /?, of order four, having / for simple directrix 
and y, for double curve. &, and #7 intersect in a curve of order eight, com- 
posed of / and a curve c,, of order seven, the locus of (&”). <A plane through / 
euts /7, in a straight line and cuts #, in three straight lines. The points of 
intersection are on c,, hence / cuts c, in four points. By the involutorial trans- 
formation I straight lines go into space curves of order seven, each cutting 
its image line in four points. Planes go into surfaces of order seven. 

3. Since #, has 1, 2, ---, 6 for double points and //, passes through each, 
c, has six double points which are principal points of the transformation, the 
image of each being a quadric cone having its vertex at its associated point and 
containing y, and five lines (ik). These cones, each counted twice, constitute 


* GEISER: Ueber zwei geometrische Probleme, Crelle’s Journal, vol. 67 (1867), pp. 78-95 ; 
EBERHARDT: Ueber eine rdumlich involutorische Verwandtschaft 7. Grades und ihre Kernfliche 4. 
Ordnung, Breslau dissertation (1885), 61 pp.; STURM: Die Lehre von den geometrischen 
Verwandtschaften, vol. 4 (1909), pp. 414-418. For the literature on the system of surfaces see 
also STAUDE: Encyklopidie der mathematischen Wissenschaften, III C2, 3141 
(p. 252). 
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the entire Jacobian of the system ¢. The curve y, and the lines (ik) are prin- 
cipal curves of the second kind, such that the image of a point on any one of 
them is the whole line on which it lies. 

4. A plane 7 goes into a surface F’, of order seven. Since 7 has three 
points on y,, /, has y, as a threefold curve, and similarly, 4, contains each of 
the lines (ii). Two planes intersect in 7; their image surfaces intersect in c, 
the image of Z, in y, counted nine times and in the fifteen lines (ik). Hence 
there are no further principal points in the transformation. 

5. If 7 passes through a basis point i, the principal cone A’? is part of its 
image. If / is the intersection of two planes 7, 7’, each passing through 7, 
the image c, will be the intersection of F,, #”,. Both these surfaces contain 
k,(i) as factor. Each of the residual quintics contains y, as double curve and 
the ten lines (//) not passing through 7. Thus the proper image of / is a cubic 


curve passing through the basis points other than 7, and having / for bisecant. 


§2. Locus of Coincident Points. 


6. If P” = P’, all the surfaces of the associated net touch each other at P’, 
and one surface has a double point, or P’ is the vertex of a cone belonging to 
(1). The equation of the locus of P’ is expressed by the vanishing of the 
Jacobian of (1). It can be reduced to the form 


S, = |G,%,0,%, @, a, Lita O) 


The locus is the Weddle quartic surface. It contains 1, 2, ---,6 as double 
points, the curve ,, the fifteen lines (74) and the ten lines of intersection of 
the planes (ikl), (mnp); these lines (tk/), (mnp) are defined by the sym- 
bol (ikl). The four points of intersection of a line / and its image c, lie 
on S,, hence a general line 7 contains no pair of associated points (&'), (&’). 
But it was seen that the lines joining (&) to (&") are bisecants of y,, hence 
each of these bisecants contains an entire involution of associated points. 
The points on y, constitute a pair and the remaining intersections with S, are 
the double points of the involution. The Weddle surface therefore cuts 
harmonically the bisecants of the cubic curve y, which lies upon it. 

T. In the involution 7, of conjugate points as to y,, S, is invariant. More- 
over, J can now be defined independently of (1) if the points 1, 2, ---, 6 are 
given, since S, and y, are fixed. Given a point P’ in space. Let the bisecant 
of y, from J” cut S,in I, M,. The harmonic conjugate of P’ as to IL, MZ, 
is P”. From the theorem of STEPHANOS* it follows that the transformations - 
T, and J are commutative. 





* Mathematische Annalen, vol. 22 (1883), pp. 299-336. See page 313. 
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8. A plane 7 cuts its image /, in a curve of order seven and S, in a quartic 
which lies on /,. The residual intersection consists of the three bisecants of y, 
in7. <A line cutting y, goes into c, consisting of y, and a rational quartic 
passing simply through all basis points and cutting the given line at the three 


residual intersections with S Ve 


§ 3. Transformations of S, into Itself. 


9. We may now enumerate the involutorial birational transformations of S, 
into itself : 
The six nodal projections (J, ) ; 
The transformation 7’,, defined by conjugate points as to y, ; 
The fifteen transformations defined by a secant of y, and one of its bise- 
eants (7k). Given any point Pon S,. The cubic cone projecting y, 
from P will be cut by the plane P,(ik) in the two lines P, and P, 
and one other line. If the latter cuts S, in @, between P and Q 


exists a birational correspondence. It will be designated by 7,,,; 
The interchange of points on every secant of two skew lines 7}, ,,, or 


Ty, Imn 3 

The six transformations defined by the cubic curves passing through a 
point P and five basis points. The residual point of intersection of 
the curve with S, is fixed when P is known. We shall call these 
transformations C,, i being the symbol of the basis point through 
which the curve does not pass ; 

The transformations similar to the last preceding ones defined by the 
cubic curves passing through four basis points and having the line 
joining the remaining pair for bisecant. These transformations will 
be designated by C’, ; 

An infinite number of further involutions can be defined as follows. 
Through any point on ¥,, a point of any fundamental line (id) and 
a point D on S, not on any fundamental line pass a quadric surface. 
It will belong to (1), and cut S, in y,, (ik) and a space quartic pass- 
ing through the remaining nodes. To get the point associated with 
any point P on S,, pass a plane through P and any two nodes 7, m 
other thanz,%. The plane cuts the space quartic in /, m and two 
other points. Pass a conic through these four points on the quartic 
and through P. It is fixed, and will cut S, in one remaining point 
(). The conjugate of this conic in J is a sextic curve having double 
points at the basis points through which the conic does not pass, and 
passing simply through the six points in which the conic cuts S,. The 
operation of interchanging P, Q will be denoted by X,. The same 
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series of curves is invariant under ~ as under (J, JV, ), but the former 
can be expressed in terms of the latter only when the line joining the 
points on the quartic is tangent to the curve elsewhere. But with 
the exception of the points 7, & this is, impossible, since one point lies 
on y, and the other on (ik). The group generated by X,, X7,, is 
of infinite order. 

10. The points of y, are defined in terms of the homogeneous parameters o, T 


by the equations 
px, = Aort(a—T), 


px, = Bo(o —7)(o,7—o7,), 
px, = Cot(o,t —o7,), 


pu, = Dt(¢ —7T)(0,7—07,), 
wherein 


A =a,(a, — @,)(4,— 4,)(a,—a,), B= a,(a,—4,), C= a,(a,—4), 
D=a,(a, — 45), g, = (a, — a;)(a, — 4), T, = (@, — @,)(a, — a,). 


The values of the parameters at the basis points are : 


atl, o=(a,—a,)(a,—4,), T=(a,—a,)(a,—4,), 
at 2, oc=a,—4,, T= A,— ,, 

at 3, o=1, T=0, 

at4, c= 0 (aides T= d,(a,—4,), 

atd, o=1, T=1, 

at 6, o=0, T=1. 


These equations may be used in C,, by replacing (a) by the coordinates of P. 
The other C, can be obtained from it by linear transformations. 

The equations of the Cremona transformation 7, can be obtained from the 
preceding equations alone. 


§ 4. Special Positions of Basis Points. 
11. The quadric surface determined by the lines (12), (85), (46) has the 


equation 
,[%,(a,—4@,) + a”, — a,2,] + ©, a,x, —a,x,] = 9. 


It cuts y, in the six basis points; if upon the coefficients the condition is 
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imposed that one further point of y, lies on the quadric, then y, lies entirely 
upon it. This condition is 


a,( a, — Gd, ) Fs a, (a, al a,). 


In this case the four nets {y,}, {12}, {85}, {46} have a common quadric. 

The intersection of a quadric with S, consists of a curve of order eight cutting 
each generator in both reguli in four points. On one regulus the points of 
intersection are on the three lines (12), (35), (46) and on y,; on the other, two 
of them are on y,, hence the residual intersection consists of a curve of order 
two cutting the generators of the second regulus in two points and not cutting 
those of the first, that is, it is composed of two straight lines w, v. 

The equations of these lines are 


lx, —mx,=0, v,(a,l —a,l) + %,(a,l —a,m) + ,(a,m —a,l)=0, 
the parameters /:m being defined by the quadratic equation 


a,? —2a,l, + am =90. 
If the points 1, 2, ---, 6 are projected from any point of y, upon a plane, the 
generator of the same regulus as w, v which passes through the center of projec- 
tion will pierce the plane of projection in a point through which pass the pro- 
jections of (12), (34), (56). The basis points thus project into six points in 
involution. Conversely, when from any point of y, these points are projected 
into points in involution, they and y, have a common transversal and the pre- 
ceding condition applies. We shall speak of the six points 1, 2, ---, 6 them- 
selves as being in involution when their projections are in involution. 

When the six basis points 1, 2, ---, 6 are in involution the surface S, con- 
tains two new lines u, v. The generators of the regulus cutting w, v are 
bisecants of ,, cutting S, in the residual points on u,v. These four points of 
intersection are harmonic. In the axial involution determined by uw, v the six 
points 1, 2, ..-, 6 are interchanged in pairs and y, goes into itself, hence S, 
must remain invariant. Jn this case the axial involution I, must be added to 
the preceding transformations. 

12. In the same manner it is found that (13), (24), (56) are in involution if 
the a, satisfy the condition a,a,— a,a,= 9; 


(16), (34), (25) are in involution if a,(a@,— a,) = a,(a@, — a); 
(L2eteG 425 aco. * Ms “a, (a, — a,) = a,(a, — 4,); 
(14), (28), (66) *# © & — # a,(a,— 4) = 4,(4,— 4) 
(15), (260), (34 act, - “ a,(a,—a,) = a,(a,—a,). 
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These six conditions are all satisfied when the a, have the values 


a=1, itor a,=1+1, a,=1—i. 


The surface S, now has six pairs of lines u,,v, and is invariant under six 
axial involutions I,. No two of these involutions can be commutative. In 
order that two axial involutions may be commutative it is necessary that their 
axes shall either intersect or belong to the same regulus. Let (w, v), (w’, v’) 
be the axes and suppose w, w’ intersect in Jf. The plane of uw, uw’ cuts v in K, 
vin LZ. Any line through A cuts S, in a fourth point which is the harmonic 
conjugate of its intersection with w’ as to its intersection with wand A. The 
locus of this point is a line through M7. The residual intersection of the plane 
consists of another line, this latter passing through A. But this is impossible, 
as S, cannot contain so many coplanar lines. 

If (u,v), (wv) belong to the same regulus, they must be harmonic, since 
any transversal cuts S, only on these lines. The quadric determined by them 
would cut S, in four lines belonging to the other regulus, of which one at most 
can bea line (ik). Of the six lines (tlm) skew to (ik), three can be chosen 
that are mutually skew and do not have another fundamental line for common 
transversal. Since w,v, wv’, v' are all invariant under J, a generator of the 
same regulus goes into a sextic cutting every generator of each system in three 
points. But this curve has double points at the fundamental points except i 
and /, hence all the fundamental points lie on the quadric, which therefore 
belongs to the system (1). Since (/m) cuts wu, v, it must therefore lie on the 
quadric, but this is impossible, as the entire intersection with S, has been 
accounted for. Hence in this case uw, v, wv’, v cannot belong to the same 
regulus. Similarly for the case when no line (ik) cuts both pairs of axes. 
This completes the proof that«no two operations J,, 7, are commutative. 


§ 5. Double X- Space. 


In (1) let the X, be considered as homogeneous plane coordinates. The plane 
will define a quadric of the system (1). A linear equation will define a point in 
(X). This equation and (1) will determine a net of quadrics, passing through 
1,2, .---, 6 and two associated points (&'),(€”). If the coordinates of (&) 
are substituted in (1), the resulting equation will fix the same point in (2). 
Thus, the equation (1) defines a (1, 2) correspondence between the points (2) of 
a space >’ and the points (&), (&”) of another space =. ‘Two linear equations 
in () define a straight line in >’. From these equations and (1) a pencil of 
quadries is fixed, whose basis curve passes through the basis points 1,2, ---, 6. 
Hence when (&’) describe a plane in =, (2) will describe a quartic surface. The 
complete image in = of this quartic surface in >’ is the plane and its image J, . 
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in Z. Toa straight line in = corresponds a conic in =’, whose complete image 
in > is the line and its image c,. 

If in the first derivatives of (1) we eliminate ~,, the resulting equation of 
order four in 2, will define those values for which (&) = (&"). They define a 
surface of class four, A(X). If >’ is regarded as a double space, one sheet cor- 
responding to (&), the other to (&’), the points of A(X) are branch points. 
The points of A(X) and the points of S, are in(1,1) correspondence. Since 
an arbitrary line in = is not its own image in J, the image conics cannot inter- 
sect A(X), hence: 

The images of the c* lines of = are 2' conics which touch four tangent 
planes of A. 

The image of a general plane 7 touches A along a curve of order eight. To 
a plane section of A corresponds a curve of order eight, in which the image 
quadric cuts S,. A tangent plane of A corresponds to a cone of 2, belonging 
to (1). To the point of contact corresponds its vertex. To the four cones in a 
pencil of quadries belonging to (1) correspond the four tangent planes through 
the image line of the basis quartic. 

14. To an arbitrary point =a,d, corresponds a pair of points (&), (&"}. The 
oo” planes of >’ through this point correspond to the oo? quadrics through 
1, 2, ---,6,(&), (&’). In particular, to the tangent planes to A passing 
through the point correspond 00’ cones in the net of quadrics. The locus of the 
vertices of these cones is a curve of order eight on S,, having double points at 
all eight basis points. If in = we project the oo” basis curves of order four and 
this octic from one of the basis points, and take the dual of the configuration in 
>’ as to a quadric surface, we have exactly the Geiser transformation which was 
discussed in a preceding paper.* 

Let P*, in >’ correspond to the net of quadrics { y,}. It is a principal point 
of >’. Similarly, let P’, correspond to {ik}. It is also a principal point. Any 
plane 7 in = cuts y, in three points and each of the fifteen lines (ik) once. Its 

image /” in >’ passes three times through P), and once through each of the 
fifteen points P’,,. Since y, and (i/) all lie on S,, P,,, P;, all lieon A. The c¢; 
of contact of A and ”, passes three times through P/, and simply through P,. 

Every bisecant of y, contains a whole involution of points (&), (&’). Its 
image in >’ is a straight line through P},, counted twice. The bundle of lines 
through P), in %’ and the (1, 3) congruence of bisecants of 1, are in (1, 1) 
correspondence. 

Since 7 cuts y, in three points and contains three bisecants, /’| contains 

;,- hus #) is a Steiner surface. A line 
1 in 7 corresponds to a conic c, on #’;. The plane w’ of c) corresponds to a 


three double lines passing through P 





* SNYDER: Conjugate line congruences contained in a bundle of quadric surfaces, these Transac- 
tions, vol. 11 (1910), pp. 371-387. 
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quadrie H containing 7 and another line m lying in 7; the image of m isa 
second conic k, in w’ on #,. These two conics intersect on the three double 
lines and in one other point, the image of 7m. H touches 7 in /m; ’ touches 
Fin c,, ki. Both of these conics are contact curves of A. 

15. The points 1, 2, ---, 6 are principal points of the transformation; the 
image of each is a ae a,. All the basis points lie on y,, hence the six planes 
m, pass through P’,; (ik) passes through two, hence 7r’,, 7’, pass through P’,. 
The fifteen lines P;, P’,,, are therefore the intersections of the six planes 7r’,, 7r,. 
Since a plane in >’ is the image of a quadric in =, the planes 7, may be regarded 
as images of the cones in (1), having ¢ for vertex and passing through the other 
basis points. A bisecant of y, cuts S, in two points not on ¥,; its image cuts 
A in two points not at P,, 

A basis c, in > cuts S, in ite points besides the basis points, hence its image 
line cuts A in four points. A is of order four. The surface of branch points 
in 2’ is of order and class four and has sixteen double points P),, P,,,, hence 
it is a Kummer surface. To a straight l’ through P’, corresponds a quartic 
curve in = consisting of (ik) and a cubic curve cutting (es twice and passing 
through the other four basis points. The curve cuts S, in two points not at 
basis points nor on (ii), hence its image line cuts A in two points not at P,,, 
or P., is also a double point. 

16. Any line /’ in zr, goes into ac, on AS”, but as this fundamental cone is 
the tangent cone to S, at 7, c, has a double point at its vertex, and all the vari- 
able points of intersection with c,, S, are at i, two on each nodal tangent. 
Thus /’ is a double tangent to A, or ah contains a conic of contact. It passes 
through P,,and 2), (k= ley ont =Ehe) 

The plane (123) goes into an /”| consisting of 7, 7,, 7, and another plane 

71,5 Whose complete image in > consists of (123) “il its image in J, viz., (456). 
The line (128), (456) goes into the conic of contact of 7/,,. The principal 
joe h geste, Laks fav ne: dist oo ae 
singular points and singular planes can now be readily determined by observing 
the corresponding elements in >. 


points lying upon it are P’ 


A line / through any basis point ¢ in = corresponds to a line in >’, for, if any 
quadric H of (1) corresponds to the plane p’,/ cuts H in as many variable 
points and the image cuts p’. But H passes through 7, hence / corresponds to 
a straight line/’. Since / does not correspond to itself in J, ’ is a bitangent of 
A. Thus the bitangents of A are arranged in six distinct systems correspond- 
ing to the six basis points 1,2, ---,6, in =. 


§ 6. Image Congruences of the Bundles 1,2, ---, 6. 


17. Through any point P’ in >’ pass two lines of the congruence [i], since 
P’ has two image points (&), (&”) in , each of which defines a line of i. A 
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quadric /7 of (1) contains two lines of 7, hence its image plane contains two lines 
of [i]. Any line 7 of i cuts S, in two residual points. These go into the 
points of contact of /’ with A. The complete image in = of /’ consists of 7 and 
its image in J, that is, a space cubic curve passing through the remaining basis 
points and cutting / at its residual intersection with S,. 

The arrangement of the lines of these congruences can now be ascertained. 
The bundle 7 can be considered as made up of a single infinity of plane pencils 
each in a plane through (ik). The image of each plane is a Steiner surface 
ff’, consisting of 7’, and 7, and a quadric surface. The generators of one 
regulus are the images of the lines of the pencil 7, and those of the other regulus 
are images of the lines through &. These quadrics all pass through eight basis 
points and form a singly infinite quadratic system. Their envelope is the sur- 
face A.* 


§ 7. Depiction of S,on A. 


18. We can now study the transformations which leave A invariant by 
depicting S, upon A and considering the transformations into which those 
enumerated in No. 9 are transformed. From the preceding section it follows 
immediately that the nodal projections (/V,) become those of interchanging the 
points of contact on the lines of congruences [7 ].+ 

The six operations [7] generate an abelian group of order 82. The product 
of any two of them is an axial homology. By No. 14 the operation 7, of con- 
jugate points as to y, becomes the nodal projection (/,) of A into itself from 
P,- The involution J is transformed into a Jonquieres transformation leaving 
every point of A invariant. To find the image of any point A’, connect it with 
Pi: The line A’P;, cuts Ain WM, M). The harmonic conjugate of A’ as 
to MM; is the required image. 

19. In &’, the nodal projection (P;,) can be obtained by transforming 
(P;,) through [7] [4], | 

(Pi) = LET] (Pool FI Le]. 
In = this operation requires that a point be projected from 7, its image from k, 


this image found as to y,, then the first two operations repeated in reverse order 
Pass two quadries /7,, H, of the system (1) through the line (24). Their 





* The equations of these quadrics, the configuration of the associated basis points, and all the 
properties of the congruences of order and class two are at once derived by projecting the cubic 
variety having 10 nodes in four way space from a point upon it, as is outlined in my paper: 
Surfaces derived from the cubic variety having nine double points in four dimensional space, these 
Transactions, vol. 10 (1909), pp. 71-78. In the notation of that paper, 41 will define as 
contour a general Kummer surface. 

{ This result was first found by H. F. BAKER by another method. A different proof is given 
in my paper: Infinite discontinuous groups of birational transformations which leave certain surfaces 
invariant, these Transactions, vol. 11 (1910), pp. 15-24. See page 17 for further references. 
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residual intersection consists of a cubic passing through the other basis points, 
and cutting (ik) twice. The cubic is fixed by any point P on S,. The images 
in >’ of H,, H, are two planes each passing through P,. Their intersection 
consists of a straight line which is fixed by P’, the image of P. 

The fifteen operations C,, are transformed into the fifteen nodal projections 
(Pix) 

Cn = (Mi) (NEM) (MN): 

20. Any two of these operations generate a group of infinite order. More- 
over, the index of this group as to that generated by two pairs will also be 
infinite. This can be most easily proved in >’. Let (P},)(Pj,) =s and 
(P!,)( Py) =. | 

Pass a plane through P’, P), and any point P’ on A. This plane cuts A in 
a general quartic curve having two nodes. When /” is operated upon by s, its 
image will always lie on the same quartic curve. Pass a plane through P’, 
P,, Pi. It will eut A in a quartic curve which intersects the preceding one 
in three points A\, A,, A, besides P’. The images of P’ when operated upon 
by ¢ will lie in the second plane. If any power of s were equal to any power of 
¢, the corresponding position of P’ would be at A’, hence these respective oper- 
ations repeated four times would cause the point to return to P’. If the period 
is finite for one point it has been proved to be finite for every point, but s and ¢ 
are each of infinite order. Hence no relation of the form s” = ¢” can be found. 

Now multiply the series 1, s, s’, s*--- by ¢, @, --- on the right. If 
s‘t' = s?t7, then s*-? = ¢?~', which relation was proved to be impossible. It fol- 
lows that no operation s*t¢' appears twice in this set, or that the index of the 
group generated by s and ¢ is of infinite order as to the group generated by s. 
In the same manner we can obtain a group generated by s,¢, wv, having an 
infinite index as to that generated by s,¢, etc. All the operations of the group 
can be expressed in terms of (/,) and the operators of the linear group G,,. 

21. Since the operations C’, and ( V,) are transformed into each other by J, 
it follows that C’, goes into [7] in >’. 

22. The straight lines defining 7, go into conics in >’ passing through P,, 
and P’,. Since the lines in = do not go into themselves when operated upon _ 
by JZ, it follows that the image conies in >’ touch A in the two points which are 
images of the residual points of intersection of the line and S,. Through any 
point P of S, can be drawn but one line cutting y and (7k); it will eut S,in Q. 
The basis curve composed of y and (ik) will define a pencil of quadric surfaces, 
one of which passes through P. This quadric goes into the plane passing 
through P), and P’,, cutting A in a binodal quartic curve. Through P’ can be 
passed four conics, all of which touch A at P’, pass through P%,, P.,, and 
touch A in another point. The generators of the other regulus on the quadric 
in = go into 00’ conics which are proper contact conics, that do not pass through 
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the nodes. Any binodal quartic can be generated in four ways as the envelope 
of a conic passing through the nodes ; its pole as to the line joining them describes 
a conic. The four loci of poles are inscribed in the same quadrilateral, having 
a vertex at each node. The series of conics are rationally separated when one 
position of the pole is known. The second point of contact of one conic is Q’. 
When P’ describes A, Q’ can be distinguished from the other points of contact 
by means of the equation of the locus of the pole. Each of the other series of 
contact conics will also define birational transformations, but these are not 
images of straight lines in =. The conjugate operation in J is defined by the 
cubics passing through four basis points and cutting y in one variable point. 

In the same way, the operations 7; ,,, are transformed into the operations 
defined by the series of contact conics passing through P’,, P’,,. They are 
obtained from the preceding series by the linear transformations [7] [ *]. 
Now consider the lines (128), (14) in =. The former goes into a conic through 
ee ey ces) 245s Lass L ngs OF the singular conic im the plane a)... The 
line (14) goes into the point P|,. Any line in = cutting (123), (14) goes into 
a conic in >’ passing through P”,, 
plane 7|,,, and touching A in the images of the residual intersections of the line 
and S,. As before, three extraneous series of conics appear. 

23.- The conjugate of the lines cutting (ik), (/m) in J are quintic curves 
through i, k, 7, m simply, through the remaining basis points twice, having one 
variable point on (74) and on (i/). They are uniquely fixed by a point P on 
S, and pass through Q, the residual point of intersection of the line through P 
cutting (7k ),(/m). As in the case of the cubics C,, these curves could be used 
to define the transformation. Whenever the corresponding transformation in >’ 
is defined by rational contact curves, two distinct systems of rational curves in = 
will define the same transformation of points on S,. On the other hand a Cre- 
mona transformation in =’ may not be expressible in rational form in 2, except 
for points of S,. 

24. To obtain the operation into which X is transformed in >’, it will be 
observed that the quadric passing through y, and (7/:) goes into a plane, and the 
section of the former with S, becomes a plane quartic curve, section of A, having 
nodes at P/, and P’,. This section is fixed when one point upon A is given. 

Through the conic passing through /, m can be passed a quadric belonging to (1), 
hence its image in >’ is a plane. The plane of the conic is transformed into a 
Steiner surface having 7r;, 7°’, as factors, hence a quadric. The generators of one 
regulus are the images of the pencil of lines through / in the plane of the conic, 
and those of the other are images of the lines through m. The image of the conic 
is therefore a conic. On >, the space quartic passes through all the basis points 
except 7 and k&. A plane through any other two will cut the curve in but two 
other points. The image quadric will therefore have but two points in common 


touching the conic of contact in the singular 


Trans, Am. Math. Soc. 25 
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with the image plane curve, that is, the conic in the plane of section will touch 
the curve at the two points. Through any point in the section of the quadrie 
with A can be drawn a conic touching the curve which its plane cuts from A at 
two fixed points, the chosen point P’ and at one other point Q’. This is the 
transform of the operation X. “ 


§8. The Tetrahedroid. 


25. When the points (1, 2), (8, 5), (4, 6) are in involution, it was seen that 
the nets {y,}, {12}, {85}, {46} have a quadric in common. This quadric 
becomes a plane in >’ passing through the four points Pi, P),, P35, Pig: 
Since the section of A made by the plane is a quartic having four double points, 
the curve of section consists of two conics. By the sixteen linear operations 
which leave A invariant the plane of the four nodes can be transformed into 
three others, forming with the given one a tetrahedron. By the operations [7], 
the dual configuration is obtained, such that four points exist through each of 
which pass four of the singular planes of A. These planes intersect in six lines, 
on each of which lie two nodes, hence the nodes on any singular conic are in 
involution. 

If the six nodes of S, are in involution, the six nodes in every singular 
conic of A are in involution. S,now has an extra pair of lines and A has 
Jour pairs of conics. 

26. The axial involution in = goes into the operation defined by interchang- 
ing the points of contact of a conic which touches A in the images of the axes 
of the involution and in two other points. The four points of contact are har- 
monic. A is now a tetrahedroid; since the lines joining two nodes define an 
involution in each singular plane, and four singular planes pass through the 
center of this involution, A is now invariant under the central involutions 
defined by the vertices and opposite faces of the tetrahedron formed by the 
planes containing pairs of conics on A. These operations cannot be defined in 
terms of the axial involutions in =. Let P’ be the center and 7’ the invariant 
plane. The image of P’ in = is a pair of points &, &” not lying on S,; the 
image of 7’ is the quadric containing w,v. A line through P’ cuts 7’ in IT’ 
and A in two pairs of points J;, each harmonic with P’II’. The image 
of the line is a quartic curve passing through the eight associated points 
1,2,.---,6, &,&. It cuts the quadric in two points 7’, y” and S, in four 
points, images of J’. 

27. When the points 1, ---,6 are in multiple involution, A is a multiple 
tetrahedroid. In the case of six fold involution the new central involutorial 


perspective transformations and the linear G’,, generate a group of order 24-16.* 





* SEGRE, Sur un cas particulier de la surface de Kummer, Leipziger Berichte, vol. 36 
(1884), pp. 132-135. 


ON SEMI-DISCRIMINANTS OF TERNARY FORMS* 
BY 


O. E. GLENN 


§1. Introduction. 


It is well known that the number of independent conditional relations which 
must exist among the coefficients of a ternary form of order m in order that it 
should be factorable into linear factors, distinct term for term, is }(m— 1). 
Several writers, + among them Brix, and GorpDaN, have published methods for 
the determination of such sets of relations. Their results are, as a rule, 
expressed in the form of a covariant, the identical vanishing of which gives 
necessary and sufficient conditions for the factorability. 

These methods are somewhat indirect, and from certain standpoints are 
unsatisfactory for the additional reason that the set of conditions given by the 
identical vanishing of such a covariant is always redundant. 

Our aim in this paper has been to develop a direct method of attacking this 
problem. Our method leads to a set of conditional relations containing the 
exact minimum number 3m(m — 1); that is, it leads to a set of 4m(m—1) 
independent seminvariants of the form, whose simultaneous vanishing gives 
necessary and sufficient conditions for the factorability. We shall call these 
seminvariants semi-discriminantst of the form. They are all of the same degree 
2m —1; and are readily formed for any order m as simultaneous invariants of 
a certain set of binary quantics related to the original ternary form. 

If a polynomial, 7, , of order m, and homogeneous in three variables (x, , x,, «, ) 
is factorable into linear factors, its terms in (x,, #,) must furnish the (,, «,) 
terms of those factors. Call these terms collectively a7", and the terms linear 
in #, collectively x,a-'. Then if the factors of the former were known, and 
were distinct, say 





* Presented to the Society December 29, 1910. 

+THAER, ‘* Ueber die Zerlegbarkeit einer ebenen Linie dritter Ordnung in gerade Linien,’’ 
Mathematische Annalen, vol. 14 (1879) ; GoRDAN, ‘‘ Das Zerfallen der Curven in gerade 
Linien,”? Mathematische Annalen, vol. 45 (1894); Britt, ‘‘ Ueber die Zerfillung der 
Ternirformen in lineare Factoren,’? Mathematische Annalen, vol. 50 (1898). 

{It seems desirable to introduce a new term for the members of such a minimum set of func- 
tions of the form’s coefficients. Since the name discriminant is already in common use, and since 
discriminants are invariants, it seems natural to adopt here the term semi-discriminant. 
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m m 


Oi, yg LT (1h — HP) + TH), 
‘=: i=l 
the second would give by rational means the terms in x, required to complete 
the several factors. For we could find rationally the numerators of the partial 
fractions in the decomposition of a7'~"/aj',, viz.: 


lx 


m 


| | a(t) 
7 
qn! 2 m a 


lz __ t=1 i 


— (i) i ’ 
a ers ee r Wy 








m 
a 


Or 00 


and the factors of the complete form will be, of course, 
ra, — ra, + a0, (i=1, 2; 3 ee 


Further, the coefficients of all other terms in f,, are rational integral functions 
of the 7” on the one hand, and of the a, on the other — symmetrical in the sets 
(7, — 7, a,).  Weshall show in general that all these coefficients in the case 
of any linearly factorable form are rationally expressible in terms of those 
oceurring in aj, a@~'. Hence will follow the important theorem (§ 5): 

Theorem 1. Jf a ternary form f,,, is decomposable into linear factors, all its 
coefficients, after certain 2m, are expressible rationally in terms of those 2m 
coefficients. That is, in the space whose coordinates are all the coefficients of 
ternary forms of order m, the forms composed of linear factors fill a rational 
spread of 2m dimensions. 

We shall thus obtain the explicit form of the general ternary quantie which 
is factorable into linear factors (§ 5). Moreover, in case f,,, is not factorable a 
similar development will give the theorem (§ 3), 

Theorem 2. Hvery ternary form f,,, for which the discriminant D of a” 
does not vanish, can be expressed as the sum of the product of m distinct 
linear forms, plus the square of an arbitrarily chosen linear form, multiplied 
by a “satellite” form of order m—2 whose coefficients are, except for the 
factor D~, integral rational seminvariants of the original form f,, . 


§ 2. A class of ternary seminvariants. 


Let us write the general ternary quantic in homogeneous variables as follows : 


oe m—1 m—2 ~p2 eye amr 
Ton == Cet Gy ig ee + A) XR 


lx 


where 


m—t ppl —t n—i—1 m-—t—2 ,,2 — ots 
ay, =a,U +4,0, Uy + O00) eae +O e641 ee 


Then write 


m—1 m—1 m 
a, wee Qi. _ a, 
18 iam 190 ‘fo (ke) eh) iO WED M)\ . 
Ax kan 72° — MYL (agg ry r+ +) | 
k 


Il (Pa, — rP2,) 
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and we have in consequence, assuming that D + 0, and writing 


m m 
a” Oa). a” 0 ay, 
(k) = 7 eee . hk . Ae 
ort Ox, y= ), rg=rf Mea or(®) ae Pia rf), xe=r) 2 


the results 





iO Ra ahem 
(1) a, = na" v w a’ “2 eed ry OG) ath) 
Hence also 
(Ie) 
ge. 
“wm 1 ym 


The discriminant of a” can be expressed in the following form : 


m 

— ee Im(m—1) 
(3) D = I Ay, (3) | Ag ( Syl )! ’ 

v— 
and therefore 
7) m—1 7% rm ym sm ym 
a I Le 1 o oy =a Qa yas a I: eae a 

(4) a, = pi) 9 6l) g,(2) or 1) “9, (e+) ant”) 





a Saat 1 Nee &, 


and in like manner we get 


m 


(5) Il, a= an yan at a my ( et )3 ym(m—1) J) , 


The numerator of the right hand member of this last equality is evidently the 
resultant (say £2) of a” and a7-'. 
Consider next the two Aiferential operators 


iS O 1 O O 
a erp a es Mitoa. tt ona Bq? 

K O O 
sg ilies Go st (m — 1) 4m Bq, sts stot ae 


and particularly their effect when applied to a'~’. ‘We get [see (2)] 








(Ke) 
" 
m—l1 ym m —] AL rm 
(6) > 1.05 05 SO as +. gO Gy ae — ) @, C9 
and from these relations we deduce the following: 
os a qt owe qr} 
A, Te aS 1) 176?) prom) 
(7) A wel a, eee ( ea! if red] 1 Das ym 7m 7™ ? 
Byte aye Se Te Gad) 


or, from (1) 


A 
aes Oy: Peeecaiet eet 


(8) ( ne 1 ee) 1 D 12 m—1 





In (7) the symmetric function = is to be read with reference to the r’s, the super- 


370 O. E. GLENN: SEMI-DISCRIMINANTS [July 


scripts of the r’s replacing the subscripts usual in a symmetric function. Let 
us now operate with A, on both members of (7). This gives 








= a es == Oa 
( ‘Ba 1 Paes 1) i D 00 Cana we ie ne 
; Ors Or” 
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Let =, represent an elementary symmetric function of the two groups of homo- 
geneous variables 7,, 7, which involves A distinct letters of each group, viz: 


pmIt) (f= 1,2, -+-,h). Then we have 





a A, ft, 
©) Sree Cae 


a(m—1) ,,(m) 
Seria Jf: |. 
We are now in position to prove by induction the following fundamental 
2 fo} 


formula: 
[Nig ag a te 
(10) (—1)"""| m —s —t|tD 








pase DY if ate t Ci. Ss ($+1) 2.(8+2) (8+ 6) p»pl(s+t41) (m) 
= 2[( La, a, Te OT) ee 22 1] 


($8==0, 1, 3-0) mm sot =0' 3 ae 


where the outer summation covers all subscripts from 1 to m, superscripts of 
the 7’s counting as subscripts in the symmetric function. Representing by 
J,—-s-1,r the left hand member of this equality we have from (6) 





are er ut: 7 
BFaeyem © ( (= 1) rea 
hy 1) by (2) oe Go,(8—}) 
a(&) 
x Te oe wee rT “i Pa path. Pic tO vee one ) - 
2 


This equals 


x(— 1) a,4,---a_, 8, 


s— 


where S is a symmetric function each term of which involves ¢ + 1 letters 7, 
and m— s —t letters r,. The number of terms in an elementary symmetric 
function of any number of groups of homogeneous variables equals the number 
of permutations of the letters occurring in any one term when the subscripts 
(here superscripts) are removed. Hence the number of terms in > _, is 


im—s 
Tha ——- - ise. 
| tn So a 
and the number of terms in S is 


(m—s+1)|m—s/|t|\m—s — me 
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a 7 Ss; a($) (+1) a(S +t) pa(s-+ t+ 1) a(™) j 
But the number of terms in 2, (rr@tD ©... net n6 oe.) 18 
im —s+1/m—s—t|t+1. 
Hence 


S= (t LE L) ae 
and so 
A, Tn mas—tyt 


al =[(—1)*1*a,a,---a_,2 


s—1 rer : 
This result, with (9), completes the inductive proof of formula (10). 

Now the functions /,,_,_,, are evidently simultaneous invariants of the binary 
forms a”, a, a", a™-', We shall show in the next section that the 
expressions 

a Erg = Da,, — 18) fara ¢ | (a2, 3, -oey m0, 1 om — 8) 


are, in reality, seminvariants of the form f,, as a whole. 


§ 3. Structure of a ternary form. 


The structure of the right hand member of the fundamental equality (10) 
shows at once that the general (factorable or non-factorable) quantic f,, (D+ 0) 
can be reduced to the following form : 


mm m— 


(11) = Tl Pe, Ea, + 4) + 32D (4y —Smcscn eae, 


8=2  t=0 


This gives explicitly the general “satellite” form of f,, with coefficients 
expressed rationally in terms of the coefficients of f,,. It may be written 
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(12) 
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Now the coefficients [,,,, are seminvariants of 7,,. To fix ideas let 
m = 3 and write the usual set of ternary operators, 


0) g 2 oe 3c g g eee é 
Sere: Oy ce ja, i Outy, ape Oa,, FAG ay, 2a CA, 


oO 84 ; 2a, ° sa 9 0 O oe 
tan = 900 Bq” T 5a, + “02 Bq, + “10 Ba, t Bq, 1% 5a,” 
o a o o Oo O 
Sea. BE aly 2a, a a— + 34a, a0, + Da,, ade + 2a,, a ea Day, a,’ 


ete. 
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Then /,, is annihilated by Q,,,, but not by ©,,,,, Z,, is annihilated by ©,,,, but 
not by ©,,,,, and J,, is annihilated by ©,,,, but not by 2 In general J,,_._+: 
fails of annihilation when operated upon by a general operator ,,,. which con- 


gx, 2 
tains a partial derivative with respect to a,. We have now proved theorem 2. 


§ 4. The semi-discriminants. 


A necessary and sufficient condition that f,, should degenerate into the 
product of m distinct linear factors is that »,_, should vanish identically. 
Hence, since the number of coefficients in w,_, is 4m(m—1), these equated to 
zero give a minimum set of conditions in order that f,, should be factorable in 
the manner stated. As previously indicated we refer to these seminvariants as 
a set of semi-discriminants of the form f,,. They are 


m—s—t At 
jaws ‘ Wig. (eae By oy M5 ). 
(—1)Y t| m—s—t 1==0, Iyer 





(13) dere a Da,, = 


They are obviously independent since each one contains a coefficient (a@,,) not 
contained in any other. They are free from adventitious factors, and each one 
is of degree 2m —1. 

In the case where m = 2 we have 


9 By MW Ne 
“Ay Qy 
Ii= 0 
Wise fain ne8 ig ig 
V1 2A. ; 
0 a a 


10 11 
This is also the ordinary discriminant of the ternary quadratic. 
The three semi-discriminants of the ternary cubic have been computed by the 
author by another method.* Corresponding results for the case m = 4 have 
not been published. They are the following: 


Hh a 2749 (42; ee J?) aes f,, 


where 
Of = Oem 3a, Gy, + 120.0 
MG a 2 a0. 8 7. . 

J, ve 27a), Ay + 27a), Qo, + 2a55 T 2a, U2 Uy Ia, 2 439 
A ay a) Gis 0 0 
0 Ay a, 15 As 0 
0 0 a ay Qo Ns 

ny 0. Ome 

Fy Bq — Up Ey Ap %q — Up Uy Ug %q — Vp %13 Ug Uo 
Ao A Qo Q3 Qs 0 
0 A ay Qo G3 Ag 








*American Journal of Mathematics, vol. 32 (1910), p. 89. 
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the other members of the set being obtained by operating upon 2, with powers 
WEEN, cA, 

A, =4 3 2 5 
aes “w Ba, t “n Ba, AF “00 Bg “03 Ba,” 


O 
A, = 4a,,— + 3a,,=— + 2a,,— +a, x— 
2 04 03 A 02 ‘01 ’ 
Oa,, 0a,, Oa, 0a,, 


according to the formula 
AAs R, 


aeons (<2? 


(s=2,3,4;t=0,1,---,4—8). 


$5. Proof of Theorem 1. 


The factors of aj, being assumed distinct we can always solve J,,_,,,= 9 
for a,,, the result being obviously rational in the coefficients occurring in aj, 
a'. This proves theorem 1, as far as the case D + 0 is concerned. More- . 
over by carrying the resulting values of a, (s=2,3,---,m; t=0,1,---,m—s) 
back into f,, we get the general form of a ternary quantic which is factorable 
into linear forms. In the result afi, aj’ are perfectly general (the former, 
however, subject to the negative condition D + 0), whereas 

jae Ne Nee N Sele 


aa am(m—l) T)qn—i = my gn : m—Jj—1 ma ee cs he gpI 
( ) je /m — 1 7 ag ata | 1 ae 2 





ae iis 
a |m—J 





(j= 2,3, +++, m). 


Assume next that J = 0. Then there are two cases to consider. First, 
aj. has multiple factors but f,,, as a whole has no multiple linear ternary factors, 
and a mere interchange of subscripts of the variables («,, «,, «,) transforms /,,, 
into a new quantic whose binary a”. has no multiple factors. For this new 
quantic, then, D+0. Secondly, f,, as a whole may have repeated ternary linear 
factors. Let there be one such D factor, of multiplicity two. Then J,,_,,,, 
which we now write in the briefer form 


A,, EE, (Gy s Gn Le oLte ) 


Ji, = 
—s—t,t b) 
D ( Bon» Mis °°* ) 





is indeterminate. In fact, in this case, two of the a, in the right hand member 
of (10), say a,, a,, are to be replaced by one and the same quantity 





) a) m—1 
ie ar ar) 
a4, = ae 
a — Fy 
i ep 
Dr) For) 


*See Bulletin of the American Mathematical Society, vol. 17 (1911), p. 451, 
theorem in § 2. 
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Then it is not difficult to show that the corresponding true value* of J,,_, 4:5 
and hence of a,,, is 


O 
A. Ba, tem( oo» ‘< *) 





(t=any number of the set 0, 1,---,m). 


o 
da, \% nay) 


Likewise, when f;,, contains a linear factor of multiplicity three, three of the a. 
in (10), say a,, a,, %, are to be replaced by the same quantity, viz.: 


2 
(tyes m1 
Ue) Or? Os (1) 
O15 = —ap——_ 
123 = 2 
oO rm 
Ore oy 0 


and then we get 
2 
Du Bqt fel 02 °°) 
oP le a 7 (i= any number of the set 0,1,°°°, m). 
aq? V4 +++) 


00? 
Ca; 





Similarly in the case of a factor of f,, of multiplicity higher than three. Hence 
in these cases also a,, is rational in the coefficients of aji,, aj’. 


THE UNIVERSITY OF PENNSYLVANIA, PHILADELPHIA, PA., 
December 10, 1910. 





* Cf. SALMON, Modern Higher Algebra (fourth edition), p. 90. 





ON THE LIMIT OF THE DEGREE OF PRIMITIVE GROUPS* 
BY 
W. A. MANNING 


To the theory of multiply transitive groups BocHEerT has contributed formule 
for the upper limit of the degree of a group when the number of letters dis- 
placed by a substitution in it is known.+ But for simply transitive primitive 
groups a corresponding theorem of such elegance does not exist.t However, in 
the present paper is offered a theorem with some claims to simplicity. It may 
be stated thus: 

If a simply transitive primitive group contains a substitution of prime 
order p and of degree pq (q less than 2p + 3), its degree is not greater than 
the larger of the two numbers qp + 7 — q, 2¢°—p’. 

Also when the given substitution of prime order has more than 2 + 2 and 
less than p’ cycles or when p is 2 or 3, our results are capable of fairly concise 
expression; but when qg exceeds p’?—1 and »p is greater than 38 the corresponding 
upper limit is unfortunately a more complicated function of p and q. 

The subject matter of this study is not restricted to the simply transitive 
primitive groups, but it is proposed to find an upper limit for the degree of 
some transitive subgroup of a primitive group known to contain a substitution 
of order p on qp letters. It seems unnecessary to state that a simply transitive 
primitive group has no transitive subgroup of a lower degree. 


A property of transitive groups generated by substitutions of prime order. 


1. Let s,, s,, +--+ be certain substitutions of prime order that generate a 
transitive group G.§ For the sake of brevity of statement we may assume that 
all substitutions of G which are similar to s,, s,, --- have been added to and 





* Presented to the Society, Chicago, December 31, 1909. 

{ BocHERT, Mathematische Annalen, vol. 40 (1892), pp. 176-193; vol. 49 (1897), pp. 
133-144. 

{JoRDAN, Bulletin de la Société Mathématique de France, vol. 1 (1873), pp. 
175-221 ; Crelle’s Journal, vol. 79 (1874), 248-258. The latter should be read in connec- 
tion with the present paper. See also MANNING, Bulletin of the American Mathe- 
matical Society, vol. 13 (1907), p. 373. 

§In the American Journal of Mathematics, vol. 28 (1906), p. 226, the author 
imposed the condition that G is invariant in a primitive group. In these Transactions, vol. 
10 (1909), p. 247, that condition was removed, but it was assumed that no substitution s,, s,., --- 
has more than p—1cycles. In the present investigation both these restrictions are removed. 
Note that the substitutions s,, s,, --- are not said to be similar or yet of the same prime order. 
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are included in the series s,, s,, ---. Of these substitutions let s,, s,,--+, 8,, 
say, generate an intransitive subgroup #7, of G. If an arbitrary choice is made 
of a transitive constituent of //,, it will ordinarily be possible to find among the 
substitutions of the series s,, s,, --- a substitution s,,, which replaces one of 
the letters of the arbitrarily chosen constituent by a letter of some other set of 
H,. We seek the conditions under which it is impossible to affirm the exist- 
ence of such a substitution. 

Let the selected set of letters of H, be a,, a@,, +--+, G,,. By hypothesis there 
is no substitution in the series s,, 8,, --- has Eerie a letter a by a letter 6, 
where 0 represents any letter displaced by /7, but not belonging to the set a. 
However, there must be at least one substitution in the series s,, s,, --- that 
replaces an a by a letter a new to H/7,, since G is transitive, and otherwise one 
of these generators would replace an a by a 6. It is conceivable that there are 
a number of substitutions s,,, that replace an a by ana. Let us select from 
S,5 8, +++ one that adds the least possible number of new letters to the set a. 
We may impose a second independent condition that s,,, shall displace, in the 
cycles which do not involve letters @, as small a number of new letters 8 as 
possible. If no substitution s,,, unites the extended set a of H,,, to some other 
set of /7,,,, we select s,,,in the same way. We may continue thus until we can 
find a substitution s,,, which replaces a letter of the extended set a,, a,, --- of 
H,,,, by a letter of some other transitive constituent of H,,,. Let a,, @,, +++, a, 
be the letters of the set a,, --- of H,, which we shall call the set a. 

2. If p, the order of s,,,, is an odd prime, and if s,,, may be so chosen that 
it has not more than one letter new to Hf, in any cycle, then we can show as. 
follows that there is a substitution s in the series s,, s,, --- which replaces a 
letter of the set a of H, by a letter of another set of /Z,, contrary to the hypo- 


thesis on which the group /7,,, was set up. Thus of course we may not have 


k+1 
S.4q = (2,0, +>+)-*-, where aS is one of the letters (6) of 7, not included in 
the set a. lt S,45=(4,8,++-)-+++, where a, is a part of the set a,, a,, --- of 
ff,,,, and £, is a letter of ,,, but not in Pie set @,, @,, --- nor yet in #7,, 
then s7/,8,.,8,;, replaces an a of 1, ae: b of H,. If 855 = (0,8, -3 +) eeeeoe 
(a,b,-+-)+++, the same is true Ae 8511 Siva Suey (OL) C1S@) OLS; 8,8: ee 
p=2 and s,,, replaces an a by an a, the same result follows. For let 
8,1, = (a,8--- and s,,,=(a'a")(b'B).--, where perhaps a =a’. Some 


substitution i transforms s,,,into(a”8--- and s7)\(a"8---)s,,=(a@0'..-). 

3. Now consider the substitution s,,,. It bears the same relation to 7, as. 
s,,, does to H,. We first note that every power of s,,, replaces an a by an a. 
If there are two letters a in a cycle of s,,,, in a certain power s*,, these two 
letters a, and a, are adjacent. Now one ‘of the generators of s-*, H,s*,, will 
replace a letter a by an a unless s*,, replaces each one of the n, letters a,, 


Gy, +++, Gy, by a letter a, new to H; if every a is followed by an a and if 


oo 
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there are two letters a@ in the same cycle, s’,, = (a,a---a,a”.--)--- and 
vet A — y Ae ee re ; 9 ) 
S22 ==1( 0, , 7a a )-++. Hence s,,, either has at most one a in any 


cycle, and also at most one B in any one of the other cycles, or s,,, is of the 
type 


(A) (aya,ai-+-afP)( aya 0%, »-- aD) «++ (aya, a%, «2 aP—D) «0 


and in this second case we should note that the minimum number of new letters 
displaced in cycles with a,, a,, ---, @,, by any substitution of the series s,, s,, 
--+, which connects letters of the set a of AH, with other letters, is equal 
to the maximum number of such new letters. 

4. It may be possible to find a substitution ¢ that replaces an a by an a and 
an a by some letter not one of the letters a,, a,, ---, a,,, and such that both 
t' H,t and tH,t~' are subgroups of G. Consider the group ¢~'/7,t. One of 
the generators o (a member of the series s,, s,, ---) of ¢~'//,t replaces an a by 
a letter not belonging to the set @. This is clear since the set of letters in 
t~' Ht which takes the place of the v, letters a of H, is now composed of two 
classes of letters, letters a and not-a. Then o is of the type (A) with the n, 
letters a@ involved in exactly n, cycles, and the remaining places in these cycles 
are filled by letters new to /7,. Hence 


t=(ada.--a’a--.ba...), 


that is, ¢ replaces an a by an a, an a by a new letter a, and some letter 6 of 7, 
by a letter new to /H/,, so that ¢Ht~' leaves fixed the letter a’, and one of its 
generators (belonging to s,, s,, ---) replaces an a@ by a not-a. This not-a 
cannot, by hypothesis, be a 6 from //,, and is therefore an a. But since 
tH, t—* leaves one a fixed, this generator is not of the type (A). Hence, when- 
ever a substitution t can be set up satisfying the conditions stated, the substi- 


tution s,., of prime order p has at most one new letter in any cycle. 


k+1 
This is trivial when p = 2, for then the maximum number of new letters a in 


a cycle is one. But suppose that s,,, is of type (A): 


S45 (a, %,) (4, %, ) Bis (Gn, En, ) ae) 


and let us consider the group ¢-'/H7,¢. From this it follows that ¢ has the form 
displayed above. The transform of //, by ¢~ gives a substitution belonging to 
the series s,, s,, --- which leaves fixed one of the letters a, and replaces at 
least one of them by a letter «. Thus when p= 2 the minimum number of 
new letters a is not in excess of n,—1. If there are two letters new to /7, 
in any cycle of s,,, (of order 2), s,7} H,s,,, leaves those two new letters 
fixed and one of its generators replaces an « by an a and an a by an a, since 
St A, 8.41 
than the number of new letters that s,,, connects with the a’s, that is, than 
n,—1. 


has not more new letters in the set which takes the place of a 


378 W. A. MANNING: ON THE DEGREE [October 


5. It will be convenient to have a summary of the preceding results. We 
recall that s,, s,, «++ are substitutions of prime order that generate a transitive 
group G, and that s,, s,, ---, 8, generate an intransitive subgroup /7, of G. 
The letters a,, @,, +++, @,, compose a given set of intransitivity of 7,. If it is 
impossible to find a substitution in s,, s,, --- that connects another set of /7, 
with the set a, we pass to the study of the group 7. Now /Z, coincides with 
or includes //, and while the set a,, a,, +--+, a,, may contain more letters than 
the set a,, @,, «++, @,, of H,, it includes no letter of any other set of H,. But 
if there is no substitutiion among 8,, 8,, +++ possessing the required property 
(of connecting the set a,,a,, +--+ of H,, with another set of H,,), all the substi- 
tutions of the series s,, 8,, +++ that replace one of the letters a,, a,, +++, A, 
by a letter not a member of this set must be of the type 


(A) (as a, 047, +++, @P-)(agaay’ sal D) (a4, 04,064 «+ alt) aa 


Nj ~ Nz ~ Np Nye 


None of the letters « in (A) are displaced by /H/,, or & fortiori, by H,. 

But we have another condition. Among s,, s,, --- there certainly exists a 
substitution that replaces an a of FZ, by a letter of another set of //,, provided 
a substitution ¢ can be set up that replaces an a by an a, and an a by a not-a, 
and having in addition the property that the two transformed groups ¢“'/7,t and 
tH,t—' are both subgroups of G'. In particular G' itself contains such a substi- 


tution ¢ whenever @,, @,, -+-, @,, do not form a system of imprimitivity of G’. 


A ded 
This is only a partial solution of the problem proposed, but it is sufficient for 


our present purpose. 


Other properties of the prime generators of a transitive group. 

6. Suppose that there is in the series s,, s,, --- a substitution s,,, that 
replaces a letter of any given set of //, by a letter of H, not belonging to that 
set. From all the substitutions of the series s,, s,, --- which replace an a by 
a 6, let us select those which displace the minimum number of new letters. 
Now suppose that one of these substitutions thus selected is such that every 
power replaces an a by ana. From this hypothesis we shall conclude that 
s,,, has at most one new letter in any cycle. Let new letters be denoted by 
a, whether they are transitively connected with a,, a,,°--- or not. If s,,, has 
two letters adjacent in any cycle, s;},/7/,s,,, leaves fixed the second of them, 
so that by hypothesis 7’ = { H,, s;!, H,s,;,,} can have no generator (belonging 
to s,, S,, +++) which replaces ana by ad. But HH’ has letters a and letters b 
in the same constituent, and all that we can affirm of this constituent is that it 
is a transitive group generated by certain substitutions of prime order. Bearing 
in mind the results of §5, we know that there must be a set of letters 
including the set a,, @, +++, G(n,=n,), such that all the 
generators of //’ which replace a letter of the set @,, @,, ---,a@,, by a letter 


GHGs) ae 


NE 
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not in that set are of the type (A). Now s,,, replaces an a by an a and an a 
by a 0, that is by a letter not in the set a,, a,, +++, @,,- By hypothesis s,,, 
has the three sequences a,a,, a,6,, 4,4,. Since sz}, //7,s,,, has at least one 
substitution of type (A), s,,, must also have the two other sequences a,a, and 
b,a,. Now consider the group H” = { H,, s,,,H,s7},}. Since H” does not 
displace a,, no substitution (belonging to s,, s,, ---) of HM” replaces an a 
bya 6. But s,,, H,s7), leaves fixed a, as well as a, and a generator certainly 
replaces an @ by a not-a, no matter how far we have extended the original 
set @,, d,, +--+, @,, of H, by new letters. That is to say, when we have formed 
the extended set a,,a@,, ---,@,, in the constituent a,, a,, --- of H”, among 
the generators of s,,,7,s;/, there is a substitution connecting other letters 
with the letters a,, a,, ---, @,, and which is not of the type (A), inasmuch as 
it leaves fixed one of the letters a. Therefore, s 
adjacent in any cycle. If there are two new letters in one cycle of s,,,, some 
power s*,, brings them together. From what has just been said it follows that 
in s*,, no a is followed by or preceded by ab, but si, = (4,4, +++ b,a,+++) +++, 
and s*”, = (a,b,---+a,a,-+-)-+-+-+, which again is the case fully discussed. We 
have proved that if one of the substitutions s,, s,, ---, which replaces an a by 
a b and displaces the minimum number of new letters, has the property that 
no power of it replaces every a by a not-a, then there is at most one new letter 
in any one of its cycles. 

T. If 0b”, ---, 6 are sets 6 of H, which have at least one letter in the 
same cycle of s,,, with a letter a (a arbitrarily chosen), and unless s,,, has a 
power which replaces every 0’ by a not-b’ for at least one of the sets b’, b”, ---, b, 
then s,,, has at most one new letter to a cycle. This is an easy inference from 
the preceding section. 

8. Let s,,,, one of the substitutions s,,s,, ---, be chosen subject to the 
conditions : 

(1) It unites at least two sets of /7, ; 

(2) it displaces as few new letters as any substitution that satisfies (1) ; 

(3) it unites as few sets as any of the substitutions satisfying (1) and (2); 
then if s.,, does not displace all the letters of all the sets united it has at most 
one new letter to a cycle. This follows from § 6. 

9. We again select from s,, s,, --- those substitutions which replace a letter 
of the set a of H, by a letter of some other set, and which displace the minimum 
number of letters a, new to //, (assuming that at least one such substitution 


,, has not two new letters 


a 


exists). What follows if one of these substitutions (s,,,) has a cycle composed 
entirely of new letters? As a matter of notation let s,, s,, ---, 8,,,, H/,, ete., 
be the substitutions and groups remaining after the erasure of the letters of 
{ H,, s,,,} that do not form a part of the set @,,@,,---. The group 4;,,, 
generated by the conjugates of //, is invariant in H/,,,, and the constituent A, , 
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is invariant in /7,,,. If X,,, is intransitive its sets of intransitivity are systems 
of imprimitivity of //,,, and these systems are permuted by s,,,. If A’,, is 
transitive, we note that, since K,,, leaves fixed certain letters «, no generator 
(belonging to 3,, 8,, ---) can replace an a of H, bya bd. Then X;,, has a sub- 
group /7,, the set @,, G5 -++5 Gn,5 %s ***5 & of which is a system of imprim- 


1? Nj—Nj 


itivity of H7,,. Since s,,, replaces an a by a 6, 8,,, replaces the system 


@,, +++, %,, +++ by another system. Hence the result : 

If s,,, connects transitively a given set a of H, and another set, and dis- 
places the minimum number of new letters, it cannot contain a cycle composed 
entirely of new letters unless it actually displaces the n, letters a and has 


not more than one letter a in any cycle. 


Applications to primitive groups. 

10. Now let s,, s,, --+ be a complete set of conjugate substitutions of prime 
order p and of degree pq in a primitive group. The subgroup {s,, s,, ---}, 
because invariant in a primitive group, is transitive. As before let all the sub- 
stitutions of {s,,s,, ---} that are similar to s, be associated with the original 
set of generators s,, 8,, +--+. Since we have to do with a primitive group in 
which {s,, s,, +--+} is invariant, there exists a substitution ¢ satisfying the 
conditions of § 5, and in consequence there is in the series s,, s,, --- a sub- 
stitution s,,, that replaces a letter of any given set of H, by a letter of H, not 
belonging to that set (an a by a 6 if we continue the former notation). Let 
NV, be the degree of H,, c, the number of its transitive constituents, and as 
before let n, be the degree of the constituent @. We shall make use of a num- 
ber @ which represents 2p /(p—1) when p is odd, but is equal to 2 when p is 2. 
Again suppose that we have before us all the substitutions of the series s,, s,, --- 
that (1) connect the given system a with other letters of /7,, and (2) displace the 
minimum number of new letters. If all these substitutions have a power that 
replaces every a by a not-a, if each one of them displaces all the letters of one 
of the sets b’, 6”, ..- whose letters are found in cycles with a, and if more than 
one new letter is in some cycle, we have two cases to consider. Each of these 
substitutions may have at least one cycle entirely new to #7, in which case the 
following inequalities hold true: 


(B) Ni,=N,+pq-—1,— ps Ci = Cpe — Ty, 1.4, =pn,. 


On the other hand if even one substitution has no cycle of new letters only, the 
three conditions just stated being satisfied, we conclude that 


(C) NV, = WN, TO dee ope 2 C4 =¢,—1, N= On,. 


tl eam i 
The inequality n,,, = @n, requires explanation. If n,,, << @n,, every power of 
8,,, replaces one letter a at least by an a. Then the number of new letters is ~ 
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g at most, with not more than one in any cycle. In fact, if there is one of the 
substitutions that satisfy (1) and (2) for which any one of the three conditions 
under which (#) and (C) were formed fails, that substitution s,,, has not more 
than one new letter in any cycle. Hence 


(D) Nin=N, +9; ¢4,=¢,—1, N=, + p- 


7 


11. In the formation of the groups #7,, H,, --- there is another point of 
view which is of value. We no longer base our reasoning upon an arbi- 
trarily chosen set a of H,, but impose upon s,,, the conditions of § 8, which 
we need not repeat, and in addition the condition (4) that no substitution of 
S,, 8, --+ which satisfies (1), (2) and (8) has fewer cycles in the letters of the 
extended set formed by the union of sets of H, by s,,,. Let Vie jae ee Ke oar 
have the same meaning as before, that is, //,,, is transitive in the letters of the 
sets a, b, --- of H, and certain new letters which s,,, joins to these sets. If 


+, 18 of higher degree than any of the substitutions s,, 5,, 


by condition (4), no substitution of K, 4, Sunilar to one of the substitutions 


3 --, 8, then 
3,, 5. +++, 8,, can connect in its cycles two of the sets of a,b, ---. Then if 
two of the sets a, 0, --- are in one transitive constituent of /,,,, there are 
substitutions in A,,, that displace all the letters of one of the sets, as a, and 
such that all powers of these substitutions replace every a@ by a new letter: 


r= (An aie. ata!) Sst (GO, °° : niet) raters 


The transforms of 7 by substitutions of H/, generate a group with a transitive 
constituent of degree pn, in the letters a,, @,, +++, a, +++,a?-). If K, 4, does 
not unite transitively two sets of Z,, the sets of intransitivity of A,,, are sys- 
tems of imprimitivity of H,,, which §,,, must permute. Then the degree of 
transforms of §,,, by substitutions of 17, generate a transitive group. If no sys- 
tem is made up entirely of new letters, exactly p distinct sets of a, b, --- of #, 
are united by s,,,, Consider in particular a substitution $= (a,a,+--a@,)--- of 


H,, The group ! 7, s~'rs } has a constituent of degree p’, and for it 


is pn, or more. If one system is made up entirely of new letters, the 


(Z) NV, = 2pq — p’, G=l+2(¢—p); N= p’. 


Likewise, when X,,, has p sets, if a power of 3,,, replaces each of the letters 
@,, @,, +++ a, by a new letter ~, the same inequalities are satisfied by the group 
{s,.,,8 '8,,,8}. If no power of s,,, replaces each of the letters a,, a,, -+-, a, 
by letters new to 7,, s,,, involves all the letters of p cycles of s,so that the 
inequalities hold for {s, s,,,}. 

Now we assume that 3,,, is not of higher degree than the substitutions of 
highest degree among 3,, 5,, ---, 8,, and that s,,, has two new letters in some 
one of its cycles. We know (§ 8) that 3,,, displaces all the letters of H/, so that 
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5,,, displaces no new letter. From this it follows that every power of s,,, 
replaces a letter of one set of 7, by a letter of another set of 7. Let s%,, 
have two new letters adjacent. Because of condition (2) no generator of 
{ H., 3-3, H.8",,,} has letters of two sets of H, in one of its cycles. But since 
there are no new letters a in this group, s,,, permutes cyclically p sets a, b,--- 
of 7,. Again if 3 is a generator of /7,, the group { s, s,,, } satisfies inequalities 
(£’) provided s displaces letters of all the p sets a, b, ---; but if 3 leaves fixed 
all the letters of one of the sets a,b, ---, the group {s, s~'s,,,s} satisfies 
inequalities (#7). The result which we are going to use is this: 

If we have before us a group H, we may be able to find in s,,,, s,,,, +++ a 
substitution which unites two or more sets of 7, and has at most one new letter 
in any cycle, thus satisfying the inequalities : 


(F) MZ N+9, G21. 


v 


A third inequality ;,,=%; is irrelevant™since the largest set of H; is not 
taken into account and may not be enlarged by s;,,. But if s;,,, 8;,.,--- do 
not include such a substitution, we can say that there are two substitutions in 
the series s,, s,, --+ which we are at liberty to use for s, and s, which generate 
a group satisfying (#). The constituent of degree p? or more is imprimitive. 
12. Should it be possible to find for all the groups H,(i =1, 2, ---) up to 
the transitive group /Z, a substitution s;,, with at most one new letter to a 
cycle, then the degree of H, is not greater than pg +(q—1)q. This is cer- 
tainly true if q is less than or equal to ». But if at any point in the formation 
of this chain of groups, there is no substitution s;,, with at most one new letter 
in a cycle, we begin our series /7,, H/,, --- with the H, satisfying (/). Let 
us first impose upon gq the condition p < g < 2p + 8, and suppose p odd. If 
then the upper limit of the degree of AZ, is not given by pq + 9’ — q, we begin 
with inequalities (#). In the next step we cannot have inequalities (J) since 
then the p’ (or more) letters of a set a of H/, would have to be present in at 
least 0€p=2p+2+42/(p—1) cycles of s,. Then the degree of H, is not greater 
than V,+(c,—1)¢=2¢’?—p’. Note that if g=p+1, pg+¢q—q>2¢7°—-p’, 
and if g = 2p, pg+q—q < 2¢° — p’; it is sufficiently precise to state that a 
primitive group that contains a substitution of order p and degree pq (p an 
odd prime, p<q<2p +38), contains a transitive subgroup the degree of which 
is not greater than the larger of the two numbers pq + ¢ — q and 2q?—p’. 
13. Let us now suppose that g is subject to the inequality 2p + 8=q <p’, 
and that p is odd. Let #7, satisfy (Z’). If we have before us a group /7,, the 
question arises: What comparison exists between the degree of 7, when H;,, 
satisfies (C’) and H;,, satisfies (Z’) and the degree when /;,, is subject to (2) 
while H;,, obeys (C)? A simple calculation shows that there is no difference 
in the degrees. But to have H;,, satisfy (C’) and H;,, (D) is more unfavor- _ 
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able than the reverse. Then let /7,, H7,, ---, H, obey (C), so that 
N,=N,+ pq-—n,—p, c, =c,—1, n= Op’, 


N= N+ pa—- 21 — Ps c=c_,—1, n=O * py’. 


x 


The remaining groups /7,,,, ---, Hy,_,,,) satisfy (D): 
Ny = ve + C41 = no To 1, Woe = Ca ap. has 
Hee = Ney a Tz q> CoG tl) = Cx g—p)+1 ’ 
whence 
Nyq—p+) =P P—(@ —2)p —(p'+ pO +--+ pO) +(2g—2p +2—H)q, 
or 


Ova 
Nyy-psy = 29 — p’ + (py —4 —p)(w@-2) — Pa 


A condition which n,_, must satisfy is 


— p-l 
| Fat ee at! f 9 ’ 
that is 
— | 
Cae = ee : 


If H7_, instead of H, were the last group subject to inequality (C’), then 


grt 
Negarey =o =P +(pg—9g—p)(e#—8)— pF 





This expression is always numerically less than the other. For the difference 


L—3 = pee pgs 
a) p= py 9 —p — YS (FF), 





is positive. Hence the limiting value of the degree of /, is obtained by 
replacing # in the first formula by the largest integer which satisfies 
0° p? = ¢(p —1)/2, and this is the largest integer in 2 + log, (q/p). 

If a primitive group contains a substitution of odd prime order p on more 
than 2p + 2 and less than p” cycles, it contains a transitive subgroup of degree 
not greater than 


2 2 2 Hie 
20a PE — 9 — Pp) — Paes 
where p is the integral part of log, (q/p) and @=2p/(p—1). 
14. We finally take qg so large (q=p’) that the inequality (B) is possible. 
The case p = 2 is not excluded. As before it is evident that it is more unfavor- 
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able to have H7;,, subject to (B) and /;,,, to (D) than for H;,, to satisfy (D) 
and H;,, to satisfy (B). Now compare (2) and (C’) in relation to H;,; and 


H,,,. If the inequalities are applied in the order (B), (C’), we have 

Nus= NV, + 2p(¢—1) — 2, — pn, Cip=e,-2+q-—N, Nise = Opn; 
and if in the order (C’), (B): 

N'.SN, + 2p(q¢—-1) — 2, — On,, C45 =C,—2+¢q—On,, n= pOn,. 


If p is 2 or 8,0 =p, and then obviously the first arrangement is the more 
unfavorable. When p is greater than 3 the matter is not so simple. However 
we can show that the addition of one new set of intransitivity by s,,, is equiva- 
lent in the end to the introduction of g or more new letters. © For one more set 
means one more group // in the chain /7,, H,, --- before arrival at a transitive 
group /7,. This is evidently true if the extra group gives rise to a repetition 
of the inequalities (D). There only remains the question whether pee —n,—p 
can be less than g. Now (JB) and (o are not necessary unless n, = (p — 1)/2q. 
From 


1! Re Pe oe 
we have 


1 
(p = 1)¢q = Pp <=t, =? 4, 


whence 


Guauy 


which is false under the present assumptions. Hence, while V;,,, exceeds J,,, 
by (p —@)n,, if we multiply (@ —1)n,, the difference between ¢,,, and c; 
by q, it is apparent that the first order is the more unfavorable. 


i+2? 


We now form the successive inequalities in their most unfavorable order: 


N, = 2pq — p’, c,=1+2(q—-p), n,=p*, 
N,=N,+ paq—- 2, — ps e,=c,+q—n,—1, n, =p’, 
N= N+ PY 1 — P ¢,=0¢,,+9—",,-1, 2, =p", 
NaN, - py — np, C.4,=¢,—1, Nwi=p' 9, 
yi Ns a PY i LP eee rat OM C= Cet sail ’ Mae 7 nas 
tig a= Ves beter qs Cay th —- aty hey 1 ’ 


ve RN sy; 


From these inequalities we derive the following expression for the upper limit 
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of the degree of /7,, in which w and y remain to be determined : 


is fear, ale Aira ahd 
+Ye+(pq—q—p )(x+y—2) — (5 oy si)? St ERs 





Nos P*(q—p +2) 
= 

_p—l 
To cut short unprofitable refinements we now regard this expression, following 
Jordan’s lead, as a continuous function of two independent variables # and y 
and equate to zero the partial derivatives 


2 Gp lek Nu noe 2, 
d+ pg—a—p— (225 9) ogy — FS log p = 0, 








0” Oy 


F 1 
Bo FP ree oe Ge 


We solve, substitute for 1V,, reduce, and have for the limit of the degree of the 
transitive subgroup /Z, 








Piq—pt+2) ac c@” log é 
ee to 0+ 2) 198," 6 a oko g aie 
in which 
= paget 1 1 peda a 
er. , 2B: ett 6 er logp log 0 


15. When p is 2 or 3, the formula can be greatly simplified, for then 6 = p, 
andy=0. For p= 8 it becomes 
a(q+3)+(¢+8)(g—1)m—a(g +1)3*, 


where yu is the integral part of log, 3¢. 
16. When p = 2 inequality (#’) may be replaced by 


(F’) fy, Sree 
whence 
N= WN, + (e,-1)(¢-1)S2(g +1) + (¢—1)e—q-2. 


If 2°" is less than q, the difference of JV, with respect to « is 


jae) — oie, 
and is positive. If 2”—' is equal to q, this difference is negative, but the dif- 
ference with respect to x of 


Bien tg — 1)(2 1) gaa 
is positive. Hence when p= 2 (q=4) the limit of the degree of a transitive 


subgroup /7Z, of G is 
2(q+1)+(¢—1)4—g-ae, 


where yp is the largest whole number less than log, 2¢. 
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17. A theorem was stated in the introduction which was proved in § 12 for 
pan odd primes But if p is 2, we know from recent researches * on the class 
of primitive groups that the theorem is true except perhaps when the given sub- 
stitution of order 2 has 6 cycles and the group in question is of class 12. But 
the limit of the preceding paragraph, obtained without any restriction on the 
class of the group, is 71, while the limit required for the theorem is 68. The 
inequalities of §14 allow H,(p = 2, g=6) ten transitive constituents. A 
moment’s consideration shows that, if the entire group is of class 12, H/, cannot 
have so many constituents and that the limit of the degree of /Z, is 66. 


URBANA, ILLINOIS, 
December, 1909. " 


*C, JORDAN, Liouville’s Journal, ser. 2, vol. 17 (1872), p. 363; Netto, Theory of Sub- 
stitutions, COLE’Ss translation (1892), p. 133; MILLER, American Mathematical Monthly, 
vol. 9 (1902), p. 63; MANNING, American Journal of Mathematics, vol. 32 (1910), pp. 
235-257, and vol. 28 (1906), p. 226. 








ISUMORPHISMS OF A GROUP WHOSE ORDER IS A POWER 
OF A PRIME* 


BY 
G. A. MILLER 


$1. Groups of isomorphisms involving operators of order p™—". 


Let G be any group of order p”, p being a prime number, and let J represent 
its group of isomorphisms. A necessary and sufficient condition that J involves 
operators of order p is that m> 1, since G can always be made isomorphic with 
one of its invariant subgroups of order p which corresponds to the identity in 
this isomorphism when m>1. Hence the order of J is divisible by » whenever 
m>1 and only then. Although the order of J may be divisible by a much 
higher power of p than p”, it is very easy to prove that the order of every 
operator of J is a divisor of p”-'k, k being prime to p. That is, Z cannot 
involve any operator whose order is divisible by p”. 

To prove this theorem we may assume that ¢ is an operator of J which has 
been so selected that its order is the highest possible power of p. As ¢ and G 
generate a group whose order is a power of p it is possible to select a series of 
invariant subgroups of G 

mE ae en =, Ld Gr 


m 


whose orders are respectively 1, p, p’, ---, p” and such that each one except 
the last is contained in the one which follows it and that ¢ transforms each 
operator of each of these subgroups except the first into itself multiplied by an 
operator in the one which precedes it in the given series. Hence we have the 


following equations, s, being an operator of //,, 
—] _ 
ts,t=8,_18a5 t?s,0 = 8,_,8, (a=2), 


, 


s p mus —1 dad PA 7 a 
Singers) 2, ANG 8, yee S = 8,4, being an operator of /7,_,. 


If we replace @ by ¢, it results from similar considerations that 


2 
a—2 


O° 8,4 = 8,985 (mazes, 


In general, 
t-¥8 8, tv? os a—p—1 Sa Gaede). 


From the last equation it follows directly that the order of ¢ is a divisor of p”—', 





* Presented to the Society April 28, 1911. 
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and hence the following theorem has been proved: Zhe group of isomorphisms 
of a group of order p” does not involve any operator whose order is divisible 


by p”. ; 

It is well known that the group of isomorphisms of the cyclic group of order 
p”, p > 2, contains operators of order p”~'. We proceed to prove that no 
other group of order p” with the exception of the non-cyclic group of order p” 
can have operators of order p”~' in its group of isomorphisms. To prove this 
statement it is only necessary to observe that every non-cyclic group of order p” 


contains an invariant non-cyclic subgroup of order p’. Hence it results that 


—pm-3 pm-3 
t se hU=8 (a=m—2). 


a—mt2 Sq 


If we let « = m and observe that the orders of all the operators of HZ, divide p, 
it results that the ¢”"~ is commutative with every operator of G. That is, the 
group of isomorphisms of a non-cyclic group of order p” cannot contain any 
operator whose order is divisible by p"— when p> 2 and m> 2. 

When p = 2 it is known that the group of isomorphisms of the cyclic group 
of order p” is the direct product of the cyclic group of order 2”~’ and the group 
of order 2. Hence there is no operator of order 2”~' in the J of the cyclic 
group of order 2” when m> 2. Moreover it results from the preceding para- 
graph that the J of any group of order 2", m > 8, cannot involve any operator 
of order 2”~' whenever this group of order 2” involves the non-cyclic group of 
order 4 invariantly. A group of order 2” contains an invariant non-cyclic 
group of order 4 when the number of its cyclic groups of this order is even. 
Hence it results that if the J of a group of order 2”, m > 38, contains an oper- 
ator of order 2”—' this group must be one of the three non-cyclic groups of order 
2” which involve an odd number of cyclic subgroups of order 4.* 

Two of these non-cyclic groups are the dihedral and the dicyclic groups, and 
it is easy to prove that the J of each of these groups involves operators of order 
2”-'. In fact, the Z of such a group of order 2” must involve an operator which 
is commutative with each of its operators in the invariant cyclic group of order 
2”~' but transforms the remaining operators into themselves multiplied: by an 
operator of order 2”"-'. The order of such an operator in J is evidently 2”~, 
and hence it results that the groups of isomorphisms of the dihedral group and 
of the dicyclic group of order 2” involve operators of order 2"~'. The remain-. 
ing one of the three non-cyclic groups of order 2” which involve an odd number 
of cyclic subgroups of order 4 involves exactly 2”~? non-invariant operators of 
order 2 when m > 8, and its group of isomorphisms may be represented as an 
intransitive substitution group having two transitive constituents of degree 2"~’. 
Hence this Z cannot involve any operator of order 2”~' so that we have arrived at 
the theorem: A necessary and sufficient condition that a group of order 2”, 





* These Transactions, vol. 6 (1905), p. 58. 
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m > 3, have an operator of order 2"—' in its group of isomorphisms is that the 
group be either dihedral or dicyclic. When m=8 every group of order 2”, 
with the exception of the cyclic group of order 8, has an operator of order 2”~" 
in its group of isomorphisms, as one may readily verify. 


§ 2. Groups of isomorphisms involving operators of order p"~, p > 2. 


Having considered all the possible groups of order p” which involve an 
operator of order p”—' in their groups of isomorphisms we proceed to consider 
those whose groups of isomorphisms involve operators of order p”~” but none of 
order p”—'. We shall again represent the group under consideration by G and 

‘its group of isomorphisms by 7. Suppose that G contains an invariant sub- 
group of order p* which does not involve any operator of order p* and that the 
series of invariant subgroups 


Jal, jek aves soe, HL == G 


mm 


has the same properties as in the preceding section. 
From the equation 


—pB »B 
t P st So Bota (aZ=8+1), 


where s, is any operator of /7,, it results that 


ees = 8,8 (m>4). 


m 


Let t, =t?”°. We proceed to prove that t?°=¢?"*=1. In fact, 


1? 8,407 = 8,8)? 848, = 8,8 (p>2). 


4 ~m 3°>m 


Since s, is commutative with s, and as G involves an invariant non-cyclic sub- 
group of order p”, it results that the order of s, cannot exceed p. This proves 
that ¢?”° = 1 whenever m > 4 and p> 2, since ¢? must then be commutative 
with s,, We have now proved that G cannot have an operator of order p"~*, 
m > 4, in its group of isomorphisms when G' involves an invariant subgroup of 
order p‘ which does not involve any operator of order p*. It is evident that this 
proves also that G could not involve such an operator if it contained an invari- 
ant subgroup of order p’ involving only operators of order p besides the identity. 
In seeking all the groups whose groups of isomorphisms involve operators of 
order p”—? but none of order p”~', we may therefore confine our attention to such 
groups as give rise to a cyclic quotient group with respect to the invariant non- 
cyclic group of order p? and in which operators of order p* correspond to the 
operators of order p in this quotient group. This clearly implies that the groups 
in question contain operators of order p”~'. 

From the preceding paragraph it follows that if the J of G involves operators 
of order p”~? but none of order p”—', G must be one of the two non-cyclic groups 
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of order p” which involve operators of order p”~'. As the cyclic group of order 
p”’ involves operators of order p”~* in its group of isomorphisms it is evident 
that the 7’s of both of the non-cyclic groups in question involve operators of 
order p”~°. Hence the theorem: A necessary and sufficient condition that the 
group of isomorphisms of a group of order p", p> 2 and m> A, involves 
operators o order p"—* is that this group of order p™ involves operators of 
When m = 3 it is evident that the groups of isomorphisms of all 
the eaiole non-cyclic groups involve operators of order p”~* but none of order 
pp”. When m =4 a group of order p” which does not involve operators of 


m— 


order p 


order p”—! may also have operators of order p”~? in its group of isomorphisms, 
as may readily be verified. 

Incidentally the developments of this section have led to an important general 
theorem which may be stated as follows: A necessary and sufficient condition 
that a group of order p", p> 2 and m> 4, contain an invariant subgroup of 
order p* which does not involve any operator of order p* is that the group of 
order p” does not involve any operator of order p”—*. In fact, we may easily 
derive the more general theorem that the number of the subgroups of order p* 
which do not contain any operator of order p* is always of the form 1+ kp 
when G does not involve any operator of order p”~'. When G involves such 
an operator this number is evidently zero, so that we may say that every group 
of order p”, p> 2 and m> 4, contains either no subgroup of order p* which 
involves only operators whose orders divide p’, or the number of its subgroups 
which have this property is of the form 1+%p. When it involves no such 
subgroup it must be one of the three groups of order »” which involve opera- 
tors of order p”~*. 

To prove this theorem we may confine our attention to the invariant sub- 
groups of order p* which do not involve any operators of order p*. From the 
theorem stated at the beginning of the preceding paragraph it results that @ 
contains at least one such invariant subgroup if it does not involve any operator 
of order p”'. In what follows we shall assume that this condition is satisfied 


and let 
Eh eK 


be the totality of the invariant subgroups of order p* in G which do not involve 
operators of order p*?. We proceed to prove that the group generated by these 
» subgroups does not involve any operator of order p*®. This fact will evidently 
establish the theorem in question. 

To prove this fact we let ¢ be any operator of the group generated by qe 
KX), +++, &, such that ¢° = 1, while s, represents an operator of ,, L=a= - 
and s,, s, represent operators belonging to invariant subgroups of orders p* and 
p’ respectively in A’,, these subgroups being invariant under both A, and. 
We may evidently assume that s, is of order p and that it is invariant under 
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both of the operators ¢ and s%. Hence the following equations 
(3,2)? = s,ts,ts,¢--» —yts,0° Us 0 7b -.- P 


ae 2 .’ gpl P — o'’ oP oP 7? 
= $,8,8, 8,838, +++ 8 83 8, P= 8s, sist, 


(ht toe? b Yo 


where s,,8,, s, are operators of the same invariant subgroup of order p’ in X,. 
As all of the operators s,’, s?, s?, ¢? are commutative with s/’ and s?, and the 
order of each is a divisor of p it results that the order of s,¢ cannot exceed p’. 
This proves that the group generated by ,, A,, ---, A, involves no operator 
of order p* and hence we have established the theorem: Jf a group of order p”, 
p>2 and m>A4, involves no operator of order p”—' the number of its sub- 
groups of order p* which do not involve any operator of order p* is of the form 
1+ kp. In other words, it has been proved that if G is any non-cyclic group 
of order p”, p > 2 and m > 4, which does not involve any operator of order 
p”", the number of its cyclic subgroups of order p* is congruent mod p to the 
number of its non-cyclic subgroups of order p* which involve an operator of 
order p’*, each of these numbers being divisible by p. 


$3. Groups of isomorphisms involving operators of order 2”. 


In the present section we shall assume that the order of G is 2” and that its 
group of isomorphisms J involves operators of order 2”~* but none of order 
2”! It has already been observed that the J of the cyclic group of order 
2” contains operators of order 2”~? but none of order 2”~', so that G’ may be 
eyclic. In what follows we shall consider the possible cases when G' is non- 
cyclic. We begin, as in the preceding section, by finding an upper limit for m 
when G@ involves an invariant subgroup of order p* which does not contain any 
operator of order p*. The equation 


bao, si ue = 8, s ( m > 4 ) ’ 


which was obtained in the preceding section is evidently true also when p = 2, 
and if we assume that m > 5 it follows that 


ee pk & G2 s= 
t on t ae 8,84 Sin ee 838.9 


t,, 8,5 $3, S,, S,, having the same meaning as in the preceding section. As the 
order of s, divides 2 and as ¢? is commutative with s,, it results that the order 
of ¢ must divide 2”~*. That is, if a group of order 2” contains an invariant 
subgroup of order 16 which does not include any operator of order 8, the 
group of isomorphisms of this group of order 2” does not involve any operator 
of order 2” when m> 5. 

We shall now consider some of the properties of the groups of order 2”, 
m > 5, which do not include an invariant subgroup of order 16 involving no 
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operator of order 8. It is evident that all the groups of order 2” which involve 
operators of order 2”~' are included among these groups. If G is any other 
group of order 2” which belongs to this category it involves a non-cyclic 
invariant subgroup of order 4 and the corresponding quotient group contains no 
invariant non-cyclic group of order 4. Hence this quotient group contains 
operators of order 2”-°. To the invariant operator of order 2 in this quotient 
group there must correspond operators of order 4 in G' and hence G' involves 
operators of order 2”-?. That is, every group of order 2”, m>5, whose 
group of isomorphisms involves operators of order 2”~? must itself involve oper- 
ators of this order. In other words, if a group of order 2” does not contain 
any operator of order 2” its group of isomorphisms cannot contain any 
operator of this order when m> 5. 

As all the groups of order 2” which involve operators of order 2”~’, as well 
as all those whose orders divide 82, are known the preceding theorem reduces 
our problem to the study of known groups. Two of the six groups of order 2”, 
m > 38, which involve operators of order 2”—' have operators of order 2”~* in 
their groups of isomorphisms in accord with the results of section 1. It is easy 
to see that two others have operators of order 2”~? in their groups of isomor- 
phisms while the largest operators in the Z’s of the remaining two groups are of 
order 2"~*. That the group of order 2” which is generated by an operator of 
order 2”~' and an operator of order 2 which transforms this into its (2”~* — 1 )th 
power involves an operator of order 2”~? in its Z, results immediately from the 
fact that the Z of this group contains an operator which is commutative with 
each operator of the cyclic subgroup of order 2”~' and which transforms the 
remaining operators into themselves multiplied by an operator of order 2”-?. 
In fact, there is such an operator in its group of cogredient isomorphisms. As 
the cyclic group of order 2” has also operators of order 2”? in its J, we have 
found the two groups of order 2” whose J’s contain operators of order 2”~? but 
none of order 2”~". 

Each of the two remaining groups of order 2” which involve operators of order 
2”~" contains two cyclic subgroups of order 2”~’. The J’s of these G’s may 
evidently be represented as substitution groups on two sets of 2”~° letters cor- 
responding to the operators of order 2”~' in the G’s. When J is represented 
in this way it contains an intransitive subgroup of half its own order composed. 
of all its substitutions which do not interchange the two cyclic subgroups of order 
2”-' in G. These transitive constituents clearly involve operators of order 
2”~* but none of order 2”~? and there is a (2, 2) isomorphism between them, 
since the cyclic subgroups of order 2”~' in G have their operators whose orders 
divide 2”~" incommon. One of the remaining operators of J is of order 2 and 
is commutative with all the operators of G whose orders divide 2”~*. It must 
therefore be commutative with all the operators of Z which transform each 


1911] WHOSE ORDER IS A POWER OF A PRIME 393 


operator of order 2 in G into itself. From this fact it follows directly that Z 
does not contain any operator of order 2”~*, and hence the theorem: The six 
groups of order 2", m> 38, which involve operators of order 2”~' may be 
divided into three sets of two each such that the groups of isomorphisms of the 
first set involve operators of order 2”"~', those of the second set involve oper- 
ators of order 2”~° but none of order 2”~', while the largest order of the oper- 
ators in the groups of isomorphisms of the two groups of the third set is 2”~°. 
All these groups of isomorphisms involve only operators whose orders are 
powers of 2. 

It remains to consider the groups of order 2”, m> 5, which do not involve 
operators of order 2”~' but contain operators of order 2”~? in their groups of 
isomorphisms. It has been observed that the quotient group with respect to an 
invariant non-cyclic group of order 4 in such a group G cannot include a non- 
cyclic invariant subgroup of order 4, and that the operators of G which corre- 
spond to the invariant operator of order 2 in this quotient group must be of 
order 4. As this quotient group cannot be cyclic and does not involve an inva- 
riant non-cyclic subgroup of order 4 it must be one of three groups, viz., the 
dihedral, the dicyclic, or the group which involves both a dihedral and a dicyclic 
subgroup of half its own order. In the last two cases G involves operators of 
order 8 which correspond to operators of order 4 in some non-invariant subgroup 
of order 4 of the quotient group. 

From the preceding paragraph it results that the only groups which remain 
to be considered are those which have an invariant subgroup of order 2”~! 
involving two cyclic subgroups of order 2"-*. This invariant subgroup must be 
one of two groups and the rest of the operators of G transform each operator of 
this subgroup into its inverse multiplied by one of the operators of the invariant 
non-cyclic subgroup of order 4 contained in G’. Since ¢ transforms each opera- 
tor of the cyclic subgroup of order 2”~* in the quotient group of G’, with respect 
to its non-cyclic subgroup of order 4, into itself multiplied by an operator of 
lower order, it results that ¢ must transform the operators of G which correspond 
to this cyclic subgroup in this quotient group according to an operator whose 
order cannot exceed 2”~*. Hence ¢ cannot be of order 2”~? unless it transforms 
the remaining: operators of G according to an operator of this order. It must 
therefore give rise to a commutator of order 2”~* whenever its order is 2”~”. 

It is now easy to prove that the subgroup of G which involves two cyclic 
subgroups of order 2”? must be abelian.* If it were non-abelian, ¢ could not 
transform the operators corresponding to non-invariant subgroups of order 2 or 
4 in the given quotient group into themselves multiplied by operators of order 
2”, since the latter are not commutative with all the operators of order 2 in 

* This is a special case of the general theorem that a commutator arising from either cogredi- 


ent or contragredient isomorphisms of a group must be commutative with all the operators of 
every characteristic complete set of conjugates which involves only two operators or subgroups. 
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the non-cyclic invariant subgroup of order 4 in G. We shall therefore assume 
in what follows that G contains an abelian subgroup A’ of order 2”~' involving 
two cyclic subgroups of order 2”~*, and we shall consider the various possible 
groups when the quotient group as regards the non-cyclic invariant subgroup of 
G is one of the three possible subgroups. 

If this quotient group is dihedral and all the operators of G' which are not 
also in A’ are of order 2, it is evident that the Z of G involves operators of 


m2 since ¢ transforms each operator of A’ into its inverse. When ¢ 


order 2 
transforms all the operators of A’ into their inverses and is of order 4, its square 
may be equal to the square of an operator of order 4 in A, or it may be one of 
the other two operators of order 2 in A. In the latter case, the possible 
group when ¢ is one of these operators of order 2 is evidently conjugate with 
the one when ?¢’ is the other operator of order 2. Hence there are three groups 
of order 2” which involve A and in which all the operators of 4 are trans- 
formed into their inverses by ¢. In each of these three groups the group of 
isomorphisms clearly involves operators of order 2”~*. 

When ¢ transforms half the operators of Av into their inverses and the rest 
into their inverses multiplied by an operator of order 2, it is clearly only neces- 
sary to consider two of the three operators of order 2 in A. Moreover the 
two cyclic subgroups of order 2”~° in £ are evidently conjugate under J, and 
hence we need to consider only one of them. That is, it is necessary to con- 
sider only the four cases when the operators of G which are transformed into 
their inverses by ¢ constitute either the cyclic subgroup of order 2” or the 
non-cyclic subgroup of this order, and the remaining operators of A are trans- 
formed into their inverses multipled by one of two operators of order 2. One 
of these cases does not give rise to any group since the ¢ which transforms all 
the operators of a cyclic subgroup of order 2”~ into their inverses cannot trans- 
form the remaining operators into their inverses multiplied by an operator of 
order 2 that is included among these operators. It is therefore only necessary 
to consider three cases. 

There are just two groups when ¢ transforms all the operators of a cyclic sub- 
group of order 2”—* into their inverses and the remaining operators of G into 
their inverses multiplied by the square of an operator of order 4 in G. In one 
of these G’s half the operators which are not also in & are of order 2, while the 
other half are of order 4; in the other G all of these operators are of order 8. 
The J’s of these groups must involve operators of order 2”? since operators of 
this order are transformed into their inverses by the operators of G' which are 
not also in “A, and hence one of the latter operators may be made to correspond 
to itself multiplied by an operator of order 2”~* in A. 

When ¢ transforms all the operators of the non-cyclic subgroup of order 2"~? 
in A into their inverses there are four possible groups, but only one of these 
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four has operators of order 2”~? in its group of isomorphisms. It is very evi- 
dent that the two of these groups in which half the operators which are not in 
4 are of order 2 cannot have operators of order 2”? in their groups of iso- 
morphisms since the product of any one of these operators of order 2 and an 
operator of order 2”~? in A is of order 4. In the other two possible groups all 
the operators of G which are not also in A are of order 4 and these operators 
have two distinct squares. When one of these squares is the square of an oper- 
ator of order 4 in A’ the corresponding J involves operators of order 2”~* but 
none of order 2”~”, since this square is a characteristic operator of G. On the 
other hand, the G in which the squares of these operators of order 4 are the 
other two operators of order 2 in A has operators of order 2”~* in its 7. This 
completes the consideration of the possible cases when all the operators of A are 
transformed under G' into their inverses multiplied by operators of its non-cyclic 
invariant subgroup of order 4. 

It remains to consider the case when the quotient group of G with respect to 
this non-cyclic subgroup of order 4 contains both the dihedral group and the 
dicyclic group of half its own order. In this case half the operators of G which 
are not also in A are of order 8 while the orders of the other half of these oper- 
ators divide 4. It is known that there is one and only one such group,* and 
that it involves 2”~* + 3 operators of order 2. Hence the transitive constitu- 
ents of its group of isomorphisms, which correspond to the operators of order 
2 in G’, cannot involve any operator of order 2”-?. The group of isomorphisms 
of G may evidently be represented as a substitution group in which a transitive 
constituent corresponds to operators of highest order in G while the other con- 
stituents correspond to operators of order 2. As neither of these constituents 
could involve substitutions of order 2”~?, it has been proved that the Z of the 
group under consideration cannot involve any operator of order 2”-*. We 
have therefore established the following theorem: There are exactly six groups 
of order 2”, m > 5, which do not involve operators of order 2"~' but contain 
operators of order 2" in their groups of isomorphisms. Hach of these six 
groups includes an abelian subgroup of order 2”~' and of type (m— 2,1). 
Hence the total number of groups of order 2”, m > 5, which have operators of 
order 2”? in their groups of isomorphisms is 10 and the number of those which 


1 


have operators of order 2”~? but none of order 2”~' in their groups of 


isomorphisms is 8. 


§4. Sylow subgroups of the groups of isomorphisms. 


Since every group G of order p” contains a series of invariant subgroups of 
orders 1, », p”, ---, p” which are also invariant under a Sylow subgroup of 
order p* in the group of isomorphisms of G’, it follows from the preceding 


* These Transactions, vol. 2 (1901), p. 271. 
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theorems that a=m—1+m—2+4...4+2+41. Hence it results that if p* 
is the order of a Sylow subgroup in the group of isomorphisms of G then 
a=1m(m—1). When G' is eyclic the value of a is m — 1, hence a cannot 
have this maximal value for every group of order p” when m>2. On the 
other hand, there is always at least one group of order p” for which 
a=4m(m—1), viz., the abelian group of type (1,1, ---). In the present 
section we shall determine all the possible groups of order p” whose groups of 
isomorphisms involve Sylow subgroups whose orders are p?™”~). In what fol- 
lows we shall represent such a group by G and its group of isomorphisms by JZ. 
A series of invariant subgroups of G which are also invariant under a Sylow 
subgroup of J and have the orders 1, p, p’, ---, p” (each including those which 
precede it) will be represented by 


Pehle Bide k dete, Jal = 


m 


The maximum value of a evidently implies that the isomorphism of each 
operator in one of the p—1 divisions of 7, — H,_, with respect to H,_,, 
8 =m, is independent of those of /7,_, and hence G cannot involve any oper- 
ator whose order exceeds p?. For the same reason the order of the commutator 
subgroup of G cannot be divisible by p*, and all the operators of order p’ in G@ 
must generate the same subgroup of order p. This common subgroup must be 
the commutator subgroup when G is both non-abelian and also involves oper- 
ators of order p*. All the operators of H, — H,_, are of the same order and 
H 


HH, — [T,_, could not be made to correspond to every other operator of such a 


™ 


must be abelian, otherwise an operator of one of the p —1 divisions of 


division when the identical operators of /7,_, would correspond. 


1 

When G is abelian there are only two groups of order p”, m>1, which satisfy 
the conditions imposed in the preceding paragraph. One of these is of type 
(1,1, ---) and the other is of type(2,1,1,.---). It is evident that the J 
of each of these two groups involves a Sylow subgroup of order p?"—). Hence 
the theorem: There are two and only two abelian groups of order p”,m>1, 
whose groups of isomorphisms have orders which are divisible by p*, where 
a=4m(m—1). One of these is of type (1,1,1, ---), while the other is 
of type (2,1, 1, +*3). 

It remains to determine the possible groups when G' is non-abelian. When 
p = 2 and all the operators of H,,— H_, are of order 2, the abelian subgroup 
HT, _, must be of type (2, 1,1,1,---), and hence G is the direct product 
of a group of type(1,1,1,---) and the octic group. When all the oper- 


ators of H — H_, are of order 4, #7, 


m—1 m—1 


must again be of type(2,1,1,---), 
since the product of two such operators of order 4 is of order 2 when they are 
commutative and of order 4 when they are non-commutative. Hence G is the 
Hamiltonian group of order 2” in this case. That is, it is the direct product of 
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the quaternion group and the group of type (1, 1, ---). Hence we have 
proved the theorem: Jf the order of the group of isomorphisms of a non-abelian 
group of order 2” is divisible by 2™™"—-? it is either the Hamiltonian 
group or it is the direct product of the octic group and a group of type 
Cg ER Ra 

When G is non-abelian and p> 2 all the operators of G, — G,,_, may be 
of order p. As one of the subgroups of order p”~? is composed of invariant 
operators it must be characteristic and hence may be used for H,,. Hence 
there is one and only one such group in which all the operators have orders 
which divide p. Since the product of two operators of order p in G is of order 
p it remains to consider the case when all the operators of G,— G,,_, are of 
order p*. If ¢ and s are two such operators (¢s )? = ¢” s? and hence the orders of 
all the operators of G,_, must again divide p. This abelian group is therefore 
again completely determined and hence we have only one such group. This 
proves the theorem: Hvery non-abelian group of order p”, p > 2, whose group 
of isomorphisms has an order which is divisible by p™”~?? is the direct 
product of a non-abelian group of order p* and an abelian group of type 
(1,1,1,---), and every such direct product has a group of isomorphisms 
whose order is divisible by p™—"”. 

If we combine this theorem with what precedes it results that there are just 
four groups of order p”, m> 2, which have groups of isomorphisms whose 
orders are divisible by p*, where «a = m(m—1)/2. Two of these groups are 
abelian and two are non-abelian. If p® is the order of an operator in such a 
group of isomorphisms 8 = m/2 when m is even and 8 =(m + 1)/2 when m is 
odd. When p=2, no two of the four given groups are conformal but when 
p> 2, each of the two abelian groups is conformal with one of the two non- 
abelian groups. 

Since the series of subgroups /7,, 7, H7,, ---, Hf, remains fixed under all 
the isomorphisms of a Sylow subgroup of order p* in J, it results directly that a 
necessary and sufficient condition that the group of isomorphisms of a group 
of order p™ involves only one Sylow subgroup of order p* is that this group 
of order p™ involves a characteristic subgroup of order p’, for every value of 
from1tom—1. In particular, every group of order p”, m > 3, which involves 
operators of order p”~' has a group of isomorphisms involving only one Sylow 
subgroup of order p*. When the J of G involves only one Sylow subgroup of 
order p* all of its operators whose orders are prime to p must have orders whose 
prime factors divide p—1. Hence the theorem: A necessary and sufficient 
condition that the order of the group of isomorphisms of a group of order 
2” is of ‘the form 2* is that this group of order 2” has a characteristic 
subgroup of order 2¥, y=1,2,---,m—1. 

When two operators of the group of isomorphisms of any group give rise to 
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commutators which are invariant under these operators then these operators 
have evidently the same orders and the same relative properties as their respec- 
tive commutators. In particular, if a group G' contains a subgroup HZ composed 
of operators which arise as commutators under operators of the group of iso- 
morphisms of G which are commutative with each operator of 7, then this group 
of isomorphisms involves a subgroup which is simply isomorphic with H. A 
number of other general theorems relating to the groups of isomorphisms are 
given in the article entitled: ‘The groups of isomorphisms of the groups whose 
degree is less than eight,’ Philosophical Magazine, vol. 231 (1908), p. 2238. 
The present article has close contact with the one just mentioned. 


§ 5. Lsomorphisms in which a large number of operators correspond 
to their inverses. 


If more than three fourths of the operators of a group correspond to their 
inverses in some one of its possible automorphisms the group must be abelian,* 
and all the operators of any abelian group evidently correspond to their inverses 
in one of its automorphisms. The totality of the operators which correspond to 
their inverses in an automorphism of any abelian group constitutes a subgroup 
whenever this totality does not include all the operators of the group, but the 
totality of the operators which correspond to their inverses in an automorphism 
of a non-abelian group does not necessarily constitute a subgroup, as one may 
directly see by means of the known theorem: A necessary and sufficient condi- 
tion that exactly three fourths of the operators of a group correspond to their 
inverses in one of the possible automorphisms of the group is that its group of 
cogredient isomorphism is the four-group.| Hence the octic group and the 
quaternion group are the two groups of smallest order which admit auto- 
morphisms in which exactly three fourths of the operators correspond to their 
inverses. 

In the present section we shall consider the non-abelian groups of order p” in 
which the largest possible number of operators correspond to their inverses 
in some one automorphism. In particular, we shall prove the theorem: 
A necessary and sufficient condition that a group of order p”, p> 2, be 
abelian is that more than p”™™ of its operators correspond to their inverses in 
one of its possible wutomorphisms. That is, at most p”~' of the operators of 
any non-abelian group G of order »” correspond to their inverses in a possible 
automorphism of G whenever p> 2. In what follows it will be assumed that 
p> 2 and that G is non-abelian, unless the contrary is stated. If exactly p™™ 
of the operators of G correspond to their inverses in an automorphism of 
these p”* operators do not necessarily constitute a subgroup as may be seen by 


*Annals of Mathematics, ser. 2, vol. 7 (1906), p. 55. 
Tt MANNING, these Transactions, vol. 7 (1906), p. 233. 
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considering the automorphisms of the non-abelian group of order p* which 
involves no operator of order p’. 

Suppose that more than p”~' of the operators of G' should correspond to their 
inverses in some automorphism of G. Every invariant operator s would corre- 
spond to its inverse in this automorphism. If this were not the case we could 
- consider the quotient group of G with respect to the invariant subgroup 
generated by s. As not more than 1/p of the operators of G which would 
correspond to an operator of this quotient group could correspond to their 
inverses, it results that no more than p”' of the operators of G would corre- 
spond to their inverses. This proves that whenever more than p”' of the 
operators of a group of order p” correspond to their inverses in an automorphism 
of the group then every invariant operator under the group must correspond to 
its inverse. This theorem applies also to the excluded case where p = 2. 

To simplify the proof of the theorem that no more than p”~' of the operators 
of G correspond to their inverses in a possible automorphism, we may consider the 
quotient group of G with respect to an invariant subgroup of order p, and then 
the quotient group of this first quotient group with respect to one of its inva- 
riant subgroups of order p, ete. By this process we must arrive after a finite 
number of steps at an abelian quotient group. As more than 1/p of the operators 
of G are supposed to correspond to their inverses in the automorphism under 
consideration it results that all the operators of this abelian quotient group must 
correspond to their inverses, while the quotient group which immediately pre- 
cedes this abelian quotient group has a commutator subgroup of order p. Hence 
G cannot have an automorphism in which more than p”~' of its operators cor- 
respond to their inverses unless a group of order p® whose commutator subgroup 
is of order » has an automorphism in which more than p*~ of its operators 
correspond to their inverses. 

Suppose that A is such a group of order p*. Some non-invariant operator 
s of A must correspond to its inverse in the automorphism under consideration. 
Let A, be the subgroup of order p*~' composed of all the operators of A’ which 
are commutative with s. As the commutators of A are invariant under /t they 
must correspond to their inverses in the automorphism in question, and hence 
all the operators of the invariant subgroup generated by s and by these com- 
mutators must have the same property. Consider the quotient group of A with 
respect to this invariant subgroup and observe that not more than 1/p of a set 
of operators of A which correspond to an operator of this quotient group can 
correspond to their inverses whenever this operator in the quotient group corre- 
sponds to operators of A which are not also in X,. 

If K, were non-abelian we would repeat the argument of the preceding para- 
graph as regards one of its non-invariant operators. Hence it remains only to 
consider the case when 4, is abelian. As more than 1/p of its operators corre- 
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spond to their inverses in the automorphism under consideration it results that 
all of these operators must correspond to their inverses. We proceed to prove 
that none of the operators of A which are not also in A, could correspond to 
its inverse. The group of cogredient isomorphisms of A’ is assumed to be of 
order p* so that A, involves p*~? operators which are invariant under A, and 
Kx, is generated by s and these invariant operators. Let s,, ¢ represent respec- 
tively a commutator of order p and an operator of A which is not also in £,, 


and assume that 
i <8t = 8/8, . Of thatamisia == 8, 53° 


Since s,, s,' and s, s~' are two pairs of corresponding operators in the auto- 
morphism under consideration, as it was assumed that all the operators of /{, 
correspond to their inverses in this automorphism, it results that ¢ cannot cor- 
respond to ¢-'. We have thus arrived at an absurdity by assuming that more 
than p”-! of the operators of a group of order p™ can correspond to their 
inverses in some automorphism of the group and hence we have arrived at the 
theorem announced in the second paragraph of the present section, which may 
also be stated as follows: A non-abelian group of order p”, p> 2, has no 
automorphism in which more than p” of its operators correspond to their 
inverses. When p= 2 there are non-abelian groups of order p”, for every 
value of m> 2, in which 3p”—! of the operators correspond to their inverses, 
as was noted above. 

The p”-! operators of a non-abelian group of order p” which correspond to 
their inverses in a possible automorphism of the group do not necessarily con- 
stitute a subgroup. If they constitute a subgroup this must be abelian but it 
does not follow that the operators of every abelian subgroup of order p”—! in a 
non-abelian group of order p” can correspond to their inverses in a possible 
automorphism of the group. In fact, it is very easy to see that all the operators 
of any one of the p cyclic subgroups of order p”—! in the group of order p”, 
p > 2, which involves operators of order p”—! may correspond to their inverses 
in automorphisms of this group but the operators of the non-cyclic group of 
order p”—! cannot all correspond to their inverses in a possible automorphism of 
this group. That is, the group of isomorphisms of the non-abelian group of 
order p”, p> 2, which involves operators of order p”—! contains exactly p” 
operators of order 2 which transform p™—' of the operators of the group into 
their inverses. 

This special theorem may serve to illustrate the more general developments 
of the following paragraphs. In the first place, it should be observed that every 
automorphism of a non-abelian group in which exactly p”—! of the operators 
correspond to their inverses is affected by an operator of order 2 in the group of 
isomorphisms of this non-abelian group. This is evident in case the operators 
which correspond to their inverses generate the entire group. If they do not 
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generate the entire group they constitute an abelian subgroup and each of the 
remaining operators is transformed into itself multiplied by an operator of this 
subgroup. As the commutators must all correspond to their inverses, the 
theorem has been proved. It may be observed that this proof does not neces- 
sarily hold when the group of order p” is abelian, since in this case the commu- 
tators need not correspond to their inverses. 

Suppose that s,, s, are two non-commutative operators of any group, which 
correspond to their inverses in some automorphism of the group. From the 
equations s, = s;'s;'s,8,, 88,8, = 8,8,8,, we deduce the following: 


=] avs =i HY hs —1 .—1 
8, 8,8 = 8,8) ; 8, = 38,8,8) 8, 


2 


= teal 


Saal 
es 


=5S,S, § 


’ pet § eee Cay LC ean 


Hence it results that s must correspond to itself in this automorphism. In 
other words, if the product of two operators, which correspond to their inverses 
in an automorphism of a group, is commutative with their commutator then this 
commutator must correspond to itself in this automorphism. Since no operator 
is transformed into its inverse under the group of cogredient isomorphisms of a 
group of order p”, p > 2, it results that if two non-commutative operators of a 
group of order p”, p > 2, correspond to their inverses in an automorphism of 
the group their commutator cannot correspond to its inverse in this automor- 
phism. 

This theorem is a special case of the theorem, if two operators and their com- 
mutator correspond to their inverses in an automorphism of a group this com- 
mutator is transformed into its inverse by the product of these two operators. 
The proof of this more general theorem results immediately from the following 
considerations. Since s,, s,, s;'s,'s,s, correspond to their inverses in some 
automorphisms of the group involving s,, s, we have that s7's;' s,s, must corre- 


ll 


—lo-le ¢ el 
spond to both of the operators s;'s;'s,s, and s,s,s)'s; 


question. That is, 


in the automorphism in 


(3, 8,) "8,8 = 8, 8) (8,8) es OF (3,8,)° = (s,8,)?. 
From the last equations and the fact that each of two operators having a com- 
mon square transforms into its inverse the product of one of these operators and 
the inverse of the other * the theorem in question results immediately. 

Suppose that G is a non-abelian group of order p”, p> 2, in which p”~* 
operators correspond to their inverses in an automorphism and these p”' operators 
constitute a subgroup 7. It has been observed that // is abelian. We proceed 
to prove that G involves operators of order p which are not contained in //. 
Let s be any operator of G that is not also in // and let s, be the corresponding 
operator in the given automorphism. From the fact that the commutators of G 
correspond to their inverses it results that s, = s’s where s’ is an operator of /7. 





* Archiv der Mathematik und Physik (3), vol. 9 (1905), p. 6. 
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Since s,s must correspond to s_'s's, s, being any operator of /Z, it results that 
some operators of G which are not also in 7 must correspond to themselves in 
the given automorphism. These operators must be of order p since their pth 
powers correspond to their inverses. Hence it results that a necessary and suf- 
ficient condition that a non-abelian group of order p”, p> 2, has an auto- 
morphism in which p”~* operators forming a subgroup correspond to their 
inverses is that this non-abelian group involves an abelian subgroup of order 
p"| which does not include all the operators of order p in the group. 

When the p”™ operators of G which correspond to their inverses do not con- 
stitute a subgroup we may consider the smallest non-abelian quotient group of 
G. As the smallest non-abelian quotient group of any group of order p” has a 
commutator subgroup of order p and a group of cogredient isomorphisms of 
order p”, it results that the smallest non-abelian quotient group of G is of order 
p® since its generators correspond to their inverses in the given automorphism. 
As the commutators of order p of this quotient group correspond to themselves, 
the subgroup of G which corresponds to this commutator subgroup must involve 
p” * operators which correspond to their inverses and form an abelian invariant 
subgroup of G. 

This invariant subgroup of order p”~* must be composed of invariant opera- 
tors under G since the commutator of any one of its operators and any other 
operator of G which corresponds to its inverse in the given automorphism is the 
identity, as this commutator corresponds to its inverse in this automorphism. 
Hence it results that G involves an invariant abelian subgroup of order p”? 
which corresponds to the commutator subgroup of its smallest non-abelian 
quotient group, and that the group of cogredient isomorphisms of G is either of 
order p’ or of order p*. This proves the theorem: Jf a group of order p”, 
p > 2, admits an automorphism in which p”~' operators, which do not consti- 
tute a subgroup, correspond to their inverses, the order of its group of cogredient 
isomorphisms is a divisor of p*. 
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ON MINIMAL LINES AND CONGRUENCES IN FOUR- 
DIMENSIONAL SPACE* 


BY 
JOHN EIESLAND 


A study of the oo° minimal lines in four-dimensional space and the configura- 
tions obtained by considering certain ensembles of these will yield interesting 
results, if we employ a method similar to that used by Liz + in the case of min- 
imal lines of ordinary space. 


§ 1. Lhe minimal cone. 


Consider a minimal element-cone in space S,; its equation may be written 


(1) dX'+dX>+dXi+dXi=0. 
A flat space 
(2) AX, + BX,+ CX,+ DX,+ H=9 


is said to be tangent to (1) whenever the following relation between the coef- 
ficients holds : 
(3) At4 B40? 4 D'=0. 
We shall call (2) a minimal space, when (3) is satisfied. There exist therefore 
co* minimal spaces. 
We shall now express A, B, C, D as functions of two parameters so that (3) 
is identically satisfied. by writing 
A=s4t, B=i(t—s), C=st—1, D=i(st+1), 
so that the equation of the minimal space takes the form 
(4) (s+t)X,+7(t—s)X,+ (st—1)X,+7%(st+1)X,+ #=0. 
If now we wish to obtain a minimal J/,, we put H = /’(s, ¢) in (4) and differ- 
entiate with respect to s and ¢t. We have then the following system 
(s+t)X,+i(¢—s)X,+(st—1)X,+i(st+1)X,+ 7 =0, 
(5) X, —iX,+ tX¥,+ uxX,+ f,=0, 
X,+1X,+ sX,+ isX,+ £,=90, 


* Presented to the Society, September 6, 1910. 
+ Liz-SCHEFFERS, Geometrie der Beriihrungstransformationen, vol. 1, chap. 10, pp. 411-480, 
and chap. 12. 
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from which by eliminating s and ¢ we get the required minimal manifoldness 
M, expressed in cartesian coordinates. If s and ¢ are considered fixed, we have 
the equations of a minimal line, which may be written, solving (5) for X,, X,, 


and X,, 








Xie oe (spt) Cs ele 2 











RTS ee 2(1 + st) 
, t-s , (s—t)F-(14+8)F'4+(14?)F' 
(6) ALT 2(1 +4 st) : 
, —i(st-1)_~ K-sk.-tF' 
AG jan? ae LE 


If we consider s, t, #’, #”., Has the coordinates of the minimal line (6), 
we see at once that im four-dimensional space there exist «0° minimal lines, 
and through any fixed point pass co” such lines. 

If 

F = ast + 6s + ct + d, 


we obtain the following system of lines 














y_ mee at (Uk GLb st) 1: (Cece eae 

“> Lien ees ae is 2(1 + st) 

ae (Or DUN Breet iat St) ame 
(7) ApS or ee 2(1 + st) 

, t(1—st) d — ast 

fy Riles X45 


which may be written in the form 


. b+6 Hx and 
Bea: = ae 














ey hme bess [PO 
, t(e—6) t—s[— ' ala d) 
(8) ie P= iee| Xe |, 
ota OL ary ieee tt cd) 
Xx, i eye + st | x, cs here! 


. Eliminating s and ¢, we obtain the minimal cone 


SD CO \ 7 Be LN element BN , ad—a\? .. i{at dynes 
xs (noe lsat) «(a 


which may be considered as the ensemble of all the minimal lines passing 
through the point 











b+e i(ec—b) d—a i(d+a) 
eee INT) ee 2 et eo 
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If now we consider /’, s and ¢ as cartesian coordinates of a three-dimensional 
space S,, we may state the result obtained thus: 
To all the * paraboloids F' = ast + bs + ct + d in the space S, there cor- 
respond co* minimal cones in S,. 
To all the 2” points of the paraboloid correspond the «* minimal lines 
which pass through the point 
c+b i(c—b) a—a i(d+a) 


(9) a= 9 9 —— Dy) ’ YS 9 p) = 9 














There is a one-to-one correspondence between the paraboloids 
F=ast+bs+ct+d 
of the space S, and the points of a four-dimensional space. The addition of 
pets ich a, 


to the function F in (6) has the effect of translating the minimal M, to the 
point (a, 8,7,5). Finally, by virtue of equations (5) there is established a 
one-to-one correspondence between the «0° minimal lines of S, and the co” sur- 
Sace-elements F’,s,t, F'., F, of S,. This correspondence will be discussed 
in Sections 7 and 8 of this paper. 

The system (6) defines an isotropic congruence of lines in four-dimensional 
space. If we interpret the quantities dX,/dX,, dX,/dX,, dX,/dX, as coor- 
dinates in space at infinity, we see at once that any one of. these lines meets the 


i inary sphere at infinity in a point; hence w nsider uantitie:s 
imagina h t infinit a t; hence we may consider the quantities 


—i(s+t) t—s —i(st—1) 
Weise 1+ st? 1+ st 





(10) 


as coordinates of points on this sphere. If we have an isotropic congruence, the 
quantities 2”, /”. and F”’ are fixed whenever s and ¢ are; hence, to every point 
on the sphere at infinity corresponds a minimal line of the congruence. 


§ 2. The focal surface. 


We may obtain a focal surface of the congruence (6) in the following man- 
ner. We choose a generator D of the congruence and pass through it a devel- 
opable surface of two dimensions, an JZ,, whose generators belong to the con- 
gruence. If s, and ¢, are the parameters belonging to the generator D, it is 
clear that we must find a curve determined by a relation ¢ = $(s) such that the 
generators are tangent to it and moreover such that ¢, = $(s,). The curve will 
then be the edge of regression of the minimal developable J/,. Writing the 
condition that two consecutive generators intersect, we have in addition to the 
three equations (5) the following three: 
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(X, + iX,)dt+ dF — sdk’ — F'ds=0, 
(11) (X,+71X,)dt+dF’=0, 
' (X,+7X,)ds+ dF) =0. 


4 


If from the six equations (5) and (11) we eliminate X,, X,, X,, X,, we obtain 


the two relations 


df — F'ds— F'dt=9, 
f.ds’ — Fd? =0. 


The first relation is obviously satisfied for any isotropic congruence provided 
F’(s, t) is finite and continuous and possesses finite and continuous derivatives. 
The second condition shows that the edge of regression is determined as either 
of the two solutions of the differential equation 


(12) F".ds? — F",dt = 0 


which for s = s, gives t, = $(s,). But such a solution always exists, hence 
there exist two minimal developables passing through an arbitrary generator 
D of the congruence. In order to obtain the focal surface of the co’ minimal 
developables we substitute the value of dé from (12) in the last of equations 
(11), so that we have 


(13) X, Hid, + Pa Py Ea = 0% 
or, using the second value of ds, 
(13’) X,+iX,+ Fi — VF. =0, 
The equations of the focal surface may now be obtained by solving (5) and (13), 
or (5) and (18’), for X,, X,, X,, and X,. We find 
X= sts + thi = VE alt eae ae 


t 


X,= — 36 6) (Fe ey ee ee ea 

(14) 
X, =} (Cet 1)( eee ee 
X, my (Cat eC ee es Pea 


We have thus proved the 

THEOREM. An isotropic congruence of four-dimensional space has a focal 
surface consisting of two sheets. The edges of regression on the focal sur- 
Jace are minimal curves satisfying the differential equation 


Fids! — Fd? = 0. 
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Through each generator of the congruence pass two minimal developables 
M, which are tangent to the surface. 


The linear element do of the surface (14) may be obtained without diffi- 
culty. We find 


(15) da? = — FF" /Fids — v Fdty 


for the focal sheet S, and 





(15’) Ga =e, V( VF ds 4. V il soty 


for the second sheet S,. Introducing the minimal curves on S, as one set of 
coordinate curves, we may reduce the element (15) or (15’) to the form 


da’? = dB", 


where 2 is a function of 8 and a second coordinate a which for (15) is such that 
the expression 
(16) iV FP (VE iids — V Frdt) 

th 





is an exact differential. Similarly for (15’). The element is thus brought into 
the same form as that of a minimal developable in ordinary space referred to 
its minimal curves as one set of codrdinate lines. The focal surface (14) is, 
however, not developable, for the curves 8 = const. are not minimal straight 
lines, but curves. ‘To show this it is only necessary to take a single example. 
We put #’= s’¢ and form the corresponding equations of the focal sheets : 


A, = 2st(s +t), ee 
X= — fist(s — t), IG aly, 
S,: 
ee: X, = 2si(at — 2), eX Pete test sis 
X, = Bist (st + 2). Xt Caen 


The linear elements of these surfaces are respectively 
do? = — [21sttds — 2 stsdt]?, 
Coo [2Vsttds at 2 sts dt |?. 
If we consider the focal sheet S,, we have 
Nees Ot stat. 


so that we get 


gests 8 
Ss t 


Trans Am. Math. Soc. 28 
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Integrating and putting e® equal to a new £, we have 
s 
fame 
Choosing the lines ¢ for the second set of coordinates, the equations for S, become 
X, = 2¢8(14+8), X, = — 2i?8(B—-1), 
A, = 3? B(?B—2), X, = 317? B(V? 842). 
The curves 8 = const. are minimal curves, since 
OXY, 
it is also readily verified that 
o 
SS OX; : OX, anu t 
(6) a) 33 ¥ 
The second sheet S, reduces to a curve in the plane X,=0, X,=0. We have 
dee eat 
ea LE tt = dp, 
hence, putting st = 8 the equations become 


X,=0, X,=0, X,=—36(8+2), %,==A(6—2). 


4 


§3. The linear element. 


In ordinary space a ruled surface whose generators are minimal lines is neces- 
sarily a minimal developable and its linear element is a perfect square. It is 
different in four-dimensional space. A ruled surface with minimal lines as 
generators is not in general a minimal developable. Let there be given a ruled 
surface 


oe =f,z+, X, =f,%+ bo, 
X= f,% + 55 X,=f,2+ $4, 


and let us suppose that 8 = const. are minimal lines, in which case we must 
have 


(18) Fit fi tts yg =: 
If this surface is a minimal developable, two consecutive lines on the surface 
must intersect, hence we must have 


X,=(A+ G)a+$,+db,=f2t $,, 
X, = (f+ Ga + $+ db, =fx+ $,, 
X= (f5 + Yy)% + $, + db, =f, + $5; 
X,=(f,4+ %,)a+ $,4+ db, =f,0 + $,, 
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from which we get 


afi +¢=9, af2+¢,=9, af,4+6,=9, af, +6,=9, 
or, 
as 66H 
ty Ve Us 4 
which is the condition that the ruled surface shall be developable. 
The linear element is now a perfect square. In fact, taking account of the 
relation (19) and the identities 


E—% LAi-% DLAdimd, 


we have 
4 "\2 
d= Taf, + ode = (a+ S) S72. ae 
1 4 ac 


The edge of regression is 
26 a SF i Pi XxX, a — Sap a P55 


- &; 7 $, 
Air ae rae Restos ane 
e 4 
which is seen to be a minimal curve, if account is taken of the conditions (18) 
and (19). We have thus proved the 
TuHeorEeM. Jf a ruled surface in four-dimensional space whose generators 


are minimal lines is a developable surface, its linear element is a perfect square. 





We have already seen that the converse of this theorem is not true, since the 
focal surface of an isotropic congruence is not developable, although its element 
is a perfect square. 

We shall now prove the 

THEOREM. Jf a surface in four-dimensional space has its linear element a 
_ perfect square, it is either a minimal developable, or the focal surface of c' 
such developables. 

Let the linear element be written 


ds’ =(V Edu + v Gdv)*. 
If we put 
V Edu+ Vv Gdv 


i SVifer 





where 2 is a function of «wand v which will make the left side of the equation 
an exact differential, the linear element takes the form 


(20) ds? = dp. 
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There exist therefore on the surface oo’ minimal curves 8 = const. (a single 


family it should be noticed) which may serve as one set of lines of reference, 
an arbitrary system a = const. being chosen as the second set. A minimal curve 
8 = const. determines a minimal developable whose edge of regression is the 
minimal curve; this minimal developable will touch the surface along a 
curve whose direction is conjugate* to the curve B = const. In fact, we have 


from (20), 





oD Ga ON OX. 
( a Ro sa bees 5 E, 
(21) = ( Aa ) 0, = da OB 0. 
Differentiating the first with respect to a and 8, we have 
Y Pes Vee 7 AL Os 
(22) ae at = 0, es ee Zi. 
Oa Oa’ 0a Oacg 


From (21) and (22) it follows that the determinant 


VO A Ces ga OA. 
C= |= SS Sat eae 

7 2 A ’ ile Ie } 

| Oa * CB’ Oa’ * dad | 
vanishes. But this is precisely the condition that two consecutive tangent planes 
at (a, 8) and (a+ da, 8) shall intersect in a line. The lines 8 and the lines 
whose direction is the direction of the line of intersection of the two tangent 
planes are therefore conjugate lines. Since the system a= const. was arbi- 
trary, we may introduce this conjugate system as our lines of reference. The 

new lines a’ will then be the solution of the differential equation 


where f and g are the determinants 


OX, OX, OX, cue lox, OX, OX neem 
Ga’ OB’ d@&’ OB |? | Ga’ OB’? dacp’ opt 





* There exists on a surface M, in S, a double family of curves which have been called asymp- 
totic lines by K. KoMMERELL. They form a unique system of conjugate lines, that is to say, if 
we pass along an asymptotic line of the first set with a tangent plane to the surface, any two 
consecutive planes will intersect in a line whose direction is the direction of an asymptotic line 
of the second set. (It should be remembered that in S, planes intersect in general in a point. ) 
In ordinary space there exists at any point on a surface an involution of such lines passing through 
the point ; in S, there are only two conjugate directions at any point on an M,. See KOMMERELL, 
Thesis, pp. 30 and 31. Also a paper by the same author, Riemannsche Fidchen in ebenem Raum von 
vier Dimensionen, Mathematische Annalen, vol. 60 (1905), pp. 548-596. KOMMERELL’s 
thesis is entitled : Die Kriimmung der zweidimensionalen Gebilde in ebenem Raum von vier Dimen- 
sionen, Thesis, Tubingen, 1897. 

The differential equation of these asymptotic-conjugate lines is: 


eda? + 2fdadB + gdp? =0, 


where e, f and g are the determinants mentioned above. 
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The surface being thus referred to its unique system of conjugate-asymptotic 
lines, it follows from the property of such a system that if we pass along a curve 
a=const., the consecutive tangent planes will intersect in minimal tangent 
lines whose directions are those of the minimal curves 8 = const. The surface 
is therefore the focal surface of the oc” minimal lines determined by the curves 
8=const. If the curves 8 = const. are straight lines, the surface is a minimal 
developable. 

Consider now the focal surface (14) and a generator point 
D, tangent to the minimal curves C, and C, on the / 
two sheets S, and S, respectively. Let 7, and 7, be 
the curves conjugate to C, and C, respectively and 
passing through the focal points #’, and F’,. The 
tangent planes at consecutive points on an edge of 
regression intersect in a line which must be tangent 
to the conjugate curve 7, at #’,. Likewise, tangent 
planes at J’, and at a consecutive point on 7’, intersect 
in a line which is Y,. Hence J, and the tangent to 
T, are conjugate and asymptotic directions on S, at /’,. 
The same will be true on S, for the curves C, and 7}. 
If the curves C, satisfy the differential equation 


(23) V F'ds—V F'idt =0, 





the curves 7’, will satisfy the equation 
(24) V Fide + VF dt =0. 


Again, the equation (24) will be satisfied by the curves C, on S,, that is, by 
the edges of regression, while the curves 7’ will satisfy the equation (23). We 
have thus proved the 

THEOREM. On each sheet of the focal surface the family of lines whose 


differential equation is 


fds’ — Fat’ = 9 


constitutes a double set of conjugate and asymptotic lines. 


$4. The middle surface. 


The generator ) which determines a pair of minimal developables is a com- 
mon tangent to the two edges of regression on S, and S, respectively. Suppose 
now we take the mid-points of all the segments /’, /’,, /, and 7’, being the focal 
points. We obtain a new locus which we shall call the middle surface of the 
congruence. From equations (14) we find that the equations of this surface are 


X= 3[(e+e) FF. — Fi], 
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X,=—5l(e—t). Fy — Fr, + FI, 
X,=4[(st-—1) Fh -—tF —sF + Ff], 
X, = 5 [Cs ad a eee ee 


The lines s and t on the surface are minimal lines. In fact, if we calculate 
the linear element dS we find that 


CO a\G ie GaN! 
S (=) and > (53 ae ‘y 


vanish and the following simple form results 
(26) dS’ =f Ff .dsdt. 


We shall next prove the following 
THEOREM. The surface (25) is the envelope of the 2” minimal spaces, 


(27) (s+t)X,+i(t—s) X,+ (st -—1)X, + i(st+1)X,4+ F=0. 

In fact, this space passes through the four vertices (s, t); (s+ds, t); 
(s,¢+dt); (s+ds, ¢+ dt) of the elementary quadrilateral formed by the 
coordinate lines s and ¢. From (25) we have 


: ox 
ox, ae zs ay 





CLS eae 
(8b) ae 





— 


OX aX, aX, ax, 
(28) Bi i 1) 32 + i(t +1) t=, 





OX. ee Oxe 





which proves the statement. The minimal lines of an JZ, being given by the 
equations 


(s+t)X,+i(t—s)X, + (st -—1)X,+7(st+1)X,4+ F=0, 
(29) X, —iX,+ ¢t(X,+1X,)+ Ff, =0, 
X,+iX,+8(X,+ iX,)+ 7) =0, 
the middle surface may be obtained by adding to this set the minimal space 
(30) X,+1X,+ F,,=0 


and solving for X,, X,, X, and X,. The minimal space (80) is obtained by 
differentiating either the second of (29) with respect to s, or the third with 
respect to ¢. 
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If we choose F’ as a solution of the differential equation 
(31) X,=5 [(st +1) F—tF, —sF, + F] =0, 


we shall obtain a surface situated in ordinary space (X,, X,, X,). The 
general solution of (31) is 


(32) f= 2S + 2T— (14 st)(S’ + T’), 


where S and 7’ are functions of s and ¢ respectively. Introducing this value of 
ff in equations (25) we find the following equations 


Agi syS +s —S+e(l—e#) +tr —7, 


Pee Mes) Se eS 1S — (14+ eee eT 
(38) 

pee Naar Ts 7", 

Ove! 


which we recognize at once as the most general equations of a minimal surface 
in the so-called Weierstrassian form. The corresponding focal surface is obtained 
from (14) by substituting for /” the value obtained above. We have then, 
calling the codrdinates of the focal surface ix Xie ON Xx and those of the 
iddlenurace X,5X,,+,, X,,(X,— 9), 





X, = X,+4(s+t)(1+st)V 87”, 


a X, 9 (¢— £)(l pee Vase 
(34) 





eee eed (at 1)\(1 fay Sree 
X,=t+4(st+1)Yv 8’7", 


where the upper sign goes with the focal sheet S, and the lower with S,. 
From these equations it appears that the focal surface may be obtained in the 
following manner when the minimal surface is given: We construct in ordinary 
space, X, = 0, the point (X,, X,, X,) on the minimal surface ; from this point 
we lay off a distance 1, where 7 is one of the principal radii of curvature of 
the minimal surface at the point (X,, X,, X,), parallel to the X-axis ; the 
point thus found is a point on the focal sheet S,, if the upper sign is used. If 
the lower sign is used, we obtain a point on S, which is symmetrical to the first, 
the center of symmetry being the point s, ¢ on the minimal surface. That 
X,= +iR may be verified in the usual manner. (See Darpoux, Théorie 
générale des surfaces, vol. 1, p. 802, equations (15).) We may therefore say : 
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A minimal surface in ordinary space is the middle surface of a certain 
minimal congruence of four-dimensional space, viz., the congruence for which 
Ff is defined by equations (82). 

This new definition of an ordinary minimal surface suggests a definition for 
a minimal surface in four-dimensional space. The usual definition fails when 
extended to higher space, since two surfaces meet usually in discrete points.* 

Definition. A minimal surface in four-dimensional space is the middle sur- 
Jace of an isotropic congruence. 

The most general equations of such a surface referred to its minimal curves 
are given by (25). ‘They include ordinary minimal surfaces in three-dimensional 
space, namely when /’ is a solution of any one of the four differential equations 

(944) FY, — F,— F=0, 
(Cee e057 
(st—1) Ph), -—tF -—sFh.+ F=0, 


CWA ya) Sa SS 9g, 


(35) 


Either one of the four values of /” introduced in (25) will give the equations 
of an ordinary minimal surface in the most general form. The solution of the 
last equation will furnish, as we have seen, the Weierstrassian form; the other 
forms may be deduced from this by the usual substitutions employed in the 
theory of minimal surfaces. 


$5. Orthogonal projections. 


We shall put the equations of the focal surface (14) in the following form: 


X =X, Ess vrs... 





u 


2 
X, = X,+4(a 1) VF PG, 


X, =X ig l(8— 1 ee 


(36) 


X,= X, + (st + el 


4 


where X, are the coordinates of the corresponding middle or minimal surface. 
The following relation between the coordinates X, and _X, is seen to hold: 


(87) (X= XP+ (YQ — XP 4+ (4 — Kt (4X, — XP =0. 


We shall now make use of a transformation which has been employed by Lie 
in the case of n=3.¢ Let (X,, X,, X,, X,) be the vertex of a minimal 





*See KOMMERELL, loc. cit., p. 588. 
+See LIE-SCHEFFERS, loc. cit., pp. 428-429. 
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cone in S, and (#,, #,, ”,, 7,) the running codrdinates. The equation of the 
cone is then 


(38) (a, — X,)’ + (a, — X,) + (a, — X,)? + (a, — X,)? = 9. 


If we cut this cone by the space x, = 0, we obtain the sphere in three-dimen- 
sional space S, 


(39) (@, — X) + (¢, — XL) + (@, — XP + XU = 0. 


We now establish a correspondence between the points of the space 
(X,, X,, X,, X,) and the spheres in S, by means of the transformation 


(40) fs ta Eee 1 eee Ot We ae Foe 4i Ps ie 


such that the vertex of the minimal cone is projected on X,=0 into the center of 
the sphere, the radius being equal to R=iX,. To every point (X,, X,, X,, X,) 
corresponds a sphere of radius / and center (w,. 7,, v,, 0), and conversely, to 
every sphere in the space x, = 0 with center (x 


19 %5 %,) and radius #& there 


correspond the two points 


(41) B=; A a Aaa FG NE 
in S,. If two points (X,, X,, X,, X,) and (X|, X,, X,, X,) lie in a mini- 


mal line, the corresponding minimal cones are tangent to each other, and the cor- 
responding spheres in S, will also be tangent to each other, since 


ee eX)? + (X,- XS ke 


3 


To all the points of a minimal line correspond oo! spheres which touch at the 
point of intersection of the minimal line with the space XY,=0. This means 
that the spheres have a surface-element in common at that point. 

Consider now a flat space #; it intersects the 
space at infinity ina plane. The pole of this plane 
with respect to the (imaginary) sphere at infinity is 
the point at infinity which determines the direction 
of the o* normals to #. If this pole lies on the 
sphere, co” of these normals will lie in #' and £' is 
a minimal space. 

The tangents to a minimal curve form a minimal 
developable. Let 7’ be any one of these tangents 
and P the point of contact; the intersection of the | 





space XY, = 0 with this developable will be a twisted 
curve C’ of that space. We shall now project the Fia. 2. 

space S, orthogonally on the space Y¥,=0. Let Q 

be the point of intersection of the minimal line Z’ with XY, = 0, and let A’, the 
intersection of X,=0 with the minimal space # determined by 7’, be the 
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plane of the surface element at Q. Since this plane is contained in /, the 
line 7’, being normal to Z’, must be normal to every line and plane in /#’; hence 
T isnormal to XK. The projection of 7 on X,, or QQ’, must also be perpen- 
dicular to A. Hence, when the point P moves along the minimal curve, the 
projected point Q’ moves along the curve C” which is an evolute of C’. The 
line C is therefore a line of curvature on the surface obtained by intersecting 
the isotropic congruence with the space X,=0. Hence the 

THEOREM. The orthogonal projection of a minimal curve M on the space 
X,= 0 is an evolute of the curve of intersection of the developable of M with 
that space. 

We have seen that a congruence of minimal lines determines a double family 
of minimal developables and that it has a focal surface which in general consists 
of two sheets on which are situated the oo' edges of regression of the developables. 
If now this entire congruence be projected orthogonally, we obtain curves and 
surfaces which we shall study in detail. It will be convenient to use the 
analytical method, although a purely geometric method might also be applied. 

If we cut the minimal congruence (6), $1, by the space X, = 0, we obtain 
a surface in three-dimensional space whose coordinates we shall denote by 
%,,%,, and x. We have then 


(ot) Fp (lee re iL Bae 











‘1 2(1 + st) : 
(8 = t) = tee eee et re 
=) = 8 t 
hag? eet 2(1 + st) 
erg eee 
as 1 = st : 


We shall call this surface the surface of reference of the congruence. We see 
at once that the equations (42) are those of any surface in S, referred to the 
curves of contact of tangent cones which have their vertices on the imaginary 
circle at infinity ; these curves (s and ¢) have for spherical images the rectilinear 
generators of a sphere. (Compare DarsBoux, 1. ¢., vol. 1, p. 248, and equa- 
tions (33), p. 246.) 

To the minimal curves on the focal surface of the congruence correspond lines 
of curvature on the surface of reference. In fact, the differential equation of | 
the minimal curves is 


(12) Pid? — Fiid? =0, 


which is also the differential equation of the lines of curvature on the surface 
(42). The directions of these lines at any point s, ¢ are the bisectors of the 
angles between the coordinate curves.* 





*See DARBOUX, l. c., vol. 1, p. 243. 
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If now we project the focal sheets orthogonally on the space X, = 0 by means 
of the transformation (40), we obtain the equations 
eee ect) (EY i, Bs) hoe |e 
i i gee 
Sis et) tV OP Ke er |, 
(43) 9 [( )( 8 8 t ) t | 
Bee 1) (PY ee) tea FF, 


3 
pee (ee (i 4 at ane re | 


The first three equations are seen to be the equations of the surface of centers 
of the surface of reference, while the last equation gives the values of the 
principal radii of curvature of the surface. Zhe minimal curves on the focal 
sheets in S, become geodesics on the surface of centers (by the theorem on p. 
416). The isotropic congruence becomes the normal congruence with respect 
to the lines of curvature of the surface of reference. The middle surface of 
the minimal congruence becomes the middle surface of the normal congruence. 
If, in particular, 7’ is a solution of the equation 


eer te a ee 
the system (43) reduces to (34), while the value of /? is 
R=+}(1+4 st)?*VS8”"T", 


which is the expression for the principal radii of curvature. We notice that 
they are numerically equal with opposite signs ; hence, the middle surface is an 
ordinary minimal surface, as was proved before on p. 418, and it is identical with 
the surface of reference of the minimal congruence. Hence the 

THeoreM. Jf the middle surface of a minimal congruence in four-dimen- 
sional space is a minimal surface in ordinary space, it is identical with the 
surface of reference. 

The two conjugate-asymptotic directions on the focal surface in S, become 
conjugate directions on the surface of centers, the geodesics being one family 
(corresponding to the minimal curves) and the second, the curves of contact of the 
developable surfaces determined by the second family of lines of curvature on 
the surface of reference. In this particular case, then, conjugate directions are 
preserved when the surface is projected orthogonally on X,=0. As an example 
we shall take the case /’= st? used before. The focal surface (14) becomes, 
when projected orthogonally on to the space (w,, #,, 2), 


5, = 204/71 +8), DE ih 


Z, = 2a(a—2), iR = ia(a+2). 
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Since the lines 8 = const. are minimal curves on the focal surface (14), they 
are geodesics on the surface of centers. The lines a = const. are conjugate to 
these, since the expression 








dz, O®,| OR, 8, |Ox, 0, 
ie Oa 0a | C2, Ca 0al|l &z Ca Gal az 
Stes ees ees 2 ees 
n, 0%,\0008 *|az, d2,\e¢08 ‘|on, da,|0a08 

eB OB | op 0B op og 


vanishes identically, as a simple calculation will show.* The surface of refer- 
ence is 

(B+ 1)\(e@=2)7 aa h( Toes V0 2 J. ao — 30? 
4k, = = 4 


v wv 


Ql¢ajyve ° “@  Bd+ava °° *  i+a? 











where « and § are lines of curvature. This surface, though written in imagi- 
nary form, is real; in fact, writing the surface in the form 


st(s + ¢)(2— st) _ __ ist(t— 8) (st —2) 33°07 
I~ O(l+st) * “= Oe ar) 











we may obtain a real form by making s and ¢ conjugate imaginaries; thus, 
suppose we put 


s=pt+iq, t=p—iq, 
then 


2 pet a eg ee PTT NP ee 
2(1+p'+¢) : 2(1 pg ; 

5 Spe a 

oe l+pt+¢ Z 








x, = 


All the focal surfaces (14) in S, are imaginary, as are also the minimal devel- 
opables belonging to a focal surface. The surface of reference, as well as the 
surface of centers and middle surface, will in general have real sheets which are 
obtained by making s and ¢ conjugate variables. The middle surface of a min- 
imal congruence will have real sheets only if it lies in a three-dimensional 
space, in which case it is an ordinary minimal surface. 


§6. Translation surfaces in S,. 


We shall now consider the case where the middle surface, or “ minimal”’ sur- 
face of the congruence is a translation-surface. The most general solution of 
the differential equation 


* The second focal sheet being a focal line, the second sheet of the surface of centers is also a 
line. DARBOUX has discussed such surfaces, 1. c., vol. 1, p. 226. The surface of reference in 
this case is the envelope of a sphere of variable radius whose center describes the curve x, = 0,- 
by = 0, 7, = —a/2(a+2), the radius being R= —a/2(a—2); the surface is a canal surface. 
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(44) X,= 9 [(st +1) FY,—eF, —sF 4+ F]=5(8+7), 


where S and 7 are two arbitrary functions of s and ¢ respectively, will give a 
value of /’ such that the corresponding surface is one of translation. If we put 


Ff, = S' + T’, the left side of (44) becomes 
(45) ee ES iT) 2 § Too Sees eeeTial 


which is of the form S+ 7’. Introducing the function / obtained by integrat- 
ing the equation 
Fae ons is a hic 
that is to say, 
(46) F=tS+sT+8,4+ 7, 


in the system (25), we Bague expressions similar to (45) for the remaining 
coordinates, viz: 


Meee SS) 1 et he 


X,=—5[s8’- 8+ Si] toler — LL | 


(47) 
X,=—3[s8,+ 8’— 8] -307,+ 7-7], 


3 


ss i ci Y 
Xx eS =). | = 7, (ego eee 


4 
which may be written in the following form 


X,=4f (s8"— 8/)ds+3 fel" — TY) dt, 


ie aaey [os’+ 8” )de4 > f eZ" + T") dt, 
(47) 
X,=—4f (38% + 8”)ds—4 f (eT) + 7’) de, 


X= 5 | (95; = S")ds—5 { (e2y PET Ts 


The focal surface may now be obtained by substituting the value of /’ in equa- 
tions (86). We find, denoting the codrdinates by XY, and those of the middle 
surface by X,, 





mae OO oS) (SL eT), 





XS 
X, #5 (s—t)V(tS" + S{)(sT" + TY), 


rE 
2 


bo| ©: 


(48) 





X, X,+4(st—1)V(tS" + SY NEW ie ent hes 
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X= X,+5 (st +1) VO F NIC +1), 
which is not a translation-surface. 

If, in particular, we put S=2S—sS’, T=27-1t7', S=- S’, 
T, = — T’, we obtain the ordinary minimal surface (33). From the form of 
equations (47) we see that these translation-surfaces are imaginary. Since the 
equations 


per ty — SEA. XP i388’ Sa 
X, = — (38) 8 8 yee aS 


give the most general parametric representation of a minimal curve in S,, it 


(49) 


would seem that (47) represents the most general translation-surface whose 
translation curves are minimal, and that they are therefore all imaginary. This 
is, however, not so. In fact, a real translation-surface may be obtained in the 
following manner: Consider two curves like (49); the locus of the middle points 
of all the chords joining the two curves will be a translation surface (47), that 
is, we have 

(50) =4(X,+ X), X, = 3(X,+ X,), 

X, = 4(X,+ X,), X,=4(X,+ X,), 

X, being the codrdinates in (49) and X, the codrdinates of the curve 

Xx, =tTl— TT, Kee (tl a ae 
X,=—(tT,+T7' —-7T,), X,=—i(tT, —T’—7,). 

The surface (47) has no real sheet; if, however, we project the curve (49) by 
means of the transformation X\= BG, BG. = ‘Xe, XG = x X ies Xe 1. @., 


4 
if we reflect the curve with respect to the space A, = 0, we get the curve 


X= 8S S58 
X, = —i(sS' — S+ 8), 
5,2 (see 
X, =i(sS, — S’—8)). 
If now we use (50’) instead of (49), we get the surface 
ream net —S—S']+4 Pants PTs 


(51) 


(50’) 


Ao * [3S" —S8+8]+5 (tl —T+ 7%), 


(52) 
X= — 4857+ 8 = Oe — 7]; 


v / , i , td 
=5 [0S — Seg iet— 7 — Fy, 
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and this surface is real when s and ¢ are chosen conjugate imaginaries, as an 
easy calculation will show. Hence we have the 

THEOREM. To the imaginary translation-surface in S, which is the middle 
surface of an isotropic congruence there corresponds always a real surface 
obtained by reflecting in one of the codrdinate spaces. 

The real surface (52) is not a “ minimal”’ surface, that is, the middle surface 
of an isotropic congruence. It may be constructed as follows: From the point 
S,, the projection on the space XY, = 0 of a point on the curve (50’), we draw a 
parallel S, 1 to the chord S7' which joins a point S of (50) to a point Z’on (51). 
We project P, which is a point on the surface (50), drawing the line PP’ which 
meets the line S,M/ at P’; this point is then a point on the surface (52). (See 
figure 3.) We notice that P’ is the middle point of a chord joining S’, the reflec- 
tion of S, to 7. 

Two curves, (49) and (51), being given, there exist two real translation-sur- 
faces whose generating curves are minimal curves. To a point @ on one real 





Fia. 3. 


surface obtained by using the curves C’, and C’, corresponds a point Q’, the 
reflection of @, on another real surface obtained by using the curves C,, C, 
and C’, (C, and C%, are reflections of C, and C, with respect to the space 
nee) ). 

The two real surfaces are therefore reflections of each other. In the same 
way, the imaginary translation-surfaces determined by C,, C, and C, C) are 
reflections. If the translation-surface is contained in the space XY, = 0, the 
points P, @, P’, Y all coincide at O, and the surface becomes a minimal 
surface in ordinary space (Fig. 4). To these real surfaces belong the “/- 
Flachen” studied by K. Kommerell.* These so-called “ minimal ” surfaces are, 


*K. KoMMERELL, I. c., pp. 543, 596. The equations of the R-Flachen are : 


ate 


x, = 2 ? 


i(s—t i 
x45), x=H(8+7), X=—} (8-7). 
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by our definition, not minimal, since they can only become middle surfaces when 
contained in the space X,= 0, in which case they become ordinary minimal 


surfaces. 


$7. Line and sphere geometry. 


We have found (p. 405) that to the oo* hyperboloids 
F=ast+ Cs+te+d 


in the space (/’, s, ¢) correspond co* minimal cones in S,. If now we transform 
the space ( #’, s, ¢) by means of Euler’s transformation 


Clit ot y =, z= F—sF', p=-S, 0 =e 
the hyperboloids will be transformed into the oo lines of ordinary space, viz.: 
(2) o= ay +d, 2=cy+d, 

to which must be added the following: 

(2/) q=—ap+e, 


which determines the relation between the coordinates p, g and —1 of the 
planes of the oo” surface-elements of the line (2), so that to the oo” surface-ele- 
ments of a given hyperboloid there correspond the oo” surface-elements of the 
line. We have thus a one-to-one correspondence between the oo* minimal cones 
and the co‘ lines of a three-dimensional space S,. To a line (a, b, c,d) in 8, 
corresponds a minimal cone whose vertex is (p. 404) 


b+¢ peas d—a 5, AOR a) 


a= aD Me: Us Ne ie 2 





To two lines that intersect there correspond two minimal cones that are tangent 
to each other ; in fact, the condition that two lines 


e=ay+b, z=cy+d, 
(4) 


shall intersect is 


e=ay+b, z=cy+d, 











(9) (a —a)(d—d’)—(e —c)(b—0')=0. 
The coordinates of the vertices of the corresponding cones are 
b+e _ i(e—b) d—a i(a+d) 
Ohh 9 ’ B a 9 9 thas in, 6 > 1 
: +e , ueé—b') , d—a , t(a+d’) 
ETE Ne ieee ered 61,2 rar 
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from which we obtain by solving 

a= —(y+i0), b=—(a—iBf), c=—(a+if), d=y7— i, 

d=—(7¥ +0), b=—(¢—if'), c=—(ae+i~’), d=y—is. 
Substituting these values in (5), we have 

(6) Oe — 8 )' + (yy nee 8 jew 


which is the condition that two minimal cones shall be tangent to each other. 
In particular, if the two lines are consecutive, the relation (6) becomes 


(7) d?+dP?+dy+d’?=0. 


If the line (a, 6, c, d) be fixed and the line (a’, 6’, c’, d’) variable, the locus 
of the corresponding variable vertex is a minimal cone. Hence, to all the 00° 
lines of a special null-system in S, correspond the oo* minimal cones in S, whose 
vertices lie on another minimal cone. 

The equations (2) and (2’) show that if the coordinates y and p of the surface- 
element are fixed, the remaining three, viz.: 7, z and g, are determined. But 
fixing y and p also fixes sand ¢. Therefore to all the oo” surface-elements of a 
line in S, correspond the oo” minimal lines of a minimal cone in S,. 


4 
Let there be given in S, a non-special null-system which may be written 


Ad— Bb+ C(be—ad)+ Da+ He+ G=0; 
to it will correspond in S, the sphere 


ete 5 CEO anette Caner Drag Ao 








(8) C+R +7484 —G C Ont Via at Coane Oa: 
which may be written 
B-—E™ i(B+E)\? D—AW\? i(A+D)\? 
(2 7) z (s- 7) i (1 ra) a (3 ey) 
9 
e BE+AD+CG 





C? 


Hence, to all the 00° lines of a non-special null-system in S, correspond the oo* 
minimal cones in S, having their vertices on a fixed sphere. If we consider 
each point of the sphere (9) as the carrier of a minimal cone, we have a one-to- 
one correspondence between the oo° null-systems of ordinary space and the 00° 
spheres of four-dimensional space. If the null-system is special, 


Trans. Am. Math. Soc. 29 
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BE+AD+ CG=0, 


and this means that the fixed sphere (19) is a minimal cone. 

The geometry of a linear complex in S, is thus seen to be equivalent to the 
geometry of a complex of minimal cones in S,. It should be noted, however, 
that the null-system must be conceived of as an aggregate of surface-elements, 
that is to say, the oo* lines and their corresponding surface-elements of which 
each line has oo”. To each surface-element of a line belonging to the null- 
system corresponds a minimal line passing through a point on the fixed sphere, 
that is, to a surface-element corresponds a minimal element. We shall return 
to this interesting fact later and proceed now to explain briefly the distribution 
of the linear elements of the minimal cone. 

We have shown, p. 405, that s and ¢ may be regarded as curvilinear coordi- 
nates on the imaginary sphere at infinity, which we shall denote by S,,, the curves 
s = const. and ¢ = const. being the generators of the sphere. By Euler’s trans- 
formation, y = t, p= — 8; hence all the surface-elements of the line (2), p. 422, 
for which y = const., give minimal lines through the vertex of the minimal cone 
in S, which meet a ¢-generator of S,. Similarly for the surface-elements 
p =const. The minimal lines through the vertex of the minimal cone are thus 
arranged in two families of planes corresponding to the two families of genera- 
tors ¢and son S,,. These planes are the minimal planes of the cone. 


§ 8. Lie’s line-sphere geometry. 


We shall now return to the congruence of minimal lines (5), § 1, and write it 
as follows : 


tX, + iwX,— X,+i1X,+ F—sF'=0, 
(10) X,—iX,+tX,+UX,+ #, =0, 
X, + iX, + sX,4+ isX,+ f= 0. 
Introducing Euler’s transformation (1), this congruence becomes : 
yX,+ iX,—X,+1X,4+2=0, 
(11) X, —iX,+ yX, + iX,+%=0, 
X,+ ix, — pXxX,—wX;+q=9, 


which equations solved for X,, X, and X, may be written 


1911] CONGRUENCES IN FOUR-DIMENSIONAL SPACE 425 


x tly —P) © y(z—ya)tq—p 








ae 1 2(1— py) 
eS) eee ey eee 
281 — py +4 Ji 2(1 — py) ) 





vt Py) 2 — PY 
eee py | — py 


The condition that two consecutive minimal lines shall intersect we obtain as 
before by differentiating the system (11) with respect to the parameters a, v, 
z,p,andy. We have 


(X, + iX,)dy+dz=0, 
(13) (X,+ 1X,)dy+dx=0, 
— (X, + iX,)dp + dq=0. 


Eliminating the coordinates YY, from (11) and (18) we find the following 
conditions : 


dz — pdx — qdy=90, 
(14) 
dpdx+dqdy=9. 


The first equation expresses the condition that two surface-elements corre- 
sponding to the two consecutive minimal lines shall be united. The second 
expresses the condition that the line of intersection of the planes of the 
surface-elements joins the two consecutive points x, y, z, and «+ dz, 
y+dy,2+dz. If therefore we have in S, a minimal curve, there will corre- 
spond to it in S, an element-band the planes of whose surface-elements osculate 
the point-locus of the band. To a surface z= f(x,y) in S, corresponds a 
minimal congruence ¢(X,, X,, X,, X,)=9. To the two minimal develop- 
ables determined by a generator D of the congruence correspond two asymptotic 
lines or bands on the surface z= f(x, y), one of each family; hence, to the 
two families of 21 minimal developables contained in the congruence ¢ = 0 
correspond in S, the two families of asymptotic bands on the surface, and to 
a minimal curve of the developable (an edge of regression) corresponds an 
asymptotic curve. 

We shall now project the space S, into a space S, by means of the transfor- 
mation (40), p. 415, which transforms the minimal cone 
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(15) (X,— af + (X,— BY +(X,— vy + (4, — 6) = 0 

into a sphere in ordinary space (_X,, X,, -X,), viz: 

(16) (X,— a) +(X,— AF + (X,— yf += 0 


(a, 8,7) being the center and + 76 the radius. We notice that the corre- 
spondence is a one-to-two owing to the double sign of the radius & = + 76, 
that is to say, to the cone corresponds a sphere, while to the sphere correspond 


two cones, viz.: 


ve (X,— 2) + (X,— 8) +(X,- 7) + (X,-iky=0 
and 


(17’) (X,-—2/+(X,-PyY+(X,-vyl+(X,4+ 1h Y=. 


To a minimal line in S, corresponds a surface-element in S,, while to a minimal 
cone (a, 8, y, 5) corresponds a sphere of radius 76 considered as an ensemble 
of its co” surface-elements. Further, to a minimal congruence will correspond a 
surface and to the oo' minimal developables the oo’ lines of curvature on the 
surface, these being considered as bands (curvature bands). Comparing now 
the two spaces S, and S, with S,, we see that the same configuration in S, has 
been transformed into two different configurations in S, and 8, of such a nature 
that lines in 8, correspond to spheres in S, and asymptotic lines to lines of cur- 
vature. Further, since by the transformation (40), p. 415, the relation (6), $7, 
becomes 


(4—=@ \oce (8 Bea Chay Ji iee 


it follows also that to lines that intersect in S, correspond spheres that touch. 
The relation between the surface-elements of S, and 8, must therefore be of 
such a nature that a contact-transformation transforms the elements of S, into 
those of S,. This contact-transformation is obtained at once by putting X,= 0 


in equations (12), p. 424, viz.: 


You eee ee 





; 2 2(L— py) 7 
> yy oye yd) —9 + pe 
(18) X, = — 9—% erry : 
Xe ee 





seed Gey ot 


SPACE S;(X,, XxX; X;, Eel): 
ie 
IRE 


ET. 


LV. 


VA 


yil. 


itt. 
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If to (18) we add the two equations giving the values of the coordinates P, 


and P, (obtained from (12)), we have 


_¥—?Pp eee), 
a) Siew: 2 ey 





Equations (18) and (19) give the required contact-transformation, which we 
recognize as the well known line-sphere contact transformation of Lie. This 
method of deriving the transformation is, we believe, new and perhaps not with- 
out interest. 

In conclusion we give the following table showing the relation between the 
elements of the three spaces S,, Se and S,: 


BEACHES CX. Xi eX, 0X.). 


SPACE S,(x, Y, 2, p, Q)- 


A surface-element. I. A minimal line. I. A surface-element. 
a) dX, — P,dX, II. Intersecting consecutive II. a) dz— pdx — qdy = 0. 
— Pd X,=0. minimal lines. b) dpdx + dgdy = 0. 
b) (dX, + P, dX,) dP, 
—(dX,+ P,dX,)dP,=0. 

eee! ae fage elements III. The «©? minimal lines of a III. The oo? surface-elements 
of a sphere, center a, 8, minimal cone, vertex a, of ahodine 
y, radius + ia, a2 72 a =—(y + i8)y—(a—ip), 

| y= (aa) yy 4s, 
q= (y+ t)p—(a+ip). 

The o! element bands of IV. The o! plane pencils of a IV. The oo! surface-elements 
a sphere whose point- minimal cone ; two fami- of a point, ora ‘‘hinge,”’ 
loci are the rectilinear lies, p=const., gq=const. and the o! surface-ele- 
generators of the sphere. ments of a line (flat 

ie band). 

A spherical band. V. A two-dimensional mini- VY. A twisted band. 

mal cone, vertex a, B, 
7, 6. 

A surface. VI. A minimal or isotropic VI. A surface. 

congruence. 

An ensemble of o* sur- VII. A minimal developable. VII. An ensemble of oo? sur- 
face-elements forming a face-elements forming an 
curvature band on the asymptotic band on the 
surface VI. , surface VI. 

The double family of cur- VIII. The o! minimal develop- VIII. The double family of 


vature bands on VI, 


ables contained in an 
isotropic congruence VI. 
(A double family, since 
each generator deter- 


mines two developables. ) 


asymptotic lines on VI. 


yet oe) ae eee 
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IX. A congruence of ow? IX. The minimal congruence IX. A congruence of «0? lines 
spheres, the so-called considered as an aggre- consisting of the oo? lin- 
curvature spheres, be- gate of o? minimal ear tangents along the 
longing to the surface cones, each cone having asymptotic lines. 
VI. a line-element in com- ) 


mon with a line of the 
congruence on an edge 


of regression. 

X. System of o* spheres cut- X. System of o® minimal X. Linear complex, or null- 
ting a fixed sphere at a cones having their ver- system. . 
constant angle. (See tices on a fixed sphere. 
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VOLTERRA’S INTEGRAL EQUATION OF THE SECOND KIND, WITH 
DISCONTINUOUS KERNEL, SECOND PAPER 


BY 


GRIFFITH C. EVANS 


In an earlier paper + we have considered integral equations of the second kind 
with variable upper limit t whose kernels in spite of discontinuities were abso- 
lutely integrable, and by change of variable we were able to show the exist- 
ence of solutions in some special cases of equations § where the kernels belonged 
to a rather general type and were not absolutely integrable. In this paper we 
take up that type in more detail. In particular, we study the equation 


24) u(o) = (2) + f sept u( eae 


where A’(x, &), the numerator in the expression for the kernel, is continuous in 
the triangular region 


he a=t=en 
and f(x), g(«), comprising the denominator, are continuous in the interval 


t: a =x=b. 
References to the Earlier Paper. 


(1) u(a)= $0) + [ K(x, eae 


(9) u(a) = (2) + fer Puc eat. 





Kae; 
(16). u(2)= (x) + [coyote Oe: 


* Presented to the Society, September 13, 1909. 

+ Transactions of the American Mathematical Society, vol. 11 (1910), p. 393. 
The numbering of equations and sections is continued from that paper, and reference to it in the 
present paper is made merely by letter and number. For the more important references see 
below. 

t Equation (1). 

§ Equations (9), (16), (17). 
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(17) pia | ie u(E) dé. 
: g(#)f(€) IT [£—v,(@)]* 





Condition (A). A real function of the two variables x, & is to be continu- 
ous in the triangle 7:a=&=x2=6, b6>a=0, except on a finite number of 
curves, each composed of a ae, number of continuous pieces with continuously 
turning tangents. Any vertical portion is to be considered a separate piece, 
and of such pieces there are to be merely a finite number, 7 = §8,,7=8,, ---, 
«= 8. On the other portions of the system of curves there are to be only a 
finite number of vertical tangents. Hence by any linex=2,, x, + 8,,---,8, 
the system of curves will be cut in only a finite number of points. 

Condition (B). In the region t: a=x=b6,a real function of the single 
variable « is to be continuous except at a finite number of points, y,, ---, ¥,, 
and is to remain finite. 

Problem from Hydrostatics. Suppose we are given a tube, lying in a ver- 
tical plane along a curve of arbitrary shape, s = u(«#), where s is the distance 
along the curve and «& the altitude. Let us fill this tube with a liquid of vari- 
able linear density v, and then regulate its height x in the tube by allowing 
various amounts to flow out through the bottom. Let us then regard v as an 
analytic function of the depth in the liquid, i. e., » = v(x — &). 

If 


[ — €)w'(&)dé 
h(t) =e 
[ w(eae 


0/0 





is the average linear density and v(x) = w'(«), the equation to determine v(«) 


G(e— 8-92) py, 
o(2) = [ SPR) eae, 
v(w—£)=atG(w—£),  G(0)=0, 


A(w)=at+tg(w), g(0)=09. 


from h(x) is 





where 


and 


9. Hxistence theorem for equation (24). 


We have the following existence theorem : 


THEOREM. Jf in equation (24) 


(24 u(e)=o b(n) + J wate jus) a 
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1°. (a) K(a, &) is continuous in T, and f(x), g(x) and their first deriva- 
tives are continuous in t ; 
(0) 0K (x, £) /Ox and CK («, &)/0& satisfy condition (A) and are finite 
yeh A 
(c) f(a) is continuous in t except at x =a, and is such that the function 
p(x)g(«x) and tts first derivative satisfy B int; 
2°. the function f(«)g(«) is greater than zero in t except for the value 
x =a, and for the value « =a vanishes in such a way that 


if dx: 
a S(%)9(@) 
is not convergent ;* 
30°. K(a,a)+0; 
4°. lim ¢(x)g(wv)=0: 
x=0 


then under the foregoing conditions, 
(i) if K(a,a) <0 there ewists one solution of (24) continuous throughout 
t, and 
(ii) if K(a,a)>0 there exists a one parameter family of solutions of 
(24) continuous throughout t except possibly for the value «= a. 
As x approaches a each solution remains less than some constant 
times f(x)/(«w— a)” where v is any number that satisfies the two 





conditions 
(a) eave), 
(0) Po a : l 
ge lf(=)g(e)]} 


In regard to v it is easy to see that the two conditions (a), (b) under (7) can 
always be satisfied. For since f’(a) and g‘(«) are supposed to be continuous 
in ¢ and not negative, since that would make /(#) or g(a) negative, 
{d/du| f(«)g(x)]},_, will be finite and not negative, and 


1 
cel /e)g(#)]} 





= 


<=a 


will always be less than 1. 


* Otherwise by change of variable v(«)—u(«)/g(«) equation (23) is changed to one that 
satisfies the conditions of the theorem of section 1. And in that case there would then be one 
and only one finite v(«). 
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10. A theorem that implies the theorem of section 9. 


A theorem that lies closer to the method of proof that we have adopted, and 
which implies the theorem just stated, is obtained by substituting in the hypoth- 
esis for 1° (6) and for 3° the conditions 

(b) OK (a, &)/Ox satisfies A and is finite in T; 

3. K(a,a)+0; lim,_,[ A(«, «)— K(a, a)|/(e@—a)” exists, where v 
is defined as in section 9. 

Moreover as the method of proof will show, if A (a, a) <0, we may always 
put v=0 without other change in the theorem. Also if A(a,a)>0 and 
{d/du( f(«)g(x)},_, <1 we may take y=0. So that for most cases the 
theorem holds if vy = 0 be substituted throughout. 


11. Approximate Hquations. 


The results of this theorem are obtained by means of a method of approxima- 
tion, for the purpose of which the solution of the simpler equations 


(25) u(n) = (0) = fg) a 


is necessary. If (25) has a solution, continuous except for a finite number of 
points, even when the discontinuities are not finite its derivative will exist and 
be continuous except for a finite number of points, and will be given by 


(26) h (aEN) co tee ») 


Hence any solution of the integral equation (25) will be a solution of the differ- 
ential equation (26). It remains to be seen under what conditions the solution 
of the differential equation will be a solution of the integral equation. 


Let us write the equations 
(25’) w(e) = $(0) — [Se ae, 


(25”) u(e)=o(e) + [pre sde: 





In the same way we rewrite (26) as 


u(a) 


(26’) uw (2) = #'(®) — Fray 





- , ere Pa u(x) 
(26”) u(c)= o/( Dae rae 
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The general solution of (26’) is 


b dx 2c _ ode) 
(27’) u(@ pea oe | geet roae +e, 
and of (26”) 
b dx mG be ~b d& 
(27”) u(x) =e ah ¢'(E)e S's KO GE + c|, 


where @ is arbitrarily chosen in the neighborhood of a. 


In (27’), since 
pe feos 
lime ~§ )—0, 
é=a 
we can choose a’ =a without loss of generality. So that instead of (27') we 
may write 


(28) u(e) = es 0] J ee) 18 de + c| 


To see under what conditions this is a solution of (25’) we first notice that 
the first term of the expression for w(«) in (28) is itself a solution of the equa- 
tion, if d(a) = 0. 

In fact, substituting in the second member of (25’) we have 


b dé 


6(0)— f SO ae = 6x) — | laa ceads ae ag. 


If we integrate by parts we obtain 


d(x) +e elle $' (Eje eG Wi g 





b dé 


= tim | ¢ ag $' (Eje Se race -{ $'(&)dé =u(wv)+ (a); 


2=0 





for, since 





=, 


b dx b dé 


b dé Sry d&g so 
oT [8 (b)e ViT® ats Ne at (ie ue FENG ECS Na — a), 








and 
<b dé 
fim e/* ° [eee Ss S(é) dé = 0. 


Hence ¢(a) = 0 is a necessary and Rusieiens condition that the first term of 


(28) be a solution of (25’). 
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On the other hand, if C + 0 the expression (28) cannot be a solution of the 
equation. For it is necessary that 


"U(S) oe 
P Gh 


be convergent in the neighborhood of a, and since the integral formed from the 
first part of w(&) is convergent, it is necessary that 


a dé 
Celt 78) 
oryyae ti! 
Peay 
be convergent in the neighborhood of a. But this is obviously not the case. 


Hence that (25’) have a solution it is necessary and sufficient that (a) = 0 
The solution is then unique, and is given by 


Ree » dé 
(29) wayae 9 [ye Riba dé. 


In (27”) we cannot take a’ = a because in general to do this would make the 
integral divergent. Let us then rewrite (27”) as 


ye dx 


(30) u(x) =—e° accel ¢ (E)e ot I8 ae 4 c| 


and substitute this in the integral equation (25’). We know that the two 
members resulting have identical derivatives; it remains merely to show that 
at a given point they take on the same values to make them identical through- 
out. But to show this is no easier than to substitute directly into the integral 
equation. The result of the substitution is the same as that obtained by sub- 
stituting the first term of the expression for u(w), since the second term is 


obviously a solution of the homogeneous equation. The second member of (25) 
then becomes 


b dé 


bie) + [ saad [ee ae la. 


If we integrate this by parts we obtain the expression 
fs dx fe dé 
o(a)—e a d' (Ee f ME) dé 


+ Tim |e ve aie hy (Ee! ae dé | [" wceyae 


“= 


=u,(%)+ (a) — Het U, (@) - 
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where w,(#) is the first term of u(a), 1. @., 


b dé 


ty (2) = —6 7" 1 [gee Mag. 


We can show that lim,_w,(«) = 0 by showing that a quantity 7 can be deter- 
mined small enough so that when (w—a)=n, |w,(a)| becomes less than or 
equal to an arbitrarily given H. We have 


bdx a! b dé 
Im (@)| a a. fet dg 


aR dx b dé b dx al b dé 
Went [ /, §/OdE 4+ Ne ep ro f ls Jé dé, 
8 
where xw=s. Then 


|u,(z)|=N(s—x) + Ne: 


b dx 
by 


1 Fa), 
where we represent by /’(s) the integral 


a’ b dé 
ae Fé) dé. 


Take s = H/2N thus fixing s by the value of H. This fixes also the value of 
NF (s). Take now n=s and so small that if x =n, 

b dx 
Ve se 


x 


We then have 
|u,(e)|= (ano 7): 


which was to be proved. 
We see therefore that a necessary and sufficient condition that (25”) have a 
solution is that 6(a@) =0. The general solution is then given by 


(31) u(w)=— me: ( ene ™ag+ 0]. 


If the function ¢(a) has a zero at a so intense that the expression 


b dé 


if d(Eje o/t TO ae 


converges when « = a, we have apparently the state of affairs which was treated 
in section 6 of the earlier paper. To show the agreement of the two results we 
notice first that the function f(&) of (25”) is not the same as that of (9), for in 
(25”) the function corresponding to A(x, &) of (9) being equal to 1 is not less 
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than 1, and that in order to reduce our kernel to one that.can be treated by 
the method of sections 1-4 we must replace /(&) in (25”) by 


SCE) = AEC) eee 


so that the kernel in (25”) becomes /// i (&€). With this change it is seen that 
the only solution with sufficient intensity of vanishing is 


u(x) =e Se on dp (Eje oti 1 


This solution, provided that ¢'(&) vanishes as above, continues to hold if we 
replace f(a) by af(a) and let a change continually from +1 to —1, thus 
changing (25”) into (25’). 


12. The Method of Approximation. 


Let us return now to equations with kernels of the form A(x, &)/f(&) still 
assuming g(a) =1. 
By taking the numerical value of A(a, a) into f(&) we can write the 
kernel as 
1+ (a, &) 
FARE 





and we are led to the two equations 


aa @ Ai eb, 
(82’) u() = o(e) — [ w(t )ae, 


(32”) (ee) = (0) + fae *) (Bab, 


according as A (a, a) is <0 or >0 respectively. Here condition 3° of the 
hypothesis becomes 


Dice ee 1 


lim > exists, (View west 


ie (xa) ’ ’ Ryice): 


and condition 4° becomes 





lim _, ?(%) =9- 
In (32’) let us write 
u(a) = 1 (e#) + u(x), 


(0) = (0) — [eat 


where 
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and consequently 


“T(x 
wa) = — [ey (Ede [eee 2 8) (Bd, 








or 





Lee Tae 
uw) = (2) — f ae é), u(&) dé, 
where 
ge Mie 
b(o) = — fee) wy (BDA. 
In the same way we may write 
aoe) =U, (2) + u(r), 
u,(@) = $, (x) — [ eS dé, 
14+T(2, 
uw (0) = $,(2)— [A unc eyae, 
where 


= Wao Bade, C 
b,(@) = " FE) 1D) lé. 


By continuing the process indefinitely, we have 
i (evan wo) + ut ( 2), 


Un (€) 


ena) |. Nae dé, 
33 Tey 
se ee o- erie E) ymin (Bde, 
pola Gees Ey 


Pini (2) re dares AE WAG2 Wiha U, -(&) dé, 
and (29) gives us 


(34) u,,(%) = é Pe we ap od. (Ee Sei8 ge. 


We have also 


Pa, @ oa ers 
85) (2) = — a (a) — Pe tai BME. 








It is quite easy to find restrictions on the absolute values of ¢)(#) and 
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Thal vse If 
m 


|p, (%)| = NV, (% — a) ’ 
it follows that 


{(@ b dé 


| (2) |= (e—a)me * |e Se 58 ag. 


If we integrate by parts and remember that f(a) = 0, we have 


ua) Nq(e— ar rey te [pe l*ag |, 





Since 


Je) <e 


b dg b dé 
pel é S, AO 
the last expression in the brackets is less than - 


{ (Ea =s(2). 
Hence ; 
(36) |v, (%)| = 2, (2 — a)mf(2). 
Since a constant A may be chosen so that 
|[C'(e, «)|=A(e—ay, ee Vhs a=c=R, 
we have from (85) and (86) 


ié,(a\/S Aaya nt) +f baal a 


=2N__,A(e—a)je 42 Af (e-aymde 


m— 


=4N_,A(e—a)t’, 


m— 


provided that we take # so that R—a=1. 
Now V,= WJ, where |¢'(x)|=,, and therefore 


|u| =2NF (x), 
LV =A NAR ee | wu, | =2Nf(x) {4A (a2 —a)’}, 
pbbratae a belle Ge oa toamte ing 


iV = (44)N, i =r, Ee |S2.Nf(w) (44(# — ay Ym, 


Mm 





*In ae cases where we can take v—0O, we define a constant [ so that if a=x2=R, 
|U(a, ~)|=T. We then have |¢, (x)|=N,,0"", etc. By taking R small enough, the 
series in powers of I is shown to be convergent. f 
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13. A Solution of Equation (32’). 
Let us now form the series 
(37) U(x) = u,(x) + u, (2%) + u,(@) + cera Se 


This series is absolutely and uniformly convergent through a region a=vx=R 
=a-+1, where £ is so small that 44(#—a)’ <1. In fact 


iL 
= 2s?) ad eee ais 


and U(«) vanishes at least to the order of vanishing of f(a). 
The continuous function U(a), defined by (87), is a solution of the integral 
equation (32’). For, write 


Uw) = (02) +r (w) ++ +, (a2) + TO (a) 
and substitute in the expression 


L(x) =u(v)— (0) + [Aa a Bae: 


the result is 


L(w) = T(x) —9(0) + [ ay E) U+(£) dé 


(é) 
uns pt a -us(e)de+ [ore at 


Uo. € (8) og 
aoe TO ee Hae 














u is 
1H?) eure es a toe Haas 
(a) = T+) (x) — Pri (2) + [ER T+) (&) dé 


+% (2) —o(2) + J i) dE + 14(0) — (a) + i ao 








+4,(2) — 4, eur Day 
a * Tei Ce 
L(x) = U(x) — aui(@) + [ag OE. 


Trans. Am, Math. Soc. 30 
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Now 
lb.a1(@) |S {44 (@— a J VS (44(R—ay OW, 
and 
UD (@) S2NF (a) OD {4A (@ ay S2Nf(a) 3) '4.4(R—a)}" 
=2Nf(2) (44(R—ay "aq, 
a gta PT AA Cea 
Also 
Lge La +0/ = Ps 
| Ot) (&)d—é|=(A 41 Pa 
Le OS eee cea (F) aaa 
INI) Ry rf dé 
= 1—44( R= 
EU Mom ae aes 
1 —44(R—ay 
From these inequalities it follows that 
re ' 2NB +2N(R—a)(A +1) 
DE (2)|S (44(B— ayy | + SSP, 


where b=/f(x). But the right hand member may be made as small as we 
please, since 44(#—a)’ <1, by taking n large enough. Hence L(a#) = 0, 
and U(«) is a solution of the given integral equation (32’). 

In order to extend this solution beyond the point # we may write the 
equation as 


zl Ls 
u(e)= (a) — [ey u(enae + ft ued, 


u(o) = be(n) + fo") ac eva. 








or 


This is an equation with a continuous kernel, and since 


“1+ T(z, &) 
bu(#) = (2) — f arn? UE) AE, 
is also continuous, there is one and only one solution of the equation continuous 
except for a finite number of discontinuities, and finite, for R=x2=b. This 
solution on account of its uniqueness must be independent of the choice of the 


point ?, 
L 
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We have arrived then by this approximation method at a single continuous 
solution of the integral equation (32’), which vanishes as « approaches a at 
least as strongly as f(a). 


14. A Solution of Equation (32”). 
For the solution of (82”) we define 
U(x) = u,(@) + u,(@) + u,(@) + ++, 


where 


ua(e)—=oa(e)+ feat, 4(0)— f eeu ceyae. 


From (81) we have as a particular solution 


b dx LE 
(38) ti, (@) = — ee ir $i (E)et dé. 
We have also 


tn ess Tine 
09) (ey = ate + [Bae 


if the various integrals are convergent. We can in this case also quite easily 
get restrictions on the absolute values of $' (a) and wu, (@). 





If 
>, (x.) = V_( — a)'m 
b dx We dé 
|u,,(2)| =, (R—a)imle A ligt ae 
| 
N(R — a) u(ax)|, 
where 


oy b dx BS?) s 
(2) = ee he aie é f(é) dé. 


Let us assume for the present, and show later, that v’ and C can be found so that 

Ju(e)|=Cf(@)\(w@-—ay” (aSeSP,05”<»), 
R’ to be determined later. When |f’(a)|<1 we can take vv. = 0. We may 
write, assuming this and taking R= Lf’, 


|u,,(%)| = CN, (BR —a)in(a— ay" f(x), 
and from (39) 


I$, (0) SA CM, (RB — am(2— ay" AON, (Bay [oe 


mea) 
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where y—v'>0. We shall take # near enough to a so that (R —a) <1. 








Hence 
/ <— * , ll 
|¢),(%)|=A CN ee Fin a )'m-t (x — ay" (1 .c if ae 5) 

=DON,_,(R—ay=(e = ay" 

= D Ci ( R > eth” 9 
where 

D=A({1-} : 
‘% “5 ih hem =) : 


We have then 
N,, = DCN, 1» tat te YY) 
But since V, = JV, 1, = 9, we have 


|u| = CN (a— ay f(a), 


|d, (w)|=DCN(k—-ay, | ¥,(%) |= DON (L—ay"(w—a)y f(a), 


|, (#) |S DON (R-ayv”, — | u,(«)| = DO R—a)” N(w—ay™ f(x), 


|u,(2)| ={DC(R—a)-"} "ON (e—a)-” f(2), 





$,, (x) ={D C(R-ay "3" N, 


The series 


(40) U(x) = u,(@) + u,(e) +--+ u,(e)+--: 


can now be treated. For if 
1 


1 
(ea) SR-a<( po) 


the series for (x — a)” U(«) is absolutely and uniformly convergent, and repre- 





/ 


sents a continuous function of 4, a=vx=R. And 


0(2)| SM (2 — a") -—por Ray 





U(x) is shown to be a solution of the equation in the same way as for equa- 
tions of the other type. The inequalities are but slightly different. We have 
21 + D(x, & 

L(x) = U(w) — o(#) = f ae UE) dé 


z I(x, 
= U2) — ba(e) = ff ty vem eae, 
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where 

IPn+i(%)| = {DC(R—a)yr"}" N, 
C(R — ay” yt 
DO Lim ON % Ss 





[7+ (@)| = N(x — a)" f(wy CLES 


and 


[ag tr walssn faye 








S(E) caret aye 
<{DO(R-ay" N(A+1)C (ea) 
1 DOCR eae ire pant? 


so that 





| L (a) | Si DOR ay’ yee a4 ee es 


N(A+1)C(x— a)” | 
(l—v){1—DC(R—-a)y} 





The right hand member of this inequality can be made as small as we please for 
any value x, of «7, a=ax= RK, by taking n large enough. Hence L(x) = 0, 
a=xc= RR, and U(«@) is a solution of (82”). 

15. The Function u(x). 


Let us now return and justify the inequalities stated for the function 


Jone b dé 


u(a) (Sa Te S(2 © (ie he 18) dg 


in section 14. This function is a solution of the equation 


se(E) a 
i(e)aas [ fila’ 


We have assumed that f(«) is positive for a < «=F and that | 
F dx 
a J (x) 


is not convergent. We shall show that |u(«)|= Cf(x) when |f'(a)| <1. 
Consider first the value of * 











b dx 
it =, SJ (% 
ae ‘ 

J(*) 
* The method used here is essentially the same as that used in evaluating limz=af(x)/g(«) 
when limz=a f(%) =, limsaag(%)—= 2. See Osaood: Calculus, p. 236. 
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This remains finite as ~ approaches a. We have, in fact, 





i 1 d =( Lae ) 
Fe) Seed 
ab! dx = ( foie) 
dx 


et ee iy Be x F@) 
eet ese)) |) eS 
7@) | oeveo eeo- 
-b dx xl dx = a dx 
wf 14 _ ole | Sx 


CA tae 








or 











Choose w’ = #?’ close enough to the point a so that 
IP (@)|<H, acwee, 


where # is a constant such that /’'(a@)<H<1. There is then a point x <a’ 
such that if a<w=a, the bracket may be written 1+2(a), where |A(x)|=7, 
n arbitrarily assigned <1— H. We have then 

















1 1 
ie ees n) = Ht) 
Vie de re b dx ’ 
ra x f(a) e X fiz) 
and 
1: 1 
a ae ECS 
"bh dx b de 
Le I(x) ee Jz) 


Hence for every point « =x, there must be a point X, wy, <x ee heir which 


2 


a 





Xx) 
b de 


oe” XF@) 
is greater ; otherwise we should get a sequence of points X,, X,, --- having a 
limit point *=,. This point, however, determines in the same way a point 
X, for which Y >. So there is no limiting point in this sense. 
But for all points beyond x, the given function 
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is less than or equal to a certain constant J. Hence 


1 =fe ee 
eee ie Pa fe 
f@) 


and 
b dx 


e Sei) = 79 a) erin’). 


Consider now the function 
“b dx R b dé 
u(x) ae ap alt My MO qe, 
zx 


and perform an integration by parts. Then 


b dé 


(x) = flo) — | pny | 4 AO [peel Mag 


=p(m)(1 4+ 7 Rye*™) 4H (pele Mat. 


We have assumed 2 = RF’, whence | f’(&)| << H 
Defining 
iis 
J'= Jf (Lf )e phes 
we have 


|u(a)[S(14+ Oo) f(x) + Au(x)|, 


2 cpa eg tame ha eG 
Ce aia a 


and since H <1, 





’ 


and this defines the constant C’. 

We now consider u(x) when f(a)=c,|c|=1. The constant c must be 
positive; otherwise f(a) would be negative in the neighborhood of a. We 
have 

(c—8)(w—a)=f(2) =(c+8)(e%—a), a=zrx=a+n, 


where 6 is small, so chosen that c — 6> 0 and neither c — 6 nor ¢c + 6 is equal 
to1. Hence 


il = 1 = 1 ; 
; (c+ 6)\(w—a) f(w)” (e—6)(w%—a)’ 
an ae foe we dx 
|\u(a)| =e 70) fe és) d 70) [ol P78) dé 


_{" dg R qe dé 
e ers e § @-8)(E-a dé, 





IIA 
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If we now perform the indicated integrations, we have 


ja(2)| (FS ae (FSS) rae. 


d 1 / 8’ 1 
C perme gh Ane serge 


If we write 





the right hand member becomes 


(; — sy ( £ ae Vee dé, 
n—a@ > \nN—@ 


where c —0 >0,0—S +1,c¢+6’41. Hence 





(R Os eed lp a)rae 
pea 





a (2) = (9 — ahr" (e — a) ™ 


= (n=ayee 
= |1—c’— d”| 





[(« —_— a)" (R— G) sae aa (x as @) tae 


where we may take & and 6” as small as we please. And so if c=c’=1 we 
may take v’> 0 as near zero as we please; if c>1,c’ <1 we may take vy >1—c’ 
as near 1 — c’ as we please. Hence for the general case c=1, we take 

U 


if a 
y=1—-+e=1-—-—+e 
¢ J (4) 


where ¢ is as small as we please. And thus we prove the inequalities of $14. 


16. The One Parameter Family of Solutions of Equation (82”). 


The question now is presented to us, since we have obtained a particular 
solution of (82”) by one choice of R, whether it is not possible to get other 
solutions by means of different values of #, R = #,, &,, ---, &,, and whether 
there is any sort of dependence among the solutions thus resulting. The answer 
is that all the solutions corresponding to values of # satisfying the conditions 
laid down for it belong to a linear system 


V(x) = U(x) + CW, (a). 


The difference of any two solutions of the non-homogeneous equation (25”) or the 
non-homogeneous equation (32”) is a solution of the corresponding homogeneous 
equation. Now the complete solution of the homogeneous equation correspond- 


to (25”), cs 
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is 
— fF 4 
we) =e ~ = SE), 
If we let W(x) =w,(x%) + W(x), where w,(x) = w(x) and substitute in 


(41) Wa) = [ae weeds, 


which is the homogeneous equation corresponding to (32”), the equation to 


determine W(x) will be 


Wa) = [re w(eyae+ [ ae) weeds, 








or 


We) =y(a)+ fA) woeyae, 


where the function 








“T(2, £) 
ve)= fee eas 


vanishes when « = a, and w'() remains finite as 7 = a. Hence we get a 
solution for this equation, keeping the same value for /? that was used in 
getting U(«) in §14, by forming a function U,(«) based on W(a) in the 
same way that the U(«#) of §14 was based on f(x). OU, (2x) will contain C 
as a factor to the first degree. Hence 


W(x) =w,(«) + U, (x) 


will be a solution of the homogeneous equation (41), and will contain C’ as a 
factor to the first degree. W(«) is not identically zero since it takes on the 
value C when x= &. We may write W(x) as CW,(«) where W,(«) takes 
on the value 1 when x = 7; and we have thus a system of solutions of the non- 
homogeneous equation (82”) given by 


V(x) = O0(x)+ CW (x). 


Now we may write the general solution of (25”), as we have seen, in the form 
< b bad R b ag = rb fe 
v(%) =e |: $(£)e/* We Oe Sc Se) 


Suppose we form a series V(a) in the same way we formed the series U(«) of 
§ 17, except that we use the expressions 


6b dx b dx 


_ fo pe b de _ pe ae : te 
g(a) me (gi (Belt dg + eel 1 mt (2) + On6 foes 
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instead of the terms uw, (a). If we let w, be the general term in the expansion 
of W,(«) we may write the sum of the first m terms of V(a) as 


m m m—1 


2 
Dd u;(@) an C Dd w,(x) at crs w,( x) pag 2 ae Cals in Ue) ae C,,W, (@ )» 
i=1 i=1 i=1 i=1 


We have already shown the existence of the limits 


mm m 


lim >) u,(x), lim > | w,(a)|. 


m=o t=1 m=0 ¢=1 


We now investigate 


(a) lim p2 >t w, (2) 


ma=n 
The expression (a) may be rewritten in the form 


m pp 


lim De Ds C, Wai; * 

m=n p=l1 i=l 
Consider now ¢,-+¢,+ +--+ and w,+w,+--++. Since w, + w,+ --- is abso- 
lutely convergent the product of these two series will be the series whose general 
term is 


p 
Ds Ciao 
i=l 


i. e., the expression (a), provided that the series of c’s is convergent.* We see 
then that if the series of c’s is convergent, the series of v’s is convergent, V 
represents a function belonging to the linear system already discovered, and is 
hence a solution of the integral equation (32”). 

On the other hand if the series of v’s is convergent for one value of a, 
«o= i, =, V is again of the specified linear system. For we may write 
v,,(«) in the form 


m 


Ry dx Ry dé fh dx 
na 


fide eR ag de 
v,(w)aes Ig (Bet TOdE + c,.¢ 


J (4) 
m ’ 
2% 


so that 
och) a C.3 VUES) =: her 
0 
and the series 


cs =— 
20, =O 
0 


is convergent. The series for V(x) is therefore convergent for a=x=f,, 


* Encyklopddie der Mathematischen Wissenschaften, vol. I, page 96. 
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and the function V(«#) may be written in the form 

U(x) + OW(«). 
Since, however, all solutions of the form 

U(x) + CW,(«) 


are convergent at « + J?’ they all belong to this family. In fact W,(#) is a 
constant times W(x), both being solutions of the homogeneous equation, since 
by the above treatment, putting ¢(a) = 0, the family CW,(a) is contained in 
the family CW(x); and U(«) is therefore given by U(x) + C,W,(2), 
where Cis some constant. So the two families are identical. We have thus 
shown that all solutions obtained by taking different values of 7 in the develop- 
ment of §14 are members of this family. 


17. Hatension of the One Parameter Family beyond R. 


We have still to see how we can extend our solutions beyond the farthest 
point 2. We may write (32”) as 





1+T(2 
u(oyab(o) +f wre 


where 


1 os Os 
voy o(o) + [A a(eyat 





R 
= o(0) + [ae (U(E) + OW, (E) a8. 
S(E) 
This equation, when the value of C is specified, gives rise to a single solution 
u(x), since in the region 2 =x=b the kernel and the function y,(a) are 
continuous. Moreover this solution has at # the value y(/?) or C and 
hence joins on continuously to the particular solution that was assumed from 
ato f. 

In particular the solutions U(a) and U(«#) + W,(«) can be so extended, 
and there will be a one-parameter family of solutions U(#) + CW,(«), arising 
from the fact that W,() is a solution of the homogeneous equation. But this 
family is identical with that obtained by extending each solution separately, since 
there is only one solution that takes on the value C when x= R. Thus the 
solutions are extended uniquely and continuously to the point b. 


450 G. C. EVANS: VOLTERRA’S INTEGRAL [October 


18. The Theorem of section 10. A more General Theorem. 


The theorem of § 10 is now easily made complete. For given the equation 


20) wa) (0) +f Faye ny t(ED 


satisfying the conditions of that theorem, we succeed, by making the substitution 


= UL wv UW @ reat 
w(a)=u(e)g (a), u(w) =, 


in transforming the given equation into the equation 


(42) w(2)= bo)o(a) + [ rapetiey wl Ea, 





so that if w(a) is a solution of the first, w(x) is a solution of the second, and 
vice versa. But this latter equation is of the type of section 12, for which we have 
solutions continuous in the neighborhood of a and vanishing at a as strongly as 
S(«)g(x) if K(a, a) <0, or f(x) g(x) /(e—a)” if K(a,a)>0.” Hence 
the solution of the given equation for (a, a) <0 is continuous at @ and in 
its neighborhood, and for A (a, a) > 0 the solutions of the given equation con- 
stitute a one-parameter family, continuous in the neighborhood of a except at a 
and, as we approach a, remaining less in absolute value than f(«)/(«2—a@)” 
(sincev>v'). It is possible, if A(a,a)> 0, to have solutions that become 
infinite at a. 
It is worth noting that by the same sort of substitution, 


g(@) 


eee Ge 





u(a), 


we can treat the slightly more general equation 


SACRA a 
u(a)= (a) + f Art) Kl, B)u(E) de. 


In fact we have the following theorem: 
THEOREM. In the equation 
“h(E) a (#) 
u(e) = o(#%) + Fe aan K(x, b)u(E) dé, 
if 
1°. (a) K(x, &) is continuous in T, and f(x), 9(#),f,(@), g,(@) and the 
first derivative of the function f(~)g9(«)/f,(@)g,(%) are continu- 


ous int; 





ae ee a 
_ ~ 
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(0) 0K (a, &)/0x and OK (x, &)/0& satisfy condition (A) and are finite 
in I; 
(c) (a) is continuous in t except at «=a, and is such that the func- 
tion b(@)-g(x)/g,(v) and its first derivatives satisfy condition 
(B) int; 
2°. the function f(«)g(#) is greater than zero in t except for the value 
x =a, and for the value x = a vanishes in such a way that 
“ACE 9:0) g 
«a S(E)g(@) 
is not convergent ; 


Bai (a, a) + 0; 


4°, lim (x) 20%) _ 
aa 9,(#) 
then under the foregoing conditions, 
(i) if K(a, a) <0 there exists one solution of the equation continuous 
throughout t except perhaps at a, and this solution as « approaches 
a remains less in absolute value than some constant times 
T(x) [f, (x) 5 and 
(ii) of K(a, a) <0 there exists a one parameter family of solutions con- 
tinuous throughout t except perhaps at a, and each solution as x approaches a 
remains less in absolute value than some constant times f(«)/[f,(@)(w—a)”], 
where v is any number that satisfies the conditions 


1 
lil gerne dh 


19. Extension of Solutions Beyond a Second Discontinuity of the Kernel. 








LS Oe v>1— 





The question arises as to whether the solutions can be extended beyond a 
second vanishing point of f(«) or g(x). In general they cannot, as the fol- 
lowing example shows. The equation 





u(x) = $(x) St eG 


has the single solution 


Pees a—x 


u(x) =e/* sae) “Peet Pao 8)" a 


which becomes infinite as x approaches 2a. 
Still, there are large classes of solutions that can be extended. A condition 
is that the solution itself vanish at the point where f(a) or g(«) vanishes. 
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20. Discontinuity at the End of the Interval. 


We have confined ourselves to integral equations (1) where a=wv=b. 
When, instead, we have a= x=), so that the discontinuity in the kernel is at 
the end of the interval, if we make the substitutions 


v=a—X, C=a—X, 
foa-f, §F=a-E, 
dé = — dé, 


(0<eSe2-07; 


the equation 


at vy 
u(m)=o(e) + f ravarey (eae 
dG =. 0's Gra o) 
SG Sg (a — 2) 
u(x’) = d(x’) — ey) 
= 80) — | sa 


Hence an equation where A(a,a@)>0 is changed into an equation of type 
(32’), and one where A(a, a) < 0 into one of type (32”). 


is reduced to 


u(a—a)=o(a—a’)— u(a— &)d&, 





or 


a(E dé. 


21. A Different Point of View. 


An instructive point of view as regards the nature of the solutions of (32”) 
developed in section 16, is obtained in the following way. If we had written 
(32”) in the form 

"1+ A(x, &) 
u(x) = w+ [ u(&)dé, 
(2) = (0) + [ ce) 


thus introducing the parameter ),* and sought for a solution as a power series 
in A, 





V(@) aa v(#) af Av, (@) Te r*v,(@) faa.) 


the conditions determining v, (a) would be precisely those that we have already 
found, and would yield 


_ fo ae 
Uh w)=u,(e)+¢,¢ eae 


Hence all solutions analytic in X belong to the linear family 
U(«x)+ CW,(#). 


* This is analogous to the point of view of M. T. LALEsco in regard to equations of the first 
kind. T. LALEsco: Sur l’équation de Volterra, Journal de Mathematiques, ser. 6, vol. 4 
(1908), p. 125. See Transactions of the American Mathematical Society, vol-.11 
(1910), p. 395. 
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The same investigation applied to the equation (82’) shows that there is one 
and only one solution of the equation that is analytic in 2. 
22. A Restrictive Theorem upon a Class of Solutions. 


We can go, however, somewhat farther in limiting the number of solutions of 
equations (32’) and (82”). The solutions so far developed satisfy the condition 


ea 
(wa) 


We can show that any solution which is continuous in the neighborhood of the 


Pigs) == Const a 


origin, except possibly at the origin, and which satisfies this condition, is among 
the solutions already found. We have the following theorem: 

THEOREM. (Given the hypotheses of § 10, 1°-4°, the solutions there spec- 
ified are the only ones continuous in the neighborhood of the origin, except 
possibly at the origin, such that in the neighborhood of the origin each solu- 
tion satisfies the condition 


f(#) 


oe 
or, more generally, if 


De ed) — Ka, a), 
ch || a a (Ede, 


bie(ee) '=-const=—— 





such that 
(a) B(x) approaches zero as x approaches a; 
(b) ®'(x) remains finite as % approaches a. 
There are no such solutions if 1°-3° of section 10 hold, but not 4°. 
By the transformation 
Wee w(x ) 


F g(@) 


the given equation is reduced to the equation Ok 





(42) w(a) = o(x)g (x n+ [a Pace aA” (&)dé, 


and the condition becomes lim ®(~)=0, and ®’(a) remains finite, as a 
approaches a, where 


ha, 6) — Hla, ao) 
@(a)— faye) Oe 


If we assume the first part of the theorem of this section, the second part 
follows immediately. or since 


se seaaays o(2)+ | 





w(£) 
CHA. 





dg 
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w(x) must satisfy an equation of the type of (25’) or (25”). But we have seen 
that it is necessary, in order that there be a solution of those equations, that the 
term not involving the dependent variable have zero as a limit as « approaches 


a. Hence 
lim [6(«)g (#) + ®(w)] =0. 
But imi 
lim ® (a) == 0; 
so that ie 


lim [4 (@)g(#)] = 9, 
which was to be proved. 


If in (42) we put d(x) for (a) g(x), f(E) for f(E)g(E), and u(a) for 
w(x), we have the equation of $12, which is then reducible to (82) or (32”). 


The condition then becomes 


xc=a 


lim®(#)=0, |S(@)|SN, aSeSd (a’ >a), 
where 
SL ee) 
ae) 


Let us investigate this theorem in regard to equation (382”). Replacing 
1+ (a, &) by K(x, &) we write (32”) as 





D(a )e u(&)dé. 


bial GE 
(43) u(a)= $(a) + [ neu EME. 
The equation (25”) then becomes 


"IC ( ue) oe Li es 
(44) u(oe) = $(0) + [Oa eye, 





and we can obtain a solution of it by a method of approximation from (48). 
For, let U}(#) be any chosen solution of (48) that satisfies the conditions of 
the theorem, and let us try to find a solution of (44) in the form 


u,(%) = O08 (%) +02 (%) +U% (x) + --- 











where 
* K(x, & 
(45) Tr(a) = @2(0) + [<a oe (eae, 
and 
(46) (x) =— [ —@22o_ceyae, 


: Lads 
)(22) = $(«). 
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Then O)(«) = — ®(2), as defined in the hypothesis, so that ®!(a) = 0, and 
d®!(«)/dx remains finite. For U?! take the solution developed in section 14, 
on ©!(x) asa basis. That analysis gives us 


CNf(x)  * 


are a) Gre hew 


(RSa’), 


so that 
DO(R— a) 
1—DC(R- a)” 





poe (as) |= 
~ gince 


In the same way 














ee ee DOR ay?) ON a) 
(2) |O2(@)| (#0) | DG Ro | TODO 


and 





DOUCET ane |i 
(8) [OY (2)| SIV | ma eae 


If we denote this parenthesis by p we have 


Dex (2)|S7— 


and the series for w, is uniformly convergent for a=a%=d’, since taking # near 
enough to a we can make p as small as we please. 

The function w, thus developed is shown in the same way as in § 14 to bea 
solution of the equation (44), which is, of course, equation (25”). Let us now 
pursue a method of approximation from (44) back again to (48), defining each 
solution of (44) by a method of approximation from solutions of (48). We define 





“De, &) 
b(o)=[ T(E) u,(&) dé, 


and in general 


Pees £) u(e)= SU" x 
$,(0)=[ rude, u,(2)= 2 Ua(2), 





U3(2) = @r(0) + [on (ae, 
“D(0€) pp, 
HN oe 


* Or CNf(«)/(1— DCT) when v= 0. 
Trans. Am. Math, Soc, 31 


(©) = — 





(E)d&, Pi(x)=9,(«). 
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The series for w,(«) is a solution of the equation 


u(2) = 4,(2) + [nerd 


as may be proved by a method similar to that used in section 14. 
We have in fact, 


_ PLO S op 
b(a)= | aL Oneal 


py ar &) : 
ea ol Sy 


m=0 Va 














j+1 
and the limit of this as 7 becomes infinite gives us, the last term disappearing 
on account of the inequalities (a), (8), 


2 €) oy 
$(e) = 2) [ieee Une ia 


m=0 Ja 


or 


Paw) oy ®),(«). 


n= 


We see then that if we define 
GE uje — Pall egy 


m=1 


it will be a solution of the equation 


Tyw)= (0) + f AW? Oy (Ede, 
and will satisfy the inequality 


XN ; ,__(h— ae 
|) (#)|=(%—-—a)- Ol eparst since (e—ayrs 


Now if we determine U! (aw), m > 0, as the function U of section 14 based on 
@! (aw), we have 


OM (@) Sp, 
and 


} NV 


>| DUG [ree 





And if in general we put 


U3(2)=— L U(2), 


m=1 
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U"(«) will be a solution of its proper equation 








Us(2) = B3(2) + [AVE oy eyat, 
and 
N 5 a; 
(MIT @)1S@—ayee) 5 (G25), lex@s (25) 
and 
(8) Pu (PSD 1Ox(=)12_>5(72,): 


formulas that are verified by mathematical induction. 
Let us now consider the function 


V(v) = lm [u,(@) + u,(w) + u,(w) + +++ +u,(x)]. 
We have 7 
Uy(%) + u,(%) + ++» +u, (x) 
me ee var 


£Oa(0 eo: (ays Un oe 
and this reduces to 


O}(@) — Ot" (a). 


But by (7) 
N p n+l 
n+l = peed Sh My Sa fas eee 

Ts" (@)|S(e—a)-fe) (725), 

whence if we take # so small that p <<}, i.e, p/(1—p) <1, we shall have 
4 lim | 7"*"(a)| = 0. 
Hence cE 
Vitae Uo (e.) 
But since 


De u, ( x) 
n=0 
is convergent for 7 = #, V(«) must be one of the linear family 
inva Ua) COW (a )." 


Hence any solution that satisfies the conditions of the present theorem is a 
member of that one-parameter family. 

This same analysis applies to equation (32’). In the case of (82’), since each 
u,,(#) is uniquely determined, there is only one possible solution. 





* See section 16. 
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23. A Restrictive Theorem upon the Totality of Solutions. 


So far we have considered only finite solutions, or at most solutions that 
become infinite at « = a to an order not greater than the first. It is possible, 
however, to limit the totality of solutions as to character. 

TuHeoreM. Let the kernel of (1) be in the form 


K (a, E)A(E)* 
S(E)9(#) 
where 


1°. (a) K(a«, &) is continuous in T,+ and f(x), g(x) and f(x) are 
continuous int; 
(0) 0K (a, &)/0& = K,(x, &) satisfies A, and is finite in T; 
(c) @(x) is continuous in t except perhaps at a, and is such that the 
Junction }(x)g (x) is continuous at a. 

2°. The function f(x)g(a) vanishes at most a finite number of times int. 

3°. On any horizontal line & = &, cutting T there is at least one point in 
T for which K(x, €) + 0.% 

Then all the solutions of (1) continuous in t except for a finite number 
of points are such that the function u(x) g(a#) remains continuous in t, except 
possibly at x= b.§ 

This conclusion is equivalent to the statement that there can be no solutions, 
continuous in ¢ except possibly for a finite number of points, of the equation 


u(e) = 6(0) + f(a, BAD ul Bae, 


and not continuous in all points of ¢ except possibly x= 6b. In fact equations 
of the first form may be reduced to those of the second by change of indepen- 
dent variable (see section 18). 

For the proof of this theorem we need the following lemma, which is stated in 
slightly more general form than necessary : 

Let h(x) be a function of « continuous for A <x = B except for a finite 
number of finite discontinuities, such that 


B 
{ h(x) dx 
A 


* This redundant form of expression for the kernel is used on account of condition 3°. 

t If we replace the triangle 7 by the square S: a=f=b, a=x=b this theorem holds for 
the equation with constant limits, u(x) —=¢(2) +f? Ki (aye iw (e) dé. 

t{ An example that does not satisfy the condition 3° is given by BOcHER, Introduction to the 
Study of Integral Equations, p. 17. The equation is u(x) =A Be f=—&u (&)d&, which has as solu- 
tions u(x) = kx*—!, which are non-integrable. 

§ This exception was not noted in a preliminary paper, Bulletin of the American 
Mathematical Society, 16, (1909), p. 130. 








converges. 
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Let aha, be a function such that r(x) and r(x) are continuous for 
A=a=B except for i Het number of finite discontinuities. 
Then 


(" r(x)h(x)dx 
converges. 3 | 


The statement is easily verified by integration by parts. If B’> A is any 
point before the second discontinuity of r(x), 


fi r(e)a(w)ax = for, h(x) dx + (BY) [- h(w)de 
| ra f “¥@) | A(s)dsde, 


whence if in the region A =x = B we define P, P’ and a by the relations 


P=\|r(x)|, =|v'(x)|, 


we shall have 


B | 
Lf r(x) h(«)de| =PQ+ P’Q|B — Al. 
\JvA | 
To apply this lemma to the conditions of the theorem it is convenient to extend 
our integrations outside the oblique boundary of Z. For this purpose let us 
define 
K(«, &)= K(x, 2), cee. 


by which means a continuous extension across the boundary line = 2 is pro- 
vided. Beyond this boundary we shall have K,(a, &€)=0. 

Let us suppose that « = a is the first point where w(a) is not continuous. 
On the line =a in 7 there is a point in the neighborhood of which 
K(x,a)+0. Let x =~, bea point for which A(a#, a) + 0 and for which 


[epg cpa 


is convergent. Then also 


x f(£) 
ij K( as €) Hep) (EAE 


is convergent, a=R=xz,. Let us fix # less than a,, any second supposed 
discontinuity of u(a), and near enough to a so that A(a,, €)+0,a=E=R, 
and 7(€)+0,a<é=f. 





Te 
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In the integral 
[ xen g 


take the integrand as the function h(&) of the lemma. As r(a) choose the 
function 
Meio S 
K(x €) 
which for a fixed value of is a continuous function of &. The value of 7’(&) 
is 


(a<z=R), 


Wp) = Real 8) — Km 8) (8) 
5 [K (2, 8) 


and accordingly remains finite. Consequently the conditions of the lemma are 
satisfied. Since 

r(E\A(E) = Ka, By) ue) 

ac) 


we have the convergence of the integral 





BGG aay t 
{ Ee ea u(&)d& (cSt 3 
which carries with it the convergence of the integral 


u(2)— oe) =f POtee 1 Ey py w( EAE (aSzSRPR). 


Since the numbers P, P’, @ of the lemma can be defined as independent of a, 
it follows that 


Kim f(s 8) gy mE) AE =O. 


and therefore, since ¢(a) is continuous at w = a, u(2) is also. 
In the same way the integral 


I aes Aub eB) aE 


may be treated, where « is in the neighborhood of a, (a, + 0), the next suc- 
ceeding possible discontinuity of w. The integrals 


BRAC 5. aeene) 
[ Key ed, [Ke OB u(eae 


are continuous functions of wat «—=a,. And therefore, since ¢(2) is contin- 
uous, w(«) must be continuous at x = a, also. 
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24. Continuity of Certain Functions Represented by Definite Integrals. 


In particular the above method of proof establishes the continuity through- 
out t except at b of any integral of the form 


[eee ie ea 


where G(x, &) is continuous in T, OG/0E satisfies (A) and is finite in T, 


and u(«) is a solution of the equation 


u(e)= (0) + [ K(e, EGE (ede, 


and therefore where u(x) is u solution of the equation 


ear acy ae 
u(a) = (0) + [ AL Shane JAE) g(a i Ucey de. 
under the conditions imposed in section 23. Also if G(x, &) and 0G'/0E merely 
satisfy (A) and are finite in T, the integral is continuous in t except at a finite 
number of points, and remains finite except possibly at x = b. 





as Bepication to Analytic Kernels. 
If we let g(vw) =1, f(#) = = | the equation (1) becomes 


w(e) = (0) + [ A(E)K ow, Bul Ede. 


We know that there is one and only one continuous solution of this equation. 
The theorem of section 238 tells us that this is the only solution continuous 
except for a finite number of points. 

Under this special case is included the integral equation with analytic kernel ; 
for any function of the two variables analytic in Z’ can be written in the form 


S\(E)K(@, &) 


where A(x, &) satisfies the conditions of section 23. If (a) is also analytic 
the unique solution is the known analytic solution.* 


26. Hquations for which section 9 gives the Complete Solution. 


Let us make the hypothesis : 
The kernel of (1) shall be in the form 


Ka, E) 
S(E)g(@)’ 


*Tf the kernel of the integral equation with constant coefficients is analytic in S and if ¢ (2 ) 


is continuous in ¢, the continuous solutions are the only solutions continuous except for a finite 
number of points. 
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where 
1°. (a) K(x, &) is continuous in T, and f(x)g(x) and first derivatives 
are continuous in t; 
(b) 0K (a, &)/ex and 0K (x, &)/0& satisfy A, and are finite in T; 
(c) p(x) is continuous in t except perhaps at a, and is such that the 
Junction d(i) g(x) and its first derivative satisfy (B) ; 
2°. the function f(x) g(a) is greater than zero in the neighborhood of a, 
and vanishes at a in such a way that 


i dx: 

| » S(@)g9(@) 

vs not convergent ; 
se K(a,a)+ 0; 
AS lim $(x)g(x) = 90. 


Under these conditions the requirements of the theorems of sections 9 or 10 
and 23 are satisfied in the neighborhood of the origin. There are some cases 
where the solutions specified in section 9 are the only possible solutions of the 
equation continuous except for a finite number of points. To investigate this let 
us impose the further condition that 


aR 
a(S saenae 


shall satisfy A and be finite in T.* It is easy to show that if in addition 


(i) (a, &) is constant when & = & or (ii) it is known that the derivative of 


u(@)g(@) remains finite as «x approaches a, then all solutions continuous in t 
except for a finite number of points belong to the system of section 9. 
We have the equations (see section 22), 


oe fee iS AAG, a) 








B (is) oa eA eG a), ste “+f Ale De (5) ae (amen 
where 
GUE) a 4 (os 1 eal: 
In (Z) 


K(«,2)— K(a,a)=0, 
and since the integrals 


“Ke, £)— K(a, 4), K(a, £) 
irae ANS (2) ce 


* This condition was left out in the preliminary paper mentioned before. 
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are both convergent and remain finite at 7 = a (see section 24), B(x) and ®’(ax) 
both have the limit 0 as x approaches a. Hence the conditions of the theorem 
of section 22 are satisfied. 

In (it) we have 


u(w)g(0) = 6(e)g(a) + f AMP ul eda, 





© {u(a)g(a)} = wp (6e)9(0)} + ua) [NEP ude (oka), 








J ‘ aes falar 
* (a §) | K(x, w) | 
4, (ula)a(2)} — © ($(a)(2)} — 4m MOE = say Me) Gta), 
where 
BAS yf) 


Ky (#, &) = . 


The first member of’ this last equation remains finite as x approaches a; hence 
the second member must remain finite. And since A’(a, &) is continuous and 


K (a, a) + 0, the function u(2)/ f(a) and therefore 


[ K(x, «)—K(a, 0)) Fa 


remains finite as « approaches a. Hence by section 24 


lim ®(a) = 0, 


and '( w) remains finite as x approaches a. So the conditions of the theorem 
of section 22 are satisfied. | 

The solutions specified in section 9 are therefore the only solutions con- 
tinuous except for a finite number of points. 


27. Equations Whose Kernels are Analytic Functions of x, & Divided by a 
Power of &. Treatment by Power Series. 


Let us now consider in the neighborhood of the origin equations where the 
kernel is in the form of an analytic function, 


AG ape) dX 2 4,2, 
= j= 


divided by an integral power of €, &*. This kernel is no less general than that 
in which the denominator is of the form «” &", since the second case can be 
reduced to the first by a change of dependent variable. We shall suppose $( 2 ) 
also to be analytic at x= 0. 
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Let us seek analytic solutions of this equation, 





(48) u(ey=o(n) + [Eu eyag, 


in the neighborhood of the origin. Substitute 


u(n) = Dba 8) = Dg 


=o: cae 1 ao? Sy, pitt EP (eS ASS Oe 
aivann= 0 


The equation then becomes 


ey = Soe" ve Pesp20.( ‘3 pe>ae gv cnc ‘dé. 
i=0 pe lee 
Let us formally determine the coefficients 6,. Our operations will be justified 
by a proof of the convergence of the resulting series for u(a#). 

We have 


nD Dn cL wo r 

gine i ee 

Laat Dowtt [ Oe, va, ede, 
i= i=v 0 r=A r=A i=0 

We may assume that A’(w, €) contains no factor €. Hence in order that the 

integral be convergent it is necessary that w(w) contain #” as a factor. Under 

these conditions we get 





= a Oru p Vy 
48’ b.x = iat i, i, p—t gp? et 
: 2 xg +2 2d 2p op iad 
and 
: — > a; p--t 
(48”) (FPR Pan 4 ae 2 >, ae yy SR REET: 


Or, writing 
r—rA=M, r=rA+™m, 





we have 
m+rA— ate Pp a; pe 
b = a > > : = 
+0—w+1 — Gmtr—p41 re Se ° : 
m Me m Me SS 6, Lard 11) + = mM—ot il 


To determine 5, we have the equation 


1s Ais LG ee Ea ee tae 
j—o 27e a A— b— a + 1 m+A—ph+1 so DNase 


m+rA—M Pp a 


ae Ds Bat r— >» P= 


p=A+1 Pm+rR—pH—i+l’ 
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or, on writing s=m+rA—p, 





: Qi vi 
rs b, ( ae =f Nee mn = 4; at 7) =, Imntr—w+1 7 Oyen i 





49 
( ) m—1 m+A—s an ; 
b. a; m i 
10 ay mtr—pw—i+l 
Since 6 = 0 for m <p, g,, must be zero for i=. 


We have seen that if X= 0, i. e., A(0,0) + 0 the solutions are developable 
into a series of functions which have essential singularities at the origm. And 
so in general we may expect the above series for w(a) to have no circle of con- 
vergence ; this in fact can be shown by particular cases, the coefficients 6 being 
comparable to m! in magnitude. In the special case when » — 7X = 1 however, 


the convergence of the series may be shown. ‘The equation to determine 6, 
becomes 


d. ; m—l1 m+rA— 8q 
(50) b, (1-x, act) = USE Bile De tac —, 








j=9 MN a 420 m— 
or 
m—1 m+A—s 
a, ences —t 
PE, 2B 
b peat Im =0 = 
ly SR a1 Us, nt 
1 me oi vy zest 1 a 1, i 
es —1 Foie —i 


Let us take m =m, great enough so that 











r A 
- > tert! . ~ >> |G, | =F 
See 0 ty Ao ee 
Then we shall have 
m—l m+A—s | a; es d 
4, m+A—s—t 
| +220 2 Ty La aE (m= m)), 
sp 4+=0 
and therefore 
ni m+A—s 


|b By eA aes 218, » |a i, m+A—s—t 
Let us define 


A+s 


Mh ae 2D | &;, Aa 


t=0 





Then c, is the sum of the absolute values of the terms of the sth diagonal in 
the rectangular array of («, €), and 


is a power series with a radius of convergence p + 0. With this definition we 
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can write our last inequality as 


m—1 
|bnl <2] Gq] +2 2215, ) ens (m> mp), 
sy 
or, since 0, == 0, = =< == Oy == 0, 
m—1 
b1<2l9n| +220 18,| en. (m> my). 
s=0 





Let us define . 
m—1| 
b, = 219, | + 2 2 Peak he 
s=0 


Do Oa rer] (j=0, 1," ee 


assuming for the present that the coefficients in the series for b, up to the m,th 

term have been defined. They are, of course, defined uniquely beyond that. 
Then |6,| <6). In fact |b,|< 6), |6;)<0,, --+, |0,,| = On eemeoee 

|d,|, «++, [5,,| are respectively less than 6), ---, 0’, then |b,| < 6’, as we see 


mo | 


from the explicit formulas. 
Accordingly we have merely to show the convergence of the power series 
oO 
T nnpm 
PD es 
m=0 


But we shall show, and the convergence of the given series follows from this 
fact, that if 


yy Ye” and Da Ka” (Ym D> 0) Kon Oe 
m= 


m=0 


are convergent throughout the circle of radius p > 0, there is a circle of radius 
p > 0 within which the series 


i-2) 


De [es ae” 


m=0 
is convergent, a series whose coefficients are defined by the relation 


m—1 


B, = yas f sD BKn—e 
s=0 


For if R <pand &R <1, then 


M 
Ym S Pn? 


where JZ is some constant, and there exists a constant JV such that 


BLY a 


a — ——e 
Un Oars Cer << R™? 


Se 


whence 
Mo Nw 
= = 
= R”™ 2 R”™ 2, B;. 
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Now if we define 


| _ M Ne 
(51) B= 8, 8.= pet ped F, 


we shall have 8 < 8’ But by (61) 


; Lire eet 
B', zi (3° ) Bos: 


Therefore if p< R /(1+ 1), the power series defined by (51) is convergent 
for |x| =p’, and the series, 


. 
We 


oo 
bas B am 


m=0 


is convergent throughout the same circle. 
It remains to see under what conditions the terms b,, i < m,, in (50) will not 
be defined. This will be when for some value of m 


Xr 
‘Papeete gis 


Mm—i 


Otherwise, namely in the general case, there is one and only one analytic solution. 
Since « — \ = 1, it is necessary that 


I=H=N=Hs = Ji1= 9. 


There cannot be more than + 1 integral values of m for which 


Let these & values be m,, ---, m,. Then there is a one-parameter family of 
solutions of the homogeneous equation if we take b,,6,,---, b,,.,.=90 and 
choose 6,, arbitrarily. In general these are all the analytic solutions of the 
homogeneous equation. For suppose b, (4 <m,) is the first coefficient not zero ; 


let 6,,, be the next coefficient for which 


Then substituting in the equations (50) g,, = 0, we see that the condition 


m—1 m+A—s8 


2 6, > wee 


s=u 


must be satisfied. If this condition is satisfied for one value of 0, it is satisfied 
for all, and if it is not satisfied for any chosen value it is satisfied for none, since 
the succeeding coefficients up to 6,,, are uniquely determined from 6, and linearly 
dependent on it. Kernels can be chosen so that this condition shall be satisfied 
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and equally well so that the condition shall fail to be satisfied. Of course if 
& > m,, there can be no analytic solution of the homogeneous equation, other » 
than w= 0, since b,---b, ,=0. 

If there is a particular analytic solution of the non-homogeneous equation, the 
general analytic solution will be the sum of this particular solution and the solu- 
tions developed above for the homogeneous equation. A necessary and sufficient 
condition that there should be a particular solution is that b’s can be found 
satisfying (50). The equations (50) include among them the equations 


=) M;+A—8 io ms jta— 25 —i a) 0 (japon k 
In, + 2 8 S = VD es oh) ) 
‘= 


1h m, —1 


which can be regarded as equations restricting certain coefficients in the devel- 
opment of d(x). It is sufficient for a particular solution if, in addition to the 
general restriction 9), 91, -**> J, = 9, also 9,59), +-*5 Im, = 9: 

Then 6,, b,, «++, b,, +++, 5,, may all be chosen zero, and a particular 
solution thereby uniquely determined. 


28. Case where 1 —X>1; Asymptotic Developments. 


As we have already noticed, the series are in general divergent when 
##—-2X>1. In the cases that fall under the treatment of the present paper, 
that is, in all cases where \ = 0, these divergent series still have meaning. 

To interpret these divergent series let us put 


u(e) = de ‘+u (x), 


where the 0’s have the meaning already assigned to them, and where w, (a) is to 
be determined. Substituting in the equation 


(48) « u(x) =¢ g(a) + fe (é) dé, 


we get 


SS une ys (2)= Dg (e) + [AE é) > 3, E dé + = u(£) dé, 


i=l) i= 











or, to determine w, (2), 
n 


(52) U,, r= o,(2) + [ 


where 





"EK (@, &) (E) dé 


AGES: 





6 (0) =— Dba + Dawt fy 


But from (48’) and (48”) we know, putting \ = 0, that the function 


n—p+1 n—p+l1 


A; pi r— of 
vr, (@) 7 wee b,x" i dX ge an “>be ASD a! ai 


r= iL p—0 i=y * — BP — t+ 1 


i= 
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is identically zero. But the function 


wn 


) r—n—1 
Poet) ols ge + DS DS bg) Sar astig he 


p a 
t=n—p.+2 r=n+1 p=0 i=vu"—Kh—? aL 1 





vanishes to the order n—m+2. Hence ¢ (a) vanishes to the order 
n — p + 2, and since we have a simple power series, (x) vanishes to the 
order n—p+1. Now by the development of sections 11-15, we know that 
there are solutions of (52). In that development we may take vy = 1; and any 
solution, since | ¢’ (a) 





= No"“*", will satisfy a condition 


|, (2)| = Nar"! One" S CNet” S CNe" (since <1). 





Now 
n—l n—1 
(a) = NE bw+be+ue= »y ba + u_.(@). 
i=U =) 
Hence 
Fras (x) = b, a" te U,, ( a) 9 
and 
| u,,_, (2) | = const x”. 
Hence 


7 
an i= n+1 
u(w) — >> b,x! = const x". 
i=0 
This is the meaning of the power series development. It is asymptotic.* 


29. Equations of the First Kind. 


The treatment of integral equations of the first kind 


(58) res + [ K(x, £)u(£) dé 


with analytic kernels, is analogous to that of section 28. There is no gain in 
generality in having a denominator &" in the kernel, because such a denominator 
may be removed by the transformation u(&) = &"v(&). 

Equation (53) can be reduced to an equation of the form of (48) where, with 
some exceptions, ~—A=1. Or from (48) we get at once the equations for 
the determination of the coefficients of the analytic expansion of the solution by 
putting « = 0, and omitting the 1 in the parenthesis of the left hand member. 
The equations then are 


a; 


het a a m—] m+A—s a; ne aPeY 
(54) —2, ( 2d moer+ 12 :) = Jmtati + 2 2, 2d a intcys ). 








Cet 





* BOREL, Legons sur les séries divergentes, page 35. 
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Consider now the equation 


> 4, A—@ 
ee) > (aaah 


which cannot have more than 2 integral roots. If the left hand member does 
not vanish for any integral value of m, and if its product by m does not vanish 
as m becomes infinite, the power series defined by (54) is convergent, as may 
be easily shown, and a necessary and sufficient condition that it be a solution of 
the equation (58) is that 





Jor is 9 r= 9. 


If there are integral values of m that satisfy (55) the considerations that 
enter are those that we have treated on pages 467-8. The condition that 





lim mm ae eyo 0 


is equivalent to the condition 


A 
(56) 24, a-1 > 0." 


30. A Problem in Hydrostatics. 


Let us now return to the example from hydrostatics given in the earlier paper. 
The equation to be solved is 


PR CACO. 
o()— f Se (E)de, 


where g(a) vanishes at least to the first order when «=0. For convenience 
let us consider g(a) as an analytic function, and let us suppose a, — g/(0) + 0, 





where 


G(x — &) =a, + 2a,(a—&) + 8a,(a—E) + ---. 


By the transformation 
w(x) = g(a) v(e), 


the above equation is reduced to 


es oC Ce = —g(@ se ; 
w(e) = [ ae w(E)dE. 


Since we are considering only continuous solutions v(a), i. e., only tubes lying 
on curves which do not become horizontal at the bottom, we must have 
w(«)/g(#) continuous. Hence both w(a) and w’(a) are continuous, and the 








* See first paper, page 395-396 ; ai, ,-i = Ai in the condition of T. LALEsco. 
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only possible solutions will be given by those of the theorem of section 9. Hence 
if in the neighborhood of e=0, g(a) has the opposite sign from a,—g(0) there 
will be no solutions; and if g(a) has the same sign as a, — g’(0) there will be 
an infinite number of solutions. 

A problem leading to an equation somewhat similar to this is the question of 
filling the tube with a second liquid, whose density at a point 2(&) is a function 
of its height from the bottom, so that the tube shall have the same weight filled 
with the second liquid as it has filled with the first, to the same height. The 
equation then is 


fi weas= [ve E} ds, 


or 
f ree (paem [ow — Bw (kya, 
which yields by differentiation 
dk bf are Gad 
vada | "en Ow Eat, 
Mx)aat fo wee Ea 


If being given A(a) we try to find the curve, the equation is 


or 





0= [ {o(w—£) —A(E) ho Ede, 


where ¥(£) = w'(&); whence, differentiating, we find 
[a—Mw)]o(w)= | @,(w— E)o(E) AE, 


_ ( Gle— 8) 
v(x) = [ a—h(«) ae 


or 





If « — h(a) is continuous, with continuous first derivative, there are no solu- 
tions of this equation continuous except at a finite number of points, except 
those for which v(x) [a—A(w)] remains finite. If h(a) +4, v(v) = 0 is 
the only solution possible. We assume that a, + 0. 

The equation belongs to the special class where the numerator of the kernel is 
the sum of a constant and a function which vanishes identically when € =. 
Hence the only possible solutions are those given in section 9. 

If in the neighborhood of «= 0, «—A(x) has the opposite sign from a, 


there will be no solutions except v(~) = 0. Hence, if the density of the first 
Trans. Am. Math. Soc. 3% 
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liquid increases as we descend from the surface, the density of the second must 
decrease as we go up from the bottom. 
If « —A(a) has the same sign as a, there will be an infinite number of solu- 
tions such that 
u(w)[a—h(w)] 
remains finite as # approaches 0 ($9). In fact, any solution is less in absolute 
value than const. /(a— a)”, where 


1 


1>v>1—— 
|W (@)| 


($14). And if |h’(a@)|< 1 all the solutions are finite, i. e., the curves start 
up from the bottom with a positive slope. If /(2) is an analytic function, the 
power series development given in section 28 will have all its coefficients zero, 





since t, + 0. 
Of course, if v(x) vanishes when «=a, the solution will represent an 

imaginary curve; for with real curves |ds| =|dzx|, i. e., 

ds 


ee et 
dx | Le 








HARVARD UNIVERSITY, 
February, 1910. 





ONE-PARAMETER FAMILIES AND NETS OF PLANE CURVES* 


BY 
E. J. WILCZYNSKI 


Introduction. 


In most treatments of the theory of one-parameter families of plane curves 
attention is concentrated altogether upon the discussion of the envelope. More 
recently, some authors, especially LILIENTHAL+ and SCHEFFERS,{ have con- 
sidered some other problems associated with such families of curves, but all of 
these are of a metric nature. In the present paper, the point of view is that of 
projective differential geometry and the analytic treatment is based upon the 
invariant theory of a certain completely integrable system of partial differential 
equations of the second order. Incidentally a simple new geometrical interpre- 
tation is found for the well-known Laplacian transformation of a linear partial 
differential equation of the second order, which enables one to make use of the 
results of that theory for the purpose of studying nets of plane curves. The 
osculating conics of the curves of the net are also determined and their proper- 
ties investigated for the first time. 


§1. The differential equations of the problem. Integrability conditions. 


Lét the homogeneous coordinates y of a point P, of the plane be given as 
analytic functions of two independent variables ; 


(1) y™ Say ONT tay (k=1, 2,3). 


Clearly the equations « = const. and v = const. will, in general, give rise to 
two one-parameter families of plane curves, such that, if we consider merely the 
portions of these curves in a certain domain, one and only one curve of each 
family will pass through every point of the domain. We shall speak of these 
two families together as a net, so that equations (1) define a net. This net will 
degenerate if and only if the ratios /”: y:y can be expressed as functions of 
a single independent variable, i. e., if and only if there exist three non-vanishing 





* Presented to the Society (Chicago) December 29, 1910. 

} LILIENTHAL, Grundlage einer Kriimmungslehre der Kurvenscharen, Leipzig, 1896; Vorlesungen 
tiber Differentialgeometrie, Leipzig, 1908. 

tScuerrers, Kgl. Sichsische Gesellschaft der Wissenschaften, Berichte, vol. 57 (1905) ; 
Mathematische Annalen, vol. 60 (1905). 
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functions a, 8, y of w and v such that 
(2) ay Bye sy = 0 (k=1, 2,3). 
Consequently, the net defined by equations (1) is degenerate if and only if 


the determinant 
(1) 


ln ’ y ’ 7] 
(3) n= y, y, yf 


(3) 


(2) (3) 
u u 


ys ane 
vanishes identically. 
In particular, in order that the net may not degenerate, 7, y, y must be 
linearly independent. 
Let us assume that equations (1) define a non-degenerate net. Then D does 
not vanish, and we can always find a system of partial differential equations of 


the form 
Le ee a ay, +f by, + CY 


(4) Ee =) ay, =F by, ae CY, 
qe — a’y,, ae b’y, + CY, 
satisfied by the three functions y, y, y. 

It is easy to show that, conversely, a system of form (4) with analytic coeffi- 
cients has just three linearly independent analytic solutions ¥\”, y®, y, for which 
the determinant D does not vanish identically, provided that the integrability 
conditions 


OY uy OV uw Ou, sae OV 
Ov s Our’ Ou —s«Ou 





are satisfied identically, i. e., without the addition of one or more equations of 
the form (2) to system (4). The identical validity of these integrability condi- 
tions implies the following six equations : 


ba” +a,=adb4+e4a', 
ab’ + 66" eb atone O 
ac +be"+e,=ac4+bcic, 
(5) 2 ro , " yA u” ” 
a+ba +a =ad’+dab'+c4+a’, 
adv+eé4+b =a'b+b', 
a@ce+0c’+c =a c+ 0'c+c. 
Now every non-degenerate net of plane curves determines a unique system of 


form (4), for which the conditions (5) must of course be satisfied. On the other 
hand every system of form (4), for which the integrability conditions (5) are 
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satisfied, has three linearly independent solutions y”, y®, x, for which the 
determinant D does not vanish identically, and the most general solutions of 
such a system will be 


y= CY + CY” +e.y? (k=1, 2,38), |e, | + 9. 
Consequently, if we interpret 7, 7, y® as the homogeneous coordinates of a 
point in a plane, any fundamental system of solutions of (4) defines a non-degen- 
erate net of plane curves, and the net defined by the most general fundamental 
system of solutions of (4) will be a projective transformation of this. 

We see, therefore, that all projective differential properties of a net must be 
expressible in terms of the coefficients and variables of the system of partial 
differential equations (4). 

It is possible to simplify the integrability conditions (5) somewhat. From 
the first and fifth of these we easily deduce 

a,+b =a’ +0", 
so that we may write 


(6) a+b=f, a 40 efi 
as a consequence of which (5) may be written as follows : 
t,—-6,-a,=¢+adb'—a’'b, 
feet Of 1 eb) or Oe 
(7) e—c¢ =—cf +20 +ac—be'" 


, ue AA ay rp ‘fr etd re, 9 2 — ) ” , 
a—dad =af +af+c —2a al 
Eth 


ec —c =cf—2a¢+a'c—VUe’.~ 


§ 2. The seminvariants and the canonical form of the system. 


The analytic representation of a net by a system of equations such as (1) is 
not unique. The coefficients of system (4) therefore do not depend merely upon 
the geometric properties of the net, but also upon the particular form of analytic 
representation adopted. In the first place, since y‘?, y, y® are homogeneous 
coordinates, only those functions can have a geometrical significance which 
depend only upon the ratios of these quantities. Now, a transformation of the 
form 

y =r(u, v)y (He=1, 2, 8) 
leaves these ratios unaltered whatever value the arbitrary function A(u, v) 
may have. Consequently it will be necessary to find those combinations of the 
coefficients of (4) and of their derivatives, which are left unchanged by any 
transformation of the form 


(8) y=A(U, 0%. 
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We shall call them seminvariants. The corresponding invariant functions which 
depend also upon vy, y,, y,, Shall be called semicovariants. 
We proceed to carry out the transformation (8). We find immediately 


Yu = ry +XTs, Vy =AYL+AY, 
Yaw = ru + 2% Gy + ued » 

Yuo = Yun + MeYu FY, + vos 

You = Yup + ALY, + ry Y> 


If these values be substituted in system (4), and the new coefficients be 
denoted by @, 6, ete., we shall find : 


(9) 





- Xr, FR = as 
a=a—2-", b=, é—c+a~ “400 ae 
-/ , A; 7? , Xr, =_ , u , A, i) 
(10) q=a—-, De Oe Gmc pa 4 eee 
-/ " 7 ” Xr, —" ” ” r, ” Xr, roo 
a=a, Oe C=O +0 5°) bes 
According to (6) we have 
a+b=f, a+bov=f. 
If we write similarly a > A i} 
Te Ye ax G0 == 75 
we shall find 
rim Me ra r, 
2 ee it Se a 35 <. SE =f, a 3 ot 5 


We may, therefore, transform (4) into another system of the same form for 
which 


(11) a+6=0, a+b”=0, 

if we choose X(u, v) in the transformation (8) subject to the conditions 
r r : 

(12) c mahi fey ot = 4/4 r= const. ev. 


Let us actually make this particular transformation, and let us denote the coef- 
ficients of the resulting system by capital letters. We shall have | 








A=a—-}f,,  B=b, Cmc+ haf t Wun 
(13) A'=a—Ff,, B=b'—3 u? C" =C ‘+34f, a Se sea 7 ee ele 
Avett, Biab"—-tf, Come +30 7,+40 seq aoe 


A+B=0, A+ B’=0. 


An integrable system of form (4) can always be transformed into another 
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one whose uniquely determined coefficients are gwen by equations (13), and 
satisfy the characteristic relations 


A+B=0, A + BY’ = 9. 
The most general transformation which effects this reduction is 
y = const. yes. 
We shall say that, as a result of this transformation, the system has been reduced 
to its canonical form. 

The coefficients A, B, C, +--+ of a system in its canonical form are semin- 
variants of system (4). This follows at once from the uniqueness of the canoni- 
eal form, and may also be verified for each of the quantities 4, B, C, --- by 
direct calculation. Now let f(a, 6, ---; a,, b,, ---) be any seminvariant 
depending not merely upon the coefficients of (4) but also upon their derivatives 
to any order. Since a seminvariant does not change its value if a,b,c, --- 
in its expression be replaced by @, 6, @, ---, the coefficients of any system 


obtained from (4) by a transformation of the form y = dy, we shall have in 
particular 


f(a, b,¢, ah Cae ---)= f(A, ‘Da Cs Meas Als Be or )3 


i. e., it is a function of A, B, C, --- and of their derivatives. Conversely, it 
is evident that any function of A, B, C,--- and of their derivatives is a 
seminvariant. 

Consequently, every seminvariant of system (4) is a function of the seven 
Sundamental ones, B, C, A’, B’, C’, A”, C", and of the various derivatives 
of these quantities. And every function of these variables is a seminvariant. 

Since, by means of the equations (4), any function of y, y,, y,, and the 


» higher derivatives of y may be reduced to one of y, y, and y, alone, we may 


confine our search for semi-covariants to those depending upon these three vari- 
ables only. Of course y itself is a relative semi-covariant. It is easy to verify 
that 

p=y,—Sy, o=y,—ay 
are also semi-covariants. Any relative semi-covariant may be expressed as a 
homogeneous function of these three and of seminvariants.* 


* It is easy to show that an absolute semi-covariant must be a homogeneous function of degree 
zero of y, y. and y,. Any such function C may be written as a function of the two ratios p/y, 
o/y and of the coefficients of (4) ; 


DunG) 
C== (e.< 2 b, ey ++) 
sf mere 


But, as in the argument for seminvariants, this reduces to 
(oe Wei 
G—s(2:-, BW al ‘, 


whence follows easily the theorem as stated. 
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The integrability conditions of system (4) must, of course, be left invariant 
by the transformation y = AZ; i. e., they must be capable of expression in 
terms of seminvariants. We obtain them by writing the conditions that the 
system in its canonical form must be integrable. This gives the integrability 
conditions of (4) in the form: 


Bie AG Ceo pie ear 
Bi Bi = CA Bart oGne 

(14) CO, — 0 =2B'C' + AC-— BC", 
A’ — A’ = OC" — 2A" —2A"B’, 
Cl Of = —2A'O 4 AOC BO". 


§ 8. The invariants. 


We have not yet found an adequate analytic equivalent for the geometric 
properties of the net. To be sure, the seminvariants depend merely upon the 
ratios of y, y®, y, and not upon their absolute values; but they also depend 
upon the parametric representation which has been adopted for the net. Clearly 
the net remains unchanged by any transformation of the form 


(15) u=U(w), w= V(»), 


where U and V are arbitrary functions of the single variables indicated, while 
any more general transformation of these variables would change the net. We 
must therefore find those combinations of the seminvariants and semi-covariants 
which remain unaltered as a result of a transformation of form (15). We shall 
eall them invariants and covariants respectively. These functions are intrin- 
sically connected with the projective differential properties of the net. Strictly 
speaking we ought to adjoin the further transformation 


u=v, V=U, 


which merely interchanges the two one-parameter families of the net, but we 
shall prefer to think of these two families separately, so that formally we are 
constructing a theory of the two component one-parameter families rather than a 
theory of the net itself. From our invariants it is very easy to construct those 
invariants which may in all strictness be called invariants of the net. They are, 
of course, symmetric combinations of the invariants considered here. 

Let us transform system (4) by equations (15). We find 


OY MOY ss Cy aCe 
Oil ma Oil en Cimon « 


~ a 
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Oy Oo /2 Oy ” 
aarp Vier ae 
(16) oC Co 
CO aeons ry 
Oucv Oucd Uv, 
CUR Caisse OY, y’ 
Ov ow ‘Cur 


where the accents indicate differentiation in the customary way. If we substi- 
tute these values into system (4) and denote the coefficients of the new system 
by @, 0, ete., we shall find: 











a { poe 5G be c 
a=Tla—1), ee ge 
iy aes ty b’ by C 
(17) a= Vv” b cate c= 6 2 V” 
ip OE aa shed Ay je oe 
ear ce Vi ne eee 
where 
(7% Ve 
(18) Dlg c= [pe 


so that 7 is a function of w, and € of v only. We find further 


a 1 Soe 
RaG—m hapR-s: 


™ 1 2 
Jie aa Ray (Gms < nf, ta Y Eton: ”,,) ? 
1 





(19) 
ee = psu 


Peery as 
Jon = (pryilter — Se + § cs 





where the notations /,, /,, etc., are abbreviations for 0//0u, O° f/0u’, ete. 

If now we make use of the expressions (13) of the fundamental seminvariants, 
and denote by 4, B, etc., the corresponding seminvariants of the transformed 
system of differential equations, we shall find 


V’ 1 
(Uy he oF 








ie SOF, C= An —4BE— 47’ + 37,), 


Osi 
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pene | mee a 
(20) : 
Of m= a GA er 
i = a4, OSGeo 
GES: ’ Gea 3 3 9 3 ?v 


We see that the seminvariants B and A” are at the same time (relative) 
invariants, and it is easy to verify the invariance of all of the following 
quantities : 











B=B, C=C Ba Dee ee 
ies 1B 
‘ 9) oe , caper 2) Sy ee f eae Cie (aye My 
(21) W= A+ & ars B= Bere C= C’+ AB, 
Sieve ©’ = OC” — A,—2A° 4 AB. 
In fact we have 
jeer és 
Use Cay 
a si . 1 = 1 
2 See ie i ees eee, = eee 
( ) 2 pls B [pe Oe © wpe 
2 EL 2 1 
X” ==", C’ =a, C’. 
(aay aay 


Whenever a relative invariant 0” satisfies the equation 
(23) gm, m) ( i ie ( Ve yr gm, n) 


we shall say that its weights with respect to w and v are m and n respectively. 
These weights may be characterized by the symbol (m, n). Thus ¥ is of 
weight (— 2,1), ete. We proceed to show how we may deduce from 6” by 
differentiation two new invariants, which we shall denote by (0”, B’) and 
( Om, 1) , A:) . 
We find from (23) 
Gm 9) ( CU’ yas ( yy y" ( Oe n) + mnO™ ™) : 

24 ~ 

( ) Gm. n) — ( Os na Vv’ he ( am n) sis noom n) ) ; 


where, of course, 6” and 6” denote 00” / 0% and dG" [08 respectively. 
Since we have from (20) 


-, iL 7 7! 1 Y 
A’ = a7 (A +40), B= BS +t 30); 
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we shall find that the expressions 
(25) ( Om, n) F B’) = Gm 1D) 8m BO™ n) ; Coe n) F A’) = Gm, n) 8n AO™ n) 


are two new invariants of weights (m—1,n) and (m,n—1) respectively. 
It is also very easy to verify that if @ is an invariant (relative or absolute), 
© log 0 /Ou Ov is also an invariant, of weight (—1, —1). 

Clearly we may obtain from (22), by the repeated application of the two 
processes defined by equations (25), an infinite number of invariants. We wish 
to show that all invariants of the net will be functions of those obtained in this 
manner. 

In the first place we recall the fact that every invariant is a function of 
seminvariants, 1. e., of B, C, etc., and of the derivatives of these quantities. 
But (21) shows that B, C, --- may be expressed as functions of B, ©, W’, B, 
C’, 2”, ©’, and of their derivatives. Consequently every invariant Z must be 
a function of the seven fundamental invariants and of their derivatives, i. e., 


eet Mes Be 3, Ft Bie bate 
Let us introduce infinitesimal transformations by putting 
U=u+ o(u)st, V=v+v(v) 6, 
where 6o¢ is an infinitesimal. Then 


(26) U’=1+4+¢'%, W=14+ de, n=’ dt, C= Of 
and 


6B = (— 2f'4 W’) Boe, d¢ = — 24’ Coe, 
(27) dW =—wW YW oe, oY =— f Yet," 6 =—(p +) ot, 
dl” = (f' — 2’) I" de, 6C” = — QW’ C'St. 
In general, for an invariant 0”), of weight (m,n), we shall find 
50%” = (md! + nb’) Ot, 
(28) B00" = [{(m —1) $+ my} B+ mO™ Mh" 1B, 
880%") — [{ mp! + (m — 1) 8%" + nG™ MH" BE. 


The latter formule enable us to calculate 63,, 6%,, etc. The results may be 
tabulated as follows: 





























meets wie |e | ey he ee teas} a Tey [gy 
¢ |-38,|-28,|—36,|—26,| —9’ -28//-B'|-26/|- C;, ea eG 
v l4 &, ~ '6,| —9| 201 -¥'|— 6/|—26/| -o9” | 39” |-26” |-36” 
¢ |—2B —26 — 9 —- [+ 0" 
vl) [48 — -C —291” 26” 
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Let Z be an invariant (absolute) which depends only upon the seven funda- 
mental invariants and their first derivatives. Then 6/ must vanish for arbitrary 
values of ¢’, W’, 6’, y". We thus obtain a system of four partial differential 
equations for 7, involving 21 independent variables. The matrix of the coeffi- 
cients of these four differential equations is obtained by adding the seven 
columns corresponding to the infinitesimal transformations of B, ©, ---, ©” to 
the table just calculated. The form of the matrix makes it evident at once that 
the four equations are independent. Moreover, according to Lie’s theory they 
must form a complete system. Therefore, there must exist 21 — 4 = 1T inde- 
pendent absolute invariants of the kind in question. Five of these may be 
chosen as independent of the derivatives. In fact we have 


Se ork 
= (TF 





: SE a Ws 


ry 


[<2] 


(7 g 


ox 
bo 


Me 237 





6? x” HR” ae ern 


9? Be” 9/77? WB?’ g7F Bs’ gy’74 We 


so that 





are five independent absolute invariants. From the fundamental seven relative 
invariants we can form fourteen others of the form (0, B’) and (@™, A’), 
but, of course, only twelve of these can be independent. In fact the following 
two, 

(see). GUA») 
reduce to 6BW' and 6Y('Y"" respectively, while the other twelve are independent 
of each other and of the fundamental seven. 

We have proved that all invariants involving only the first derivatives of %, 
©, etc., may be obtained from the fundamental seven by the processes (25). 
Let us speak of these invariants as being of the first order. Now let Z be an 
invariant of the second order. The system of differential equations satisfied by 
such invariants contains two more equations than the corresponding system for 
invariants of the first order. The matrix of the coefficients of 07/68, 0 T/ON” , 
OL/0B,, OL/0N'’, 0T/6B,,, OL/ON”, may be represented by means of the 


matrices 








(28, + 9%” || | 0, +90" 
M= || he =m \ 
}+ B, — 29” eae el 
in the form 
|| 4, Dake AL 
| | 
I Vigereie > Win! 
|| 
CRU y 


where 0 denotes a square matrix of the second order with vanishing elements, 
and where the values of the coefficients of the second order matrices P, Oc te 


ol 
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are immaterial. The determinant of this matrix is 


| AZ| | V|?, 
where 
| | = 820", [LV] = — 2S, 
and therefore, in general, different from zero. The two new equations of the 
system are therefore independent. The same proof applies to the two new 
equations obtained when we pass to the invariants of the third order, ete. 

The system of differential equations for the invariants of the second order 
contains 21 more independent variables and 2 more independent equations than 
that for invariants of the first order. There must exist, therefore, 19 independ- 
ent invariants of the second order. The application of our two processes to the 
twelve independent invariants of the first order gives 24 invariants of the second 
order. We proceed to show that just nineteen of these are independent, so that 
our process actually furnishes them all. 

We have 

G3, A yape— 3A %, (NW, B) = — 38 BN, 
where 
[(€, A’), B)= 8, —3AB, — 384/83 + 6B(8, A’), 
has bya y—W 3B wv —3h ov +64 (WB), 


If we remember that 


ee! mod 
A’ =U — 5-4, == in —anw, 
6 I 6B 


we see that these invariants contain the second derivatives of the fundamental 
invariants only in the combinations 


LE es, Late 


y aT ee O’” S 
bake a: Wy 9” ee and hee +8 B 


aad 


respectively, and are, therefore, independent. The other two invariants of the 
second order which can be formed from 9” and %, viz., 

Res eA"), 4%] and Bebavens Alea 
contain the further variables Bl”, and %,,’" respectively, so that these four 


uu uu 


are certainly independent. 

Each of the remaining five pairs of invariants of the first order gives rise to 
only three instead of four independent invariants of the second order. We have, 
for example, 


(©, B)=6,+ 6B, (€,-4')= 6, 

so that [(€, B’), B’] and [(©, A’), A’] are obviously independent. But 
[(e, B), 4] =6,, + 6B, + 65,8, 
[(©, 4’), B’] =6,,4+ 6BC,, 
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so that their difference involves, of second order derivatives, only B,, which by 
our previous consideration, is capable of expression in terms of [(%, 4), B'], 
[ (2, B’), A’] and invariants of lower order. Our process actually supplies 
us, therefore, with 2-2 + 5.3 = 19 independent invariants of the second order. 
It is clear that there must exist Tm + 5 independent invariants of the nth 
order (not counting those of order lower than n). Let us assume that n of 
these, those obtained from 8 by our differentiation processes, are of the form 


eB Bae” 


pes balsa 
n— —k Qyyk 71> 29(/’ Au" apt + ( Lirias | »n), 





S 
Dan, = Cu 


the terms not written being of order lower than n. Then none of these 
invariants involves o"$ 5/ Ou” or oO” ee Ou". Let n other invariants be of the 


form 
Oo" of” 0 ae 


) = = = 3 » ey ee 
as k Our" Ov" i 28 Cy"—* ev" (k 0, dls 2, > 0 ] ) F 





so that none of these involves the variables 0" Q{ /Ov" or 6" B/0v". Let the 
invariants formed from ©, 2 + 1 in number, be 


oO” (G 


Dane roam ah (k=0, 1, 2,°: , hy, 


C,_z, te 
where the omitted terms may involve, of quantities of the nth order, only the 
derivatives of 9{” and 8. Let there be x + 1 invariants of this same character 
for each of the remaining fundamental invariants 9’, 8’, © and ©’. All of 
these conditions are actually satisfied for n = 2. 

Let us consider the invariants of order n + 1, 


Ese yep Ka lh Oi eee (Dies Pak) 
Galion yi A); Rie eee ---,n—I1, (re baa 
(Cn ies Beige iia: O a1 eae eee (Cyyelie 


and the corresponding ones formed from 9’, %’, ©, ©’. They will be 
2(n+1)+ 5(n +2) = Tn + 12 in number; they will obviously be inde- 
pendent and will have all of the properties which were assumed for the invari- 
ants of order n. Since there exists a system of invariants of the second order 
with these properties, there exists a system of invariants of the nth order with the 
same properties, as our induction proof clearly shows. Since, moreover, our 
process gives us precisely the right number of independent invariants of order 
n + 1, we have proved the following theorem. 

Every invariant of the system of®partial differential equations (4) is a 
function of the fundamental seven, and of those others which can be obtained 
JSrom them by repeated application of the two differentiation processes (25).. 

The system of equations (14), the integrability conditions for (4), must of 
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course be an invariant system of equations. We find, more specifically, that 
each one of them is invariant by itself. It must therefore be possible to rewrite 
these conditions in such a form as to exhibit their invariant character. In order 
to do this in a convenient form we shall introduce the two further invariants 


(29) H=(C'+ A'B’— A’, K=C"+ AR — B 


v? 

which, of course, may be expressed in terms of our fundamental invariants, but 
which merit a special notation on account of their great importance, and because 
their expression in terms of the fundamental invariants is rather complicated. 
We shall first show how these latter expressions may be obtained. Since 











1 log 9” 1 Aloe $ 
Pa pa aes ae J oe 
(30) A, = %, Galicucy ~ BL=8, 6 dOudrv 
w= (WV, B), B= (BY, A), 
we have 
1 log 1” AY 1a log B 
@) HaC- (GB) +5 Ge K=C-(84)4 5 


so that it remains to find the expressions for 0” log (”/Qudv and oO” log B/Oudv. 
Now we have 


(B, A)=B,-34B,  [(B, 4’), B']=B,,-8.4’B,- 3.4 B46B'(B, 4’). 
From these equations we find 


Clog te log N° 1 
~ Oudv dudv ~— B 





(82) 2 {2[(B, 4’), B'] —12B(%, 4)+6B(N, B’)}. 


In the same way we may prove the formula 


O log B GOS el 








(33) 2((", B), A] —12(N", BY) + 6N"(B, A’)}, 


dudy Gudy 
and these two equations suffice to solve our problem. 
The integrability conditions may now be written as follows : 


—N3—H-K=9, C+(%, 4’)=9, 
(34) C’'4+(0",B)=0, (6, 4')—(K, B)+80'=0, 
(0, B) —(7, 4’) +N’ C=0, 


and in this form their invariant character is obvious. 

We have already observed that the seminvariants are capable of being 
expressed in terms of the fundamental invariants and of their derivatives. But 
if the seminvariants are known as functions of w and v the corresponding net of 
plane curves is determined except for a projective transformation. We see, 
therefore, that the following theorem is true. 

Tf the seven fundamental invariants of a net are given as functions of u and 
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» so as to satisfy the five conditions (84), the net is determined except for a 
projective transformation. 


§ 4. The covariants of the net and its Laplacian Transformations. 


Let 

af = J Yah ee) (K=1 2038 
be the equations of the net of plane curves under consideration. For given 
values of w and v, y, y”, y® are the coordinates of a point y* through which 
pass the two curves wu = const. and v= const. of our net. The tangent ¢ to the 
curve v = const. will be obtained by joining y to the point y, whose coordinates 
are 


(k=1, 2, 3), 


u 


eo OF Gee) 
= Ou 


and the codrdinates of any point of this tangent (distinct from vy) may be ex- 
pressed in the form 


(35) yy + ay (k=1) 203m 


t Now let y move along a curve wu = const., and in each of its positions construct 
the line ¢ tangent to that one of the curves v = const. which passes through it. 
These lines ¢ will have an envelope, which we now proceed to determine. The 
expressions (385) are the coordinates of an arbitrary point @ of t. As y moves 
along the curve w = const., v alone changes, so that the tangent of the curve 
described by @ will be obtained by joining Q to the point 2 whose coordinates 
are 


oO {ae a (%) ss (7c) ay an (Te) a a af®) 
Ov Ue y ha Lp od 


= ay 4+(6 +a)y+(e +a,)y% (k=1, 2,3), 


Now if @ is the point where ¢ meets its envelope, ¢ must be tangent to the 
envelope at @, i. e., the line Q/ must coincide with ¢. This will be so if and 
only if a = — 0’, assuming of course that the curves uw = const. and v = const. 
are not tangent to each other at the point y. 

We see, therefore, that the tangents to the curves v = const. constructed at 
the points where these curves meet a fixed curve u= const. have as their 
envelope the locus of the point P, whose coordinates are 


pO) = yf — By (k=1, 2,3). 


Similarly, the tangents to the curves u = const. along a fired curve v = const., 
have as their envelope the locus of the point P, whose coordinates are given by 


a) = Y® — a'y® (k=1, 2,8). 





* This is, of course, the same point which has previously been denoted by Py. 
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It follows from these considerations, and may easily be verified analytically 
that the semi-covariants 
(36) p=y,—Oy, o=y,—ay 
are also covariants of system (4). The same thing is, of course, true of y itself. 

All other relative covariants are homogeneous functions of these three and 
of invariants. For in the first place we need consider only covariants which 
involve, necessarily in homogeneous fashion, y, y,, and y, and no derivatives of 
y of a higher order. In fact, if a covariant did involve higher derivatives we 
could express them in terms of these three by means of equations (4) and those 
derived from them by differentiation. If we were to set up the system of partial 
differential equations satisfied by the absolute covariants, we should find the 
same system as that considered before for the absolute invariants with the addi- 
tional terms arising from the presence of the two new variables, viz., the two 
ratios of the quantities y, y, and y,. This system will therefore have two more 
independent solutions than that for the invariants, and these two may be chosen 
to be p/y and o/y since they are clearly independent. All absolute covariants, 
then, are functions of p/y, o/y and of absolute invariants, whence follows at 
once the theorem as stated. 

The covariants p and o, as we have seen, establish a correspondence between 
the point P, and two other points P, and P,. As wu and v vary, each of these 
two points P, and P,, in general, describes a new net of plane curves which 
shall be called Laplacian transforms of the net determined by P,. More speci- 
fically we shall call the net determined by P, the first, and that determined by 
P, the minus first Laplacian transform of the original net, for the reason that 
the first Laplacian transform of the net determined by P, is the original net. We 
proceed to set up the partial differential equations of the net determined by P,. 

We may assume that the system (4) has been reduced to its canonical form 


Yu, = — By, + By, + Cy, 
(37) Yun = Ay, + By, + Cy, 
Yo» =AXy,—Ay, + Oy. 
We shall find from (86), by differentiation and making use of (87), 
(88) o,—B’y,+(C’—AL)y, 0,= A"y,—2.4’y, + (0" — Aly, 
and further 
o,, = (C' — Al + A’B’)y, + (Bi + B)y, + (C1 - A+ BO')y, 


wu 


¢,, =A’ By, +(C—A’i4+ B-AB)y,4+(C,—-Al 4+ BC" )y, 


o,, = (AY — A’A")y, + (O" — 8.4, + AB — 24'B" )y, 
+(C” —A’ 4+ AX C’—2A4'C" )/y. 


r 


(39) 


Trans. Am. Math. Soc. 33 
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Now from (36) and (38) we find 
Y, = A’y TE oc; 

(40) : 

o,=Hy+fo, o,=(C" — A’ — 2A" )y+ A” y, —24A’o, 


whence 
A Lyf =A OO 

(41) A” Hy, =—(C"— A= 2AS\ cee Ho ,+ [2HA'+ BC" — A’ — 2A”) |o, 
A" Hy, = A'A"c,+ A" (H—A'B')c. 


We shall therefore obtain for o a system of partial differential equations of the 


form 
g,,=40,+bo,4+¢,¢, 


wu ep 
(42) o,=a,0,+b 0,40, 
= Wa, + io, + fe, 

whose coefficients may be expressed as follows: 

A" Ha, = A” H+ A"H, — A” HB’, sake his Jel. 

A" He, = — A" BH, + 2A4'H* 4H Al BR — BA ee 

A” Ha, = A"( A'‘H+ Hf), A Lb = AT Be 

A” He = — A" B'H,+ AH’ + A"H( B — A’B’), 
A” Hol! AK AGS CA AY Hb) = (A, Apa 

A’ He’ =A" H6—B(A'C, —C' A" + A“ EB) + 2H( A’ A” — AY Al A Ae 


(43) 


The system (42) is not in its canonical form. In order to reduce it to the 


canonical form, we put 
a= AY, 


where X is subject to the conditions 


ru t 1 ae fH, Xr, , r v v 
= 4 (m4 8) =5( So 4 ap); Wada +0/)=5 (Getz), 
so that 








» = const. VA" A. 


We shall omit the details of the calculation. A system of form (87) is 
transformed into another system likewise in its canonical form by the trans- 
formation 

y—AY 
(44) fee EO aya 

Vag 


Its coefficients, the seminvariants of the first Laplacian transformed net, are as 
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follows : 
LAG Fh H 
ie +3). Bi=q 
EPPA aor ASTER SL ELI CAV TER 
Ans +a) tsa +H 
5 ae Jaf ; 2A, 1 Ase Ws bee 
af 9 +e) saan 3 ee)? 
ney tes «DE poate ee nl Lt (Aa ae 
Ai= A+ 7-3 (G54 FD Bi=B—3(S+77), 
: er el fin EN ALE, yaaa ao 
Cc’ =C +B —A;—B eats (4 +a (Git wr) +88 (Git Z) 
45 
oe CRE AC EA tae Toe ADAG er, Fr 
wala a) a+ ar) ~s a ar a = He) 
. (2K ¢ Salen ee wie ke aree 
ag Hy +a(© Te 4°) Bra A't tn 3 (Git a), 


” ” By ” ~“ a Ah pe 5 , 12 
Ci =€ a or Gay qr ae tA ) 


ica = i, 1 A, a le 


ayer er LAT EAN (CAGES (EN? 
aly pote (Y-(2y] 


where we have assumed A” and // different from zero. The cases thus excluded 
are necessarily so, since the corresponding net is degenerate. In fact, if 


A” = (0), we see from (87) that 
; Yun = — AY, + O'y,; 


so that the three solutions y will satisfy a homogeneous relation of the first 
degree with coefficients independent of v; i. e., the curves w= const. of the 
original net are straight lines. The locus of P, in that case obviously degen- 
erates into a curve, the envelope of these straight lines. This is also apparent 
from (40), for if A” = 0, on account of (14), C” — A’ — 2.A’” will also vanish, 
so that we shall find 
BF, ah 2A’o 

The curves uw = const. of the transformed net degenerate into the points of the 
envelope, the curves v = const. of the transformed net all coincide with this 
same envelope. 


If H = 0, equations (40) show that 
ep eaid aster 
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i. e., the envelope of the tangents to the curves w= const. along a curve 
v = const. degenerates into a point. In this case the curves v = const. of the 
transformed net degenerate into points, and the curves w = const. all coincide 
with the locus of these points. 

We can now verify the following theorem. Jf A’’ = 0 or B=0, one of the 
families of the original net is composed of straight lines and the first or minus 
jirst Laplacian transformed net degenerates. The only other cases in which 
one of these transformed nets degenerates are obtained by equating either H 
or EK to zero. 

In fact, the first Laplacian transformed net will degenerate if and only if the 
locus of P, for all possible values of w and v reduces to a curve, i. e., if o 
satisfies an equation of the form 


ac, + Bo, +yo=0, 
or if 


a(Hy + Bo) + B[(O”" — Al —2A%)y 4+ Ay —2A'c] foe 
Now the points y, y, and o are not collinear if the curves ~ = const. and 


v = const. are not tangent to each other at the point P,. Consequently we 
should have 


aH + B(O" —A’'—2A")=0, BA"=0, aB—28A'+y=0. 


If H is not zero, we should therefore find necessarily A” = 0, since 
a= 8 = y= 0 is not an admissible solution. 

The seven fundamental invariants of the first Laplacian transformed net have 
the following values : 


H 
a”? ree 
2H 19" 1 ax’ 10” 1H 
9 = ae , — ha eS Spaeth u 
W-A+3 7-3 ot oY oo oe aoe 
4 My WM FE 


, , / , 1 Uv Uv 
(46) C, =€ —A,+ 8, — 3( 37+ ee" 9’ ty ag 


Sac SY aS AN 














») i 
9 Lipset Mig wy wr Pe. SS 
2 i = 4 n@ae OF Sah), 


: % HY GH yy 2 
We find further 
Peo lor das _ 
(46a) H, =2H — K — Sudo? NEI EE 





We now proceed to set down the corresponding equations for the minus first 
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Laplacian transformed net. We shall find 


Pou = @_1P, a b_iP, ar C2yP3 
(47) Puy =P, + 5_1p, + Cy P» 


pes = G1 Ps i bP, an C_1P> 
where 


MACK, | BRDU = BC G0 ba: 

BKe_, = BK — A BC,— B,C + B’H) + 2K( BB, — BB+ BB’), 
Pare Bie bb. = BB KE BE, 

Pe eA Phat BRO BK A’ AB’), 

Pi AC RAD = BK + BA ABE, 

Pike ee ARK 4 ORK 4 K( BA A'B +2 A'B), 


In order to reduce (47) to its canonical form we put 


(48) 


p 
49 sex eet 
ee cot guNB EG 
The coefficients of the resulting system, the seminvariants of (47), are: 





peep RK 1 
ee / ie u Te ack. Meet fet f 2 
Sere 5 (3 + Zz) Ta Co spree meee ars one 


AY es. , , 
C=C — je ( BS.— BC+ BH) +2( Boy — Bi + B*) 


1 Ds , 1885 K,, 1 BK. IG 
+3(2-2)(5 +#) +spe( 3+ Punt re (Be, —BC+ BH) 


Uae ne | BL CRIN Ba aN 
meena 1) Bk? ines BtK): 





























7 yaa ee eed Coie 
Be ns Gaara B= B+ e-3(Ft+z): 
©") I BOUERG\ Mkts MRR HONY Bah: 
, peak, v ” 
Ge AB Ae Ha ( Ft +e) +3 (P+) Gtk) 
1! yeh v K, uv B, B, K, niG 1 day, K, u B v Le 
mene BP )-3 ete E+E) 
fea A analy PES 
ok ie B= —A' +5 (B43) 
en oR KK. UR BR CRN eee Bink. 
Cana? Ch ars tan gta )-44 (3+#) 
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The seven fundamental invariants of the minus first Laplacian transformed 
net have the following values : 


il 
Oey a RH (BE, ay B,C PF BH), 











/ B u iG B u a XK, u 
6, =6+3B(y— ce) + a> — 3B — "ak 
Re Pr Ves faa) 22 Bae ; Ae ee Lee 
(51) ae = A ‘Ser 2 § a 6 ily Pat — B “af B} ¥B as By Kk 6B_, Ou . 





ad , / / 1 Oy fatal rahnen ENG 
© = +4, — Bi 5 ( Tiny Kine Me ). 


8 
” K ” 1 = oF pe 
I) = %> GC. = (4, + 884K), . 
and furthermore 
> = e Clog K 
(52) Ta hee (es K ,=2h —-H— ae ; 


It is easy to show that these two Laplacian transformations may be regarded 
as inverse to each other, a fact which has been made use of in our notation. In 
general, we shall therefore obtain an infinity of nets of plane curves by the repe- 
tition of one or the other of these transformations. It may happen however that 
a certain one of these nets degenerates, as is the case for instance if either /7 or 
& vanishes. In all such cases the general integral of the equation 

0" O24 O74 
(68) Suan = 4 ay + Bay + CV 
ean be obtained by quadratures, and we are in possession of a very elegant ana- 
lytical theory of this differential equation from this point of view, a theory 
originated by Laplace and further developed by Darboux. To Darboux is due 
also a geometrical interpretation of this theory which puts it into relation on the 
one hand with the theory of conjugate nets of curves on curved surfaces, and on 
the other with the theory of congruences of straight lines. But these geometric 
theories as developed by Darboux are not projective theories, since a simple 
equation of form (53) does not suffice to characterize a surface projectively. A 
purely projective theory may be obtained by adding a second partial differential 
equation of the second order to (538), and this is essentially what has been 
done by the present author in his general projective theory of surfaces and 
congruences. * 





*E. J. WILCZYNSKI. Projective Differential Geometry of Curved Surfaces. Five memoirs. 
These Transactions, 1907-1909. Compare also Sur la théorie générale des congruences, soon. to 
be published by the Royal Belgian Academy. 
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In the present paper we have found a different geometric interpretation for 
Darboux’s theory, which seems to have escaped notice until now, and moreover 
since we are considering, not a single linear partial differential equation of the 
second order, but a system of three such equations, our theory is a purely pro- 
jective one. Every one of Darboux’s analytical theorems furnishes a prelimi- 
nary basis for a series of deeper investigations concerning such systems of par- 
tial differential equations or, geometrically speaking, concerning nets of plane 
curves. Suppose, for instance, that equation (53) is of such a character that its 
general solution may be obtained by quadratures. It will contain a certain 
number of arbitrary functions. The question remains: how to determine these 
arbitrary functions so as to satisfy the remaining two equations of the system, 
and this reduces to a problem in ordinary differential equations. 

As the point y moves along a curve uw = const. or v = const. of the original 
net, the corresponding point y, or o describes a curve w = const. or v = const. 
of the first Laplacian transformed net. Now the lines yy, are the tangents of 
the curves w= const. Let us speak of those curves of the transformed nets 
which are described by y, when y moves along one of the curves wu = const., or 
by y, when y moves along one of the curves v = const. as direct, and the other 
curves of their respective nets as indirect transforms of the curves of the original 
net. The lines which join the points of a curve of the original net to the cor- 
responding points of its direct Laplacian transform will then be tangents of the 
former curve. The lines which join the points of a curve of the original net to 
the corresponding point of its indirect Laplacian transform are tangent to the 
latter. 

This terminology is convenient in enabling us to state the following simple 
theorem. Jf a net of plane curves is obtained from another by a Laplacian 
transformation, its two families of curves are respectively the direet transforms 
of one and the indirect transforms of the other of the two families of the orig- 
inal net. That family of the transformed net, which corresponds indirectly to 
a family of the original net, can never be composed of straight lines. 

In fact, if the curves v = const. in the first Laplacian transformed net are 
straight lines, B, and therefore, according to (45), 7 must vanish identically. 
But if H = 0, the transformed net is degenerate. 

In a net obtained by Laplacian transformation from another net, those curves 
which correspond directly to curves of the original net may be straight lines. 
They will be straight lines in the first transformed net if and only if 


(54a) oR + UC, —CX; =0, 
and for the minus first, if and only if 
(540) WH + BC, — CB, = 0. 
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§5. Determination of those nets whose Laplacian transforms are merely 
projections of the original net. 


By means of the Laplace transformation two nets are brought into what we 
may call a point-to-point correspondence, those being corresponding points 
which, in the two nets, correspond to the same pair of values (w,v). Our 
equations are such that both the original and the transformed nets are referred 
to the same independent variables. Consequently if this correspondence is to be 
equivalent to a projective transformation, the corresponding invariants must be 
equal for all values of w and v. Since, moreover, the seminvariants are expres- 
sible in terms of the invariants and their derivatives, the conditions necessary 
and sufficient for projective equivalence of a net and of its first Laplacian trans- 
formed net are 

Dea ulss C=C, A) aA ees C= Ce 
A eae ae Geis OC: 


According to (45) we find, therefore, the following conditions for A, B, C, ete.: 
AN ORE: HT 











eUMr fap qa: 
: (A HSA A dae Ate. Neal a & 
, 9 72 v =e 
But 28 pac A” +37(Gitz) 34’ Ho 
2775 “ALA , ala , A” tds 
(55) San ed Be — A’ ee ere ee (G+y)=0. 

By eas 0 6” og As A” 

TH HT Neate ae eae 

6’ 5, (107434 Ka") 42(4'Gi— 414 4”) 








lf ANAL 2) 1/(4Al HN 12 (Ae 
RD Wertere 2" (B+H)-3(G +z 8 do A" te 


The first and fourth of these conditions give, upon integration, 
A" H=(v), A O(a) 
o(u) and W(v) being functions of the single arguments indicated.* Con- — 
sequently 
A" =¢iyi, H=d yi. 
Now A” and 7 are relative invariants, and if we put 
(56) a= U(w), A ACE 


* Neither of these functions can vanish identically, since A’’ and H must be different from 
zero. Otherwise the transformed net would be degenerate. 
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they are transformed into 
Arr ” U’ ry ia} 
ha tamlete ay AOS ty. aE A 

respectively. We may, therefore, reduce them to unity by choosing U’ and 


V’ so that 


UPaca. (= 4(v). 


The most general transformation of the form (56) which leaves the conditions 
A” = H=1 invariant will be conditioned by the equations 
EEG Sy GE ea 
The conditions (55) now reduce considerably. They become 
ie Lis Hee GA BA eel, i= 1s 
4B oR = O, eel Oma Ac Gi Ti, 
C’— B+42(— A’ +A") =O", 


whence 


A” =1, B=1, A ==), Jos Nise C‘=1-—$¢,¢,+ ¢,,, 
C= $,, + 26, + 26), COs Prt Pa Pate h(i) 
Here A(w) is an arbitrary function of w, and ¢ is subject to the equation 


¢,, = 9, so that 
p= u(u)+v(u)r, 


(uw), v(w) being arbitrary functions of w. Let us denote du/du, d’u/du’ by 
bw’, mw’, ete., then we shall have 


Hee — 2B’, B=1, Cap" + Qv4+2u" + (v" + 4y'')v42(r')r?, 
A’= vp, B=p tv, C’ =1 — wp’ + v” — vy'v, 
A’=1, B’=—A’, C”’=dA+4+ 27 — pw — vv. 


These quantities must satisfy the integrability conditions (14). Imposing this 
condition we find that we must have 


A= 31, p=k+lu, v=™M, 
where k, J, m are arbitrary constants, so that we find finally 
A=—l, B=1, C=2(?P+m), 
(57) A’=m, B =t, C’=1—Im, 
A” =1, B’=—m, C” =2(1 +m’). 


If a net is projectively equivalent to its first Laplacian transform, its system 
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of differential equations can be reduced to one with the constant coefficients (57) 
which involve two arbitraries. 

A system of partial differential equations of this form may be integrated as 
follows. The function 

OP 
will be a solution of it, if x and 8 can be determined so as to satisfy the three 
conditions 
a=—la+P+4+2(?+m), 

(58) aB=ma+tlIB+1—Im, 


BP=a—mB+2(l+4+m’*), 


and these, it is easy to show, are consistent. The elimination of 8 leads to the 
following equation for a: 


(59) f(a) =@2 —38(P4+m)a+ 28 4+ 8lm—1=0. 
Let a,, 4, &, be the three roots of this cubic, and let 


ma, + 1—Ilm 
a, —l 





(60) es 


(k=1;) 2, 3), 


be the corresponding values of 8. In order that the three solutions of our sys- 
tem of partial differential equations 


(61) YO = ert Ber (Ea1-o8ee 
may be linearly independent it is necessary and sufficient that the three roots a, 


of (59) be distinct, as may be seen by applying the usual test. Let ws assume, 
therefore, that the discriminant of (59) or 


(62) A = 1 — 6lm — 80’m? — 4( 0 + m?) 


is different from zero. Then the three quantities B,, 8,, B,, will also be dis- 
tinct, and the net defined by equations (61) will be non-degenerate. In fact the 
determinant D [cf. eq. (8)] becomes 


i erat 
D=\%, 4 a |= %(a,8,—4,8,). 
B, B, By. 


On account of (60) we may write 


sy reeset) [m,%, + (1 — lm) (% + @,) —1 1 — tm) | 

(4% —1)(a, —¢) 
oy AO a) Dire SET cae isa a clea 
(4, = 2) (a, = 1)(a — 2) 


D= 
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The denominator of this fraction is equal to 
=i eames he 
Consequently 
D = 2(a, — a,)[ma,a,a, + (1 — lm) (a,a, + a,0,) —1(1 —lm)a, 
— lma,a, —1(1 —Im)(a, + 4,) + ?(1—Im)]. 
But, according to (59), a We 
a+a,+4,=0, 0%, + O44, +4,%,= —3(? +m), 
a, %, a, = 1 — 8lm — 27°. 

Consequently 
D = (a, —a,)[m(1 — 8lm — 272)—3 (? +m) 1—lm)+P (1—lm)—a, a, ] 

= [m(1—3/m—2/*)—3(? +m) (L—lm) + P(1—Im)] =(4,—4,)— > (a3 a,—a, a). 
But obviously 

Se a.) 0, X(aja,—a,a;)—=—A, 


i 
so that 


(63) TA 


and is consequently different from zero. Therefore equations (61) define a 
non-degenerate net of plane curves if the quantities a,, a,, a, are distinct. 
We proceed to discuss the case when two of the roots of (59) are equal, say 


a. = a, 5 A= 0 ' 
while a, and a, are distinct. We may put again 
(64) y® = erreur (ken1s2)), 
but it remains to find a third solution of our system of partial differential equa- 
tions. The second equation of (58) may be put into the form 


(2—l)(8—m)=1, 


so that we may write 


oo | 


a—l=t, B—m=-—, 


and consider the cubic 


(65) F317? —3mt— 1 =—9 


instead of (59). If we denote its roots by ¢,, ¢,, ¢, we have in our case ¢, = ¢,. 
According to well-known principles, the function obtained from 


Gs p elt Out (m+ 1léjv ] 
ot 


by substituting ¢ = ¢, after the differentiation, will be a solution of our partial 
differential equations if ¢, is a double root of (65). We thus find 


(66) y = [(a,—l)u—(B,— m)v Jem F, 


498 E. J. WILCZYNSKI: FAMILIES [October 


That this function satisfies the differential equations may also be verified 
directly. The linear independence of the three functions 7 and the non-degen- 
eracy of the net may be verified as before, or even more simply as follows. We 
find 
yf) 
y” 
yf) 
Ce aaa (4,—4,)u+(B,—8,)v, 


=(a,—/)u—(f,—m)v, 


whence 
We (3) 
t,t log oy + a(t — 4) m= Ch — 6) 
67 
( ) yf) y s 
t, log y@ + (t= a (t,—¢,)°u, 


as the finite equations of the curves of our net. We see that neither family of 
curves degenerates, since ¢, + ¢,. Moreover, the three functions are linearly 
independent, since no root of (65) can be equal to zero, and consequently the 
curves (67) cannot reduce to straight lines. 

If all three roots of (59) are equal, their common value must be zero, and we 
must have 


Pim=0, 1—3lm — 2° =0, 
so that either 
l=-1, m=-1 or J=—o, m=-—o® or Jl=—o>, m=—2a, 


where @ is a primitive third root of unity. If we write down the three systems 
of differential equations which correspond to these three alternatives, we find 
that they may be transformed into each other by a transforniation of the form 


u= au, v= Pv, 
where a and 8 are constants. It suffices therefore to consider the case 
l=m=-—1, 
which gives rise to the following system of differential equations : 
Nie Veta Veg TS me Va a Sig = Yak we 
This system has the following three linearly independent solutions ; 
yP=(u—vyP+ut+r, y =uUu—v, y® = 1. 
Consequently the equations of the two one-parameter families of the net will be 
(xv, + @,)e,— 0% — 2uxi = 0, 


(68) 


(wv, — %,)x, — 2} — 2vaz = 0; 
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i. e., both families are pencils of conics, which may be completely characterized 
as follows. The conics u = const. all have four-pointic (third order) contact 
with 

(69) (x, + %,) x, — «= 0 

at the vertex A(x, =, = 0) of the triangle of reference. Similarly, the conics 
v = const. have four-pointic contact with the conic 

(70) (w, —x,)x, — «2; = 0 

at the point A. It remains to characterize the two conics (69) and (70). The 
conic (69) touches the line x, +a, =0 at the vertex C(w, =a, = 0) of the 
fundamental triangle, while (70) at the same point touches the line x, — «, = 0, 
and these two lines divide harmonically the sides of the triangle AC and BC 
which meet in C. The third side of the triangle BC(x, = 0) meets the two 
conics in two points which divide it harmonically. We may, therefore, con- 
struct our two families of conics as follows. 

Choose an arbitrary triangle and denote its vertices by A, B, C. Through 
the vertex C draw two lines, 1 and m, which divide CA and CB harmon- 
ically. On the side BC of the triangle choose any two points, D and E’, which 
divide BC harmonically. Construct the conic K, tangent to AB at A, tan- 
gent tol at Cand passing through D. Construct also the conic K,, tangent 
to AB at A, tangent to m at C, and passing through E'. The two pencils of 
conics, which have four-pointic contact with K, and K, respectively at A, 
determine the most general net of conics which has the property that its 
Laplacian transformed nets are projectively equivalent to it. 


Let us return to the general case, in which the three numbers a,, a, a, are 


29 
distinct. The curves of the net are, of course, anharmonic curves, using Hal- 
phen’s terminology, since the linear differential equations of the third order 
which define them have constant coefficients.* For every curve of this kind 
there exists a one-parameter group of collineations which converts it into itself, 
and in the general case this collineation group has an invariant triangle. From 
this remark it easily follows that the three points in which a tangent of the curve 
intersects the sides of the invariant triangle, together with its point of contact, 
will determine an anharmonic ratio, constant along the whole curve. This con- 
stant anharmonic ratio is an absolute invariant of the curve, but its expression 
in terms of the coefficients of the differential equation is irrational. In fact, the 
six values of this anharmonic ratio, which correspond to the different possible 
arrangements of the four points on the tangent, are the roots of the following 
equation of the sixth order 

2 3 3 
(71) 3° Ciera, seue 

(A— 2)?(1—2a)?(A 41)? 8 

* Cf. equations (73) to (76) of the following paragraph. See also E. J. WILCZYNSKI, Pro- 

jective Differential Geometry, pp. 86-96. 
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where 


63 3° P 3 
(72a) 8 (m ar ) 


G2 (OC sin 
for the curves v = const. and 


03 3°(2 + m’*)s 
65 (2m? + 3lm — 1)? 





(725) 


for the curves u = const.* 

It is not difficult to show that, when the invariant triangle and the value K 
of the anharmonic ratio which corresponds to a definite arrangement of the 
four points on the tangent are given, there exists a unique one-parameter family 
of anharmonic curves belonging to the given triangle and the given anharmonic 
ratio in the sense of the above theorem. ‘This being so, we can describe our net 
in the general case [all roots of (59) distinct] as follows. 

Construct an arbitrary triangle. Let X% and X' be two numbers different 
from each other, from zero, from +1, 2 or 4.¢ Construct the two one-param- 
eter families of anharmonic curves which have the given triangle as invariant 
triangle, and whose curves belong to the anharmonic ratios \ and 2X’ respec- 
tively. Any net constructed in this way will be projectively equivalent with 
those obtained from it by Laplacian transformations. 

The assumption that X and 2’ shall be distinct does not imply that the 
invariants (72a) and (720) shall have different values. In fact, for a given 
value of the absolute invariant 63/0), (71) shows that there are six values of 
no two of which coincide, except in the cases which have been excluded. 

The nature of the net in the intermediate case, when two roots of (59) coincide, 
but not all three, is most easily investigated as follows. Let 

of a) 
be cartesian coordinates. Then equations (67) may be written 
t, logy 4-(t, -—t, )e=2, t, logy + (t,t )e=4%, 
where 
u=(t,—t,)u, 


or, more simply, 
ia em La Sahat 24 
y= Uses, a =a kV Oni Oe, 


where 
wy ut 
UT = et, Vises, 


* Loc. cit., pp. (58), (59), (88). 
{ These values are excluded because they correspond to the cases in which the three quanti- 
ties a,, a, a; are not all distinct. 
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so that the families w = const., v = const., coincide with the families 7 = const., 
V = const., respectively. 
In our case ¢, and ¢, are distinct, so that the equations may be written 


y=UA*, y=VB*, 


where A and B are two distinct numbers, which may be thought of as being 
given arbitrarily. 

We therefore obtain a net of the desired character if we construct two 
exponential curves 

y — A*, y = Toxo 
with arbitrary, but distinct bases, and then magnify their ordinates in all 
possible ratios. The most general net of the kind considered is obtained from 
this one by projective transformation. 

It is of interest to notice the further result that the system of differential 
equations with constant coefficients which has presented itself in this theory is 
the most general completely integrable system of form (4) whose invariants are 
constants. This may be verified easily by making use of the integrability con- 
ditions in the form (14). 


$6. Osculating conics of curves of the net. 


An individual plane curve is characterized projectively by a linear differential 
equation of the third order. We now proceed to determine these equations for 
the curves w = const. and » = const. of a net when the latter is defined by a 
system of form (4). 

We have 

Yuu = Yu + OY, + cy, 


and consequently by differentiation and making use of (4) 
Yun = (a, +0 +064 )y, + (6, + ab + bb’)y, + (¢, + ae + be’)y. 


The elimination of y, between these two equations gives the desired equation for 
the curves v = const., viz., 


(73) Yuu a 3p, Yuu a7 3), Yu a PY a 0, 
where 


Uy tks 1 b,, 
aia ptate), P= 3 (uaz tet ab—al'), 
(74) 
ce met sc: 
jie — (qe + be — ve ). 
Similarly we find the differential equations of the curves w = const., viz., 


(75) Yow + 30, Yor + 89Yo + BY = 9, 
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where 


ur i wr 
(3 28 Qo u'), “ipa —3 (Ue erCaet vs — ad"), 


a 





1 

ape hen sa) 

(76) . 
eer ar y Uy Pe | eh gd 

w=—(e net +a ie’). 


The seminvariants and semi-covariants of (73) are * 


5 a ae 
77) Pi=ta—-PMi-35Z,: Ps=Ps—3p.Pi+ Bi-ze 
=y + DY, PY? = Yuu + 2D, Yu + Poy 


the corresponding functions for (75) are 


2 OF | "9g 
(78) Sah teak bere ra QO: = % — 8% % + 291 — ar 


M=ytHnys P= ¥,, + 2G,Y, + WY: 


If we substitute into the expressions for 2, y = y” (k=1, 2,3), where 
y, y, y® are three linearly independent solutions of system (4), 2 assumes 
three values which we interpret as the homogeneous coordinates of a point. 
This point 2 will obviously be on the tangent of the curve v = const. con- 
structed at the point y. Similarly p™ represents a third point of the plane, 
and these three points will not be collinear unless y is a point of inflection of 
the curve v = const. under consideration. Any expression of the form 


ay t+ a, ese a, p\” 


will then represent a point, whose codrdinates, referred to the triangle y, 2, p“ 
may be chosen proportional to a,, a,, a, respectively. We shall prefer, how- 


ever, to use the notation 
d=," (k=1, 2,3). 


Referred to this system of codrdinates, the equation of the conic having fourth- 
order contact with the curve v = const. at y is 


(79) ale ME OSes Ea meg ater 2 Uy 


We wish to find the equation of this same conic referred to the triangle of 
reference 7, z, p whose geometrical significance in connection with a given net 
has already been discussed. In order to do this we must find the equations of 
transformation between the two systems of coordinates. 

Let x,, ,, «, be the coordinates of a point with respect to the triangle y, p> 





*E. J. WILCZYNSKI, Projective Differential Geometry, pp. 58, 59. 
t Ibid., p. 65. 


ail 
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a, and let x, x, 2 be the coordinates of the same point with respect to the 
triangle y, 2, p. Then we must have 


LY +2,p + x,0 = o(aMy +0922 + 2p), 
where is a factor of proportionality. Now we find from the definition of 
these quantities the following relations : 


p=—(p,+ b’)y +2, 


(80) —adb—c+ap,+ 2p'—p, Ot 2D) ay 1 
Si b Dr iar 





Let these values be substituted into the preceding equation. The coefficients of 
y,#, p on both sides of the equation must be equal; otherwise we should 
find a linear homogeneous differential equation of the form 


Lyn + Py, + Oy = 9 


satisfied by y, y¥, y®; i. e., the curve v = const. considered would be a 
straight line, which case we shall exclude. The exceptional case suggested by 
(80), viz, 6=0, has the same significance. Obviously in this exceptional 
case there is no proper osculating conic. 

We obtain, therefore, the following equations of transformation 


1 
aa = 0, — (p, + 6) a, + pare: ab —c + ap, + 2p; — pz) %s5 


2 
(81) wn = xv, — ares ites 


af 
Ct ey a 
Ox," =7 %,- 


b 


The equation of the conic (79) referred to the new triangle of reference 
becomes therefore 


b 
Wah + 9b (25 — 4a +80 ) npr, — 2d, 
(82) 

+ (8p.- —p; 2 Pit dap + + 2b + 20) a = 0. 


Since our triangle of reference is a covariant triangle, the coefficients of this 
equation must be invariants of the net. In fact we find that equation (82) may 
be reduced to the following : 

(83) M = Bx? + 488'x, 0, — 2Bx,2, + dx? = 0, 


Trans. Am, Math. Soc. 34 
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where 


(84) = © — 4B” + 2B) + 6B'B. 


In order to verify this statement, it is convenient to assume that system (4) is 
given in its canonical form, and to introduce for p, and p, their values from (74). 

In the same way we may find the equation of the conic which osculates the 
curve wu = const. at the point y. We have, in this case, the relations 


1 
ey ae ma ” Siliins ” ” 2am data ” a?) (v) 
(85) p= —n [(— ab — ec" + b'q, + 295 — gy — (2g, + O°) 2 +p], 
o=—(U+q,)y+2, 
so that 


f 1 ye ” a” , 
oxy? = 2, + a(—a 5 —¢ +b q+ 295 — G2) % —(@ a qi) X35 
1 4; 
(86) wu’, ae — len ae )®, + 5, 


ony? = a” Ts 


The equation of the conic which osculates the curve u = const. at the point 
y becomes 


(87) N = Wet + 40 Hae, a, + Uo? — 29", = 0, 
where 
(88) = 6" — 40" 4+ 29" + 69 A’. 


Equations (83) and (87) enable us to interpret geometrically a number of 
invariants. 

The line «, = 0, 2. @., the line which joins the points P, and P,, will inter- 
sect the conic M=0 in two points which divide P,P, harmonically if and 
only if ©’ is equal to zero. Similarly the two points determined on P, P, by the 
conic N=0 divide P,P, harmonically if and only if X’ =. The anhar- 
monic ratios which these two groups of four points determine, if 9{° and ©’ are » 
not zero, are easily expressible as absolute invariants. Zhe point P, is on the 
conic M=0 if and only if 6 =9; similarly y will vanish if and only if P, 
is on the conic N=0. 

Neither of the osculating conics is degenerate unless either § or 2(” vanishes, 
i. e., unless the point of osculation is a point of inflection of the corresponding 
curve wu = const. or v = const. 


The line P,P, is tangent to M = 0 if and only if 
(89a) ¢—48" =0; 
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it is tangent to N = 0 if and only if 
(826) y — 447 = 0. 


The conics 17 = 0 and V = 0, of course, have the point P,incommon. The 
discriminant of the general conic 


M+ pN=0 


of their pencil may be reduced to 
(90) BAAS + By — 4M" B’ aw + A" ( — 40 B) Aw? + Mw’, 


and the values of X: « which annul this expression will determine the degenerate 
conics of the pencil, and consequently the remaining three points of intersection 
of M=0and V=0. The two conies will touch each other if the discriminant 
of (90) vanishes. 

We have found the equations of the osculating conics of the curves of the net 
which meet at the point P, corresponding to the values w and v of the inde- 
pendent variables. We proceed to determine the osculating conics of the curves 
of the net in the vicinity of P,. 

Let us denote by 7’, p’, o the vertices of the triangle which is obtained from 
y,p,o when the infinitesimal increments du and 6v are given to u and v respec- 
tively. We shall have 

y=yty,du t+ y, ov, 


(91) p =p+p,du+ p,dv, 
o=o+o,du+c,ov, 


retaining only terms of the first order in du and dv. Now let us assume that 
(4) is given in its canonical form. Then we find 


y,=Byt+p, y= Ayo, 


You =(C— B+ A'B)y ~ Bp + Bo, ; 
92 
Sins We (CO +2A'B)y + A'p 4 Bro, 
Yop =(O" — A” + A’ By + 44 pp — A'o; 
whence 
p, = Cy —2B'p + Bo, 
p. = Ky + A’p, 
(93) 


o,= Hy + Bo, 
a,=C’y+ A’ p—2A’'c. 


The first and last of these equations provide us with geometrical interpreta- 
tions for the invariant equations © = 0 and ©” = 0 respectively. 
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If © =0, the curve described by P, as P,, moves along a curve v = const. is 
such that its tangent at P, passes through P,. 

If ©" = 0, the curve described by P, as P, moves along a curve u = const. 
is such that its tangent at P, passes through Be a 

We substitute the values just found for y,, ---, o, into (9b), and obtain 


y =y(1+ Bou + A’dv) + pdu + odv, 
(94) p = y( Cou + Kbv) + p(1 — 2B’ bu + A’dv) + c Bbu, 
o = y(Hbu + C'bv) + pA” dv + o(1 + Bdu— 2A'Sv). 


Now let «|, «,, x, be the coordinates of a point with respect to the triangle 
y',p',o, while x,, ~,, ©, are the coordinates of ene same point with respect to 
y,p,;a. Then we shall have 


ght o(x,y + @,p +70) = 2, y + 2p + 2,0, 

ov, = (1+ Bou + A’dv)x + (Cou + Kbv)x) + (Hou + C6 dv) xi, 
(95) wx, = du-x, + (1 — 2B’ du + A’dv)a, + A” dv-x,, 

ox, = dv-x + Bou-.x, + (1+ Bdu— 2A’ dv) xi, 
or inversely | 

ov = 2, — (Ba, + Cx, + Hax,) du —(A’w, + Ku, + Cm, ) dv, 
(96) wa, =a, —(a, —2B'x,)du—(A'x, + A”@,) dv, 

ow, = 7, —( Bu, + Bx,) du — (x, —2A’w,) dv. 


The equation of the conic which osculates the curve v = const. of our net at 
the point (w+ du, v + dv), referred to the triangle 7’, p’, o’ will be 


re} 0( BY’ 
(B?+ 2BB,du + 2BB, dv) oi” + 4 (9 == ese u + Ae) bv ) ws 


— 2(B 4+ Bou + B,dv) aia; + (+ $,8u + $,80)a5 = 0, 


If we introduce the values (96) of «|, x3, x, this equation may be reduced to 


(97) (1+ 5 opt bu Jars (9.- 2 Bid Be: i 28H) afbu + Pov =0, 
where 
P = 28x? — 4B¥B'x,x, — 2(B, + AB + $)x,2, + 28(B, — 4’'B) 2? 
(98) + 2 (28,8 + 2BB! + 24'BY’ + BK — X'B) 2,2, 
+ ($, + 44'S — 4’ BY’ + 2BO”) a2. 
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If we allow y to move along a curve v = const., dv = 0. The osculating conic 
of this curve remains unchanged if and only if 


(99) 39d, — 48,6 —6BB'o + 67H = 0. 


We see, therefore, that (99) is the necessary and sufficient condition for a net 
whose curves v = const. are conics. Similarly if 


(100) BU", — 4p — 6" A’ + 6" = 0 


the curves u = const. will be conics. 
In general we see that the osculating conics of the curves v = const. in the 
vicinity of the point (w, v) belong to the two-parameter family of conies 


(101) Awe tpM+7P=0. 


The points of intersection of the conics 7 and P are of special interest. If 
they are fixed, the conics which osculate the curves v = const. at the points in 
which they meet a fixed curve « = const., will form a pencil, but we shall not 
attempt at present to deduce the analytical conditions for this special case. 

We may of course obtain a formula similar to (97) for all of the conics which 
osculate the curves u = const. in the vicinity of a given point(w,v). It is 
clear that these two systems of conics together with their Jacobians and their 
other covariants must give rise to a very large number of relations. The 
exhaustive discussion of these will not here be attempted. We are satisfied 
in so far as we have reduced the problem to a purely algebraic one. 


§ 7. Differential equations of the net in line-coordinates. 
Let 
oft =) UIE. 1) (ie ,.2, 3) 
be the finite equations of the net, the triangle of reference being arbitrary. 


The equations of the lines tangent to the curves v = const. and wu = const. at 
the point (w, v) will be 





is | 
©, G, Ws |e, , Wy | 
| 
y) yf y) =—() and jy) y) y| eet} 
| | 
| ol (2) (3) (1) (2) (3) 
| yy Yu va Y, Y, Y, | 


respectively, or 
fe ee Oy YO, = 0 and 204 + ZOx, + Zu, = 0, 


where Y“™ and Z, the coordinates of these two lines, are binary determinants 
of the types ’ 
(102) F=ly,y|, 2=|y4%,| 
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respectively. We propose to find the systems of partial differential equations 
determined by PY, V®, V® and Z, Z®, Z® respectively. 
We find by differentiation 


Y,=aY+06Z, 
Y,=ad¥+U0Z-W, 


(103) 
Z,=aY +624 W, 
Z,=d¥ +402, 
where 
(104) W= yas y,|- 


We find further 
W,=(a+0)W-—c¥ +cZ, 


oe. W,=(d€4+0)W-e'F + c¢Z. 
Consequently we shall have 
Y,=(a4,+0+a@b)¥ +(b,+ b+ bb')Z + OW, 
Y,, =(a, + aa + a"b)¥ + (6b, + ab’ + 60")Z—aw 
=(a,+aa +a'b'4+¢)¥+(b,+0b4b" —c)Z—aW, 
Pn = (@,+ ia abe") F 4+ (b, 4+ a4 0'b"—¢)Z—(2a +0") W, 


(106) 


the two values of VY, 


Uv 


being identical on account of (5), and 

Zig (0 te ea be c)¥+(b,+ Ba +ab+c¢)Z+(2a+0')W, 

Z,,, =(a,+ a. oO hte bere he eee C)Z+4+b"W 
=(a,+aa"4+ab")¥ 4+ (b+ @b+400')Z40'W, 

Z,,=(a+dad4+a'o')/¥4+ (4+ a0 4 ee Ape Tn: 


(107) 


From (103) we have 
bZ, = a Fee een ee 
(108) b Wis (ab ab) Fed Pa tee 
a) Wi (0 Bab eee 


which values substituted in (106) and (107) will give the desired two systems of 
partial differential equations. We find in this way : 


b b 
es (« 4 2b 4 t) Yee Dire («.— ax + 2ab — 2a) 1G 
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. thet ar, + (q-aF 4b ab) Y, 
ect 
—c—avb')¥, +(2 2a’ + b’)Y, 
&s . [ ba’, — abi + b'(a"b — ab’) + be” 4+ ac’ + (a + b")(ab’'— ab) ¥. 


If we assume that the system (4) is written in its canonical form, we may 
write more simply 


v= (2+ 3)¥.- BY,+(- B, + BG + 24'B + 2B") Y, 


uu 


B 
(109) ¥,.=(—4' 45 )¥.- BY, +(- B+ BG + 4'B-AB)Y, 


us Bh 
Vi=-Zita Ft (C+ ata 4 y, 


and similarly 


yF i: 
Gag BL, — an Z, + (c+ Bit Al BZ, 


wv 


A” A : 

(110) Z,,,= ~4'Z,+(- B + “YZ, +(-Ai+4S A'B-A'B i, 
” ye VAS 7; / /2 

Z,,=—A Z,+( 4 + — 3°). +(-4i+4 4’ +24 B+2A )4. 


where, of course, A” and B are assumed to be different from zero. 

Neither of these systems is in its canonical form. According to the develop- 
ments of section 2 we may reduce them to their canonical form by the substi- 
tutions 


(111) jp nae hee VEE Was 


Let us denote the coefficients of the new systems, i. e., the seminvariants of 
(109) and (110) by a, B™, of, --- yf” and a ... ” respectively. Then 
we shall have 


es. , 2B n Ie 

(uv) — (no = , (uw a, 

ets eo Sag eee oe 
, Ibofsye ” 2B 
QA! ped (uw) =z : (wu) _ , = ay 
BY = — B, Bw = — P—., 3 RB? Pee ap 


ies | 
(112) y= 2.4'B + 2B? 4 ye Fe ea he a aa 
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j B LW bud 64 5 BB io 
(uy AUD AP DA ae eee 
yO = A” B—A'B 3A + all ge B, +9 BE 5 BR? 
, Ps ei B Leicers 223? Veale 
(u) ars ” ut / = T , v ~~ uw , — sy : ae pais! = 
Y =C"4+ AR + RB +34 B ap Bptae 9 B? Ss AR? 
and 
DAN ; Ae iy, 
(2) Sad Pores nee (ys ae enh ee (9) 
AH = B 3 4"? a) = — A 3 4"? a) =—A’, 
H ; DAS re 1A2 
(0) __ Sa ae (v) as a , sighs (v) a , a ATs 
B ari a4 b) B B + 8 Am 9 B ) A + 3 A 9 
Ay Aly melee tS 2 (A \ ee 
(v) peer Y / a : 1 / sa p=) ‘ v , Uu ae UU 
(1138) ry — C + A’B A a 1B Aw BAT Ae U oe (a) 8 At 


A” eAy 
wo) = A’'B ae Ae 2 A’ a" pau. LB v 








1 SALAS 
A” ot 97 A ee 





nye ’! Pr , ee ” , 5 Ay : LAg 
yf = DA" B 4 92( AY 4 $A 8 gay Ale (3") 30. 


These equations will obviously be of service whenever we wish to characterize 
a net by properties of the tangents of its curves. By means of (109) the lines 
of the plane are assembled in two different ways; those for which v has a con- 
stant value c are tangent to the curve v = ¢ of our original net ; those for which 
w has a constant value are tangent to a curve of the first Laplacian transformed 
net. By means of equations (110) the lines of the plane are grouped in a 
similar way with reference to the curves uv = const. of the original net and the 
minus first Laplacian transformed net. 

In this whole theory we might, of course, adopt a dual interpretation. Instead 
of a net we should then have two one-parameter families of curves so related 
that, for every line of a certain domain, there exists one curve of each family 
tangent to it. We have seen instances of such a relation in the theory of the 
Laplacian transformation. 


THE UNIVERSITY OF CHICAGO, 
December 12, 1910. 





NOTES AND ERRATA, VOLUMES 10, 11. 


VoLuME 10. 


Page 315. W. B. Fire: IJrreducible homogeneous linear groups in an arbi- 
trary domain. 

The results of this article are embodied in the theorem, A necessary and suf- 
ficient condition that any group of finite order be simply isomorphic with an 
irreducible group in any domain is that its central be cyclic. But that this 
condition is not sufficient is shown by the following example to which Professor 
BuRnsIDE has kindly called my attention, namely the group defined by the 
operations 4, P, Y, and / with the following relations: 
eget Ge |. /7°== 1 (nm any positive integer), A*°=1, ATi} PA= P’, 
A"QA=Q, ATRA=R, and with P, Q, and R&R commutative among 
themselves. 

The argument rests upon the supposed fact that 7, > 1, and I can now see no 
reason why it might not equal unity. 

I have been unable to determine what is both a sufficient and a necessary 
condition that a group of finite order may be simply isomorphic with an irredu- 
cible group. It is easy however to give sufficient conditions that are not neces- 
sary ones ; for example, in order that a group of finite order be simply isomorphic 
with an irreducible group it is sufficient that its direct product with some group 
of finite order be simply isomorphic with an irreducible group. 


VotumeE 11. 
Page 489. G. E. Wanuin: On the base of a relative number field, with an 
application to the composition of fields. 
The assertion that O' is prime to Z, is not true for every %. I wish there- 
fore to replace lines 7-19 of p. 489 by the following. 
Since o) =@,/D,(0) is an integer in K, @, is divisible by D,(0), and 
consequently also by O,. That is, 


B, = OP + OVI +... + ODI = 0(0,). 


T 


From the fact,* that if J and //, are two ideals in a number field, then there 
exists an ideal J’ such that JJ’ is a principal ideal and J’ is prime to J/,, we 
know that there exists in & an ideal J,, prime to [D,(0)] and such that 

* DIRICHLET: Vorlesungen iiber Zahlentheorie, vierte Auflage, p. 559, Theorem XI. 
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O,-J,=(«), a principal ideal. In the same way there exists an ideal J’, 
prime to [ D,(0)], such that J,-7,= (8), a principal ideal, and since J, and 
J’ are both prime to D,(#), 8 is prime to D,(#). 

Since (8) = J,-J! and (a) =O,.J, and since @, is divisible by O,, it fol- 
lows that Bo, is divisible by (a), and must therefore be a multiple of a, and 


Bo, _ BOY “i BODE +eee SO 


oT 








a a 
is an integer in K. 
But since @, and OY are both divisible by O, it follows that 
X= OY FOV9 +. 400, 5? = 5, OMI" 
must be divisible by O, and therefore, in the same way as above, we see that 
8X /ais an integer in K, and # = 8 O%/a an integer ink. We can now write 


Bo, BX+BOVI- BX 
— : — = 


a aie 





+ Ror 


and since O, is the highest common factor of O!? and D,( 0), the ideals O/ O, 
and J. = D,(#)/O, are relatively prime, and since £ is prime to J,, it follows 
that /2 is prime to J, and there exists in & an integer /?’ such that 
Ti ei ae 

We have therefore 

Nigeriie | Aideo.© — 

oe Boe + PRo- = 0,(L), 

a a ; 

where 





5 _ PBOR+RBOVI + --- + RBOY, 0 
z a 


+ tt, 

Since @, is divisible by D,(%), and « contains no other factor of D,(d) 
than O,, we see that the integer B@,/a must be divisible by 7, and from the 
last congruence we have 


Oo = OCI: 


While ©, = 0,,/D,(#) is not necessarily an integer in A, the products 0,- OW - 
and 0,,-D,,(/) are both integers in A’. Moreover, since 8 is divisible by J, and 
since D,() and O are both divisible by O,, the coefficients A’8O% when 
multiplied by OY or D,() will be divisible by a and the integers 0. D,(¢) and 


QO. OW are therefore of the form o). The number (2, thus found can therefore 
take the place of the 0, in my original paper. 


' vf 
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